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Absract 

The function of many important biomolecules comes from their dynamic 
properties and their ability to switch between different conformations. In a 
conformation, the large scale geometric structure of the molecule is understood 
to be conserved, whereas on smaller scales the system may well rotate, oscillate 
or fluctuate. In a recent article [J. Comp. Phys., 151,1 (1999)], the present au­
thor and his coworkers demonstrated that (a) conformations can be understood 
as almost invariant sets of some Markov chain being defined via the Hamil 
tonian system governing the molecular dynamics and that (b) these sets can 
efficiently be computed via eigenvectors of the corresponding Markov operator 
The present manuscript reviews the mathematical modelling steps behind the 
novel approach, includes a rigorous analytical justification of this approach and 
the corresponding numerical realization, and illustrates the performance of the 
algorithm when applied to realistic molecular systems 
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ntroductio 
This manuscript presents a novel approach to the direct numerical approxima­
tion of the so-called "conformational dynamics", that is, the essential dynam­
ical behavior of mechanical systems moving on multi-minima energy surfaces 
It includes the derivation of the underlying mathematical model, its theoretical 
analysis, and a first proposal for its efficient numerical realization, all this tai­
lored to the application to biomolecules. Hence, this introduction should start 
with a brief description of the importance of this application and of the origin 
of the phrase "conformational dynamics": 

Conformational Dynamics The classical description of molecular processes 
deals with the molecule's microscopic configuration (positions q and momenta p 
of all atoms) and leads to a mathematical model in terms of some Hamiltonian 
differential equation (cf. Sec. 2.1). The solution of this equation, given by the 
associated Hamiltonian flow, is understood as the representation of the motion 
of the molecular system. 

The chemically interesting function of many important biomolecules, like 
proteins or enzymes, results from their dynamical properties, particularly from 
their ability to undergo so-called conformational transitions (cf. [116]). In a 
conformation, the large scale geometric structure of the molecule is understood 
to be conserved, whereas on smaller scales, that is, in the details of each micro­
scopic configuration visited, the system may well rotate, oscillate or fluctuate 
Thus, the phrase "conformation" means a meta-stable quasi-equilibrium of the 
molecule. In comparison to the configurational fluctuations inside every confor­
mation, transitions between different conformations are extremely rare events 
As an implication, the computational characterization of such conformational 
changes via direct simulation of the associated Hamiltonian system often re 
quires inaccessibly long time spans. Even worse, long-term simulation of a 
single trajectory comes out to be ill-conditioned (cf. Sec. 2.1.5). Nevertheless 
most applications of molecular dynamics (MD) to the characterization of con­
formations deal with some kind of statistical analysis based on averages over 
long term trajectories or with remodelling steps for artificial acceleration of the 
process, compare [4, 47, 104]. Herein, a different line of method is advocated: 
it is suggested to attack the determination of conformations and the transi 
tion probabilities between them directly, i e , without long term simulation or 
artificial remodelling. 

Dynamical System Approach The key insight having finally led to the ap­
proach presented herein goes back to P . DEUFLHARD. He observed that the 
problem of algorithmic characterization of conformations is related to the prob­
lem of the identification of almost invariant sets of dynamical systems as studied 
by M. DELLNITZ and O. JUNGE: If the conformations were invariant sets of 
the flow of the Hamiltonian system, then there could not be any transitions 
between different conformations Since such transitions exist but are rare, we 



may understand every conformation as being a lmot" i n v i a n t subset o 
the phase space of the Hamiltonian system. 

In [19], M. DELLNITZ and O. JUNGE suggest the direct computation of in­
variant and almost invariant sets of deterministic discrete dynamical systems 
via eigenmodes of the associated Frobenius-Perron operator without long-term 
simulations. In broad terms, their key idea is the following: since the natural 
invariant sets and measures of the dynamical system are given by the eigen­
vectors of the Frobenius-Perron operator for its (maximal) eigenvalue Ao = 1 
(infinite relaxation time), the eigenvectors for eigenvalues |Aj| < 1 near Ao = 1 
should correspond to "almost" invariant structures ("large" finite relaxation 
times). The eigenmodes of the Frobenius-Perron operator are approximated by 
means of a discretization of this operator embedded in a multilevel subdivision 
algorithm. Dellnitz and Junge show that this technique is efficient whenever the 
part of the phase space, which is important for the long-term dynamics of the 
system, is some "low-dimensional" object [19, 18]. Otherwise, even the subdivi 
sion technique produces an exploding number of discretization boxes (a pitfall 
which we will call the "curse of dimension" in the following). 

Deuflhard's suggestion to use similar techniques for the identification of con­
formation as almost invariant sets has been realized for small Hamiltonian sys 
tems. As reported in [21], the numerical results are intriguing and seem to 
catch the essential features of the dynamics. However, the main problem was 
obvious: the essential dynamics of highly-dimensional Hamiltonian systems is 
not supported on any low-dimensional object so that any kind of determinis 
tic discretization —whether adaptive or not— must inevitably suffer from the 
curse of dimension. But the investigation also revealed some unexpected, deep-
lying theoretical problems: In the space of measures with Lp(r)-densities, the 
Frobenius-Perron operator for Hamiltonian systems has infinitely many invari­
ant densities and its entire spectrum lies on the unit circle (so that the iden­
tification of (almost) invariant sets via eigenvalues near A = 1 but inside the 
unit circle makes no sense).1 Despite these problems, this "dynamical system 
approach" to the identification of conformations has been an important inter­
mediate step for the development of the "ensemble approach" advocated herein. 
This ensemble approach does also exploit the intriguing idea of computing con­
formations as almost invariant structures via an eigenvalue problem. However 
the underlying statistical operator and the notion of "almost invariance" are 
fundamentally different (see below) 

Ensemble Approach The starting point of this approach is the following in­
sight: at least in the biomolecular context molecular dynamics (MD) deals with 

1 The underlying reason is that the unavoidable discretization of the Hamiltonian flow in 
time destroys some of the conservation properties of the flow such that the essential dynamics 
of the discrete solution is supported on subsets of the full dimension of I \ Hence, the spatial 
discretization of the Frobenius-Perron operator has to deal with measures supported on such 
sets, and thus, numerically, with Lp(r)-densities. The above statements concerning invariant 
densities and spectrum of the Frobenius-Perron operator are substantiated in Sees. 2.2 and 
2.3 below. For more details see [21, 94] 



Statistical ensembles of molecules instead of single molecular systems, since only 
such ensembles can be an object of experimental investigation. Consequently 
the rate of conformational transitions has to be characterized with respect to 
some experimentally given stationary ensemble, i e , in terms of statistical me 
chanics and not for any single Hamiltonian system (cf. Sec. 2.2): 

Suppose that the probability of systems in the ensemble to be in some state 
x € r at time t = 0 is given by the density /o : T —> [0,1]. Then, the transition 
probability w(B, C, r) from B c Y to C C Y during some fixed observation time 
r , is given by the fraction of systems in the ensemble, which are found in B at 
t = 0 and in C at t = r. Since all systems move due to the Hamiltonian flow 
3>r, this transition probability can be expressed as 

W(B,C,T) = (J f0()dx\ J Xc($)f0()dx. 

We are interested in almost invariant subsets, i.e., in sets B c T with large 
probabilities to stay within, which, for the time being, can be expressed as 
W(B,B,T) PS 1. In particular, conformations are given by sets of configurations 
with similar large scale geometric structure, that is, they are spatial subsets A 
of positions A such that the associated phase space fiber 

T(A) = {(qP) r , i ) 

is almost invariant in the above sense. It should again be emphasized that there 
are two fundamentally different notions of almost invariance: 

1. We may call some set A almost invariant if the single dynamical system 
under consideration remains inside of A for some long period of time before leav­
ing it. The "dynamical system approach" to the identification of conformations 
due to [21] should be understood in this sense.2 

2. In the ensemble approach, A is called almost invariant, if the fraction of 
systems in the ensemble, which leave A during some fixed observation time r, 
is small. 

In [95], the differences between the two notions are discussed in detail by 
applying both concepts to the same kind of randomly perturbed dynamical 
system. 

In terms of statistical mechanics, the Frobenius-Perron operator of the 
Hamiltonian system under investigation has to be interpreted as the propa­
gator of the ensemble governing the evolution of the corresponding probability 
density. As illustrated in detail in Sec 2 below, this observation implies that 

2 Not only the "dynamical system approach" to the identification of conformations but 
the entire approach of Dellnitz and Junge is often interpreted in this sense. However, in 
order to give a rigorous justification of their approach for general discrete dynamical systems, 
Dellnitz and Junge have to add small random perturbations to the discrete mapping, cf 
[19]. For nonvanishing perturbations, their approach may also be interpreted as an ensemble 
approach in the above sense with exactly the same interpretation of almost invariance. What 
is herein called the "dynamical system approach" corresponds to the limit of vanishing random 
perturbations 



every invariant density of the Frobenius-Perron operator corresponds to the ini 
tial experimental preparation of some specific stationary ensemble. This insight 
led the present author to the definition of some transition operator T as a certain 
"restriction" of the Frobenius-Perron operator to the unique invariant density 
induced by the ensemble under consideration (for more details see SCHÜTTE et 
al. [94] and Sec. 2.3 herein). This can be realized such that T in fact describes 
the corresponding transition probabilities within the ensemble (cf. Sec. 3.1). As 
we will see in detail in Sec. 3, the transition operator T is a Markov operator (in 
an appropriate i1-space) and self-adjoint (in the associated Z2-space). This im­
plies that its spectrum is real-valued and satisfies o(T) c [—1,1]. Similar as in 
the dynamical system approach, the basic algorithmic idea is the identification 
of almost invariant sets of the ensemble via the eigenvectors of the transition 
operator for eigenvalues near the (maximal) eigenvalue A = 1 

V= V= 

E 

-a +a q 

F i g u r e 1: Illustration of the particles-in-a-box ensemble. A statistical ensemble of free 
particles is moving without interactions between three ideally reflecting walls. Every particl 
(position q and momentum p) with energy E = p2/2 < Eg is locked between q = 0 and q = ± o 
by a reflecting barrier of energetic height Eo; particles with p 2 / 2 > E do not feel this barrier 
and move between q = —a and q = a. 

Guiding Example In order to illustrate the key idea "Identification of con­
formational subsets via eigenvectors of the transition operator'1, consider the 
simple particles-in-a-box ensemble explained in Fig. 1. In terms of the zigzag 
functions from Fig. 1, the position z = z(q,p) of some particle with initial 
position q and momentum p after some time span r can be denoted as 

z(qp) = 
Zaq + rp) 

ztq + rp) 
\ 
otherwise ± 

Let the initial distribution of energy E — p2 /2 for the particles in the ensemble 
be given by the Boltzmann distribution V(p) = exp(—ßp 2) /Z with ß being 
Boltzmann's inverse temperature and Z such that JRV(p)dp — 1. In addition, 
suppose that the initial positions are equidistributed in (—a, a). Then, the 
transition probability in the ensemble from B C (—a a) to C (—a a) is given 



W(T(B)T(C)T) = 
) 

c(z(qp))T(p)ddq 

Whenever ß and E0 are chosen such that particles with energy E > E0 are rare 
that is, whenever e = J i i2>E ~P(p)dp *S small, then the two sets B = (—o, 0) 
and C — (0, a) are almost invariant in the sense that only a small fraction of 
the particles can move from B to C. In this case, the fundamental difference 
between the two notions of almost invariance is particularly significant: the 
ensemble has two obvious almost invariant sets, while for none of the singl 
particles the notion of "almost invariant sets" makes sense. 

The associated transition operator T acts on functions u : (—a a) —> f and 
is defined via 

Tu(q) =u(z(qp))V(p)dp 

In fact, this transition operator allows to represent the transition probabilities: 
Using the usual scalar product {, •) in the Hubert space L(—a a) we find that 

w(T(B)T(C)r) = 
(X 

l =0.974 

0. 0. 

0.0 

-0.0 

- 0 . 

-0.0 

- 0 . 

l =0.477 

0. 

0.0 

-0.0 

- 0 . 

1 -0.5 0.5 

F i g u r e 2 Eigenvectors for the largest eigenvalues Ai = 1, A2 = 0.974, and A3 = 0.477 (from 
the left to the right) of the tans i t ion operator T for the particles-in-a-box ensemble from 
Fig. 1 above (a = 1, ß = 25, r = 2, EQ = 1 / 0 , leading to e m 0.025). The eigenvectors for 
Ai = 1 and A2 = 0.974 are constant on the two almost invariant sets (—1,0) and (0,1) and 
their signs suffice to decompose (—11) into these two almost invariant sets. For details see 
Sec. 3.2. 

We will see in detail in Sec. 3. that, with respect to L—aa), the spec­
trum of T lies in the interval (—1,1] and is discrete. For e — JI,2>E ^ ( P ) ^ P 

being small, it shows some significant gap between the two dominant eigenvalues 
Ai = 1 and A2 ~ 1 — and the remaining eigenvalues. As can be seen in Fig. 2 
the eigenfunctions v± and v2 for these two dominant eigenvalues suffice to de 
compose (—11) into these two almost invariant sets simply by the two different 



combination of signs ( ( p o s i t i p o s i t i v ) for ( — 1 ) and ( p o s i t i n e g a t i ) fo 
(01)) 

Properties of the Transition Operator It is the fundamental strategy of 
our approach to compute conformational subsets from eigenstates of T for eigen­
values near A = 1. It is, thus, of main importance, whether such eigenvalues 
exist and the eigenvalue A = 1 is simple. Since we are interested in a numeri 
cally stable approximation result, we have to demand for the existence of isolated 
eigenvalues near A = 1. Hence, the second part of the manuscript (Sec. 4) is 
concerned with the construction of conditions which guarantee that the essential 
spectrum aeBS (T) of the transition operator is strictly bounded away from A = 1 
(Sec. 4.2). Under some additional mixing assumption (open set accessibility) 
the specific properties of the Markov operator T also guarantee that the eigen­
value A = 1 is simple and dominant (Sec. 4.4). So far the manuscript follows 
the "operator-oriented" approach mainly by using classical results from linear 
functional analysis. 

The investigation of the fundamental properties of the transition operator 
T reveals another crucial insight: T is associated with some specific stochastic 
dynamical system, which can be simulated via the corresponding Markov chain 
(Sec. 3.6). We will see that some results of the operator-oriented approach 
(e.g., that A = 1 is simple and dominant) can also be shown under weaker con­
ditions by means of the wellestablished convergence theory for Markov chains 
(Sec. 4.5). 

The abstract conditions for the above mentioned results are worth the effort 
only if we can give explicit evidence that they are in fact valid for some realistic 
"biomolecular" type of Hamiltonian systems. This is the case as we will see in 
the final subsection of Sec. 4. Thus, at the end of Sec. 4, it will be obvious that 
our novel approach is built on solid mathematical ground. 

Numerical Realization Typical biomolecular systems contain hundreds or 
thousands of atoms such that any direct spatial discretization of the transition 
operator T suffers from the curse of dimension. This problem can be (at least 
partly) circumvented by two decisive insights 

1. Chemical observations reveal that conformational transitions of biomole 
cules can be described via relatively few conformational degrees of freedom 
or essential variables. Hence, only the essential configuration space associ 
ated with these variables has to be discretized which leads to a tremendous 
reduction of dimension. Therefore, some restricted transition operator has 
to be introduced which now acts on the essential configuration space only 
(Sec. 3.5) but inherits all the crucial spectral properties of the full spatial 
transition operator discussed above (Sec. 4.6) 

. Since the underlying invariant density is given in advance by the experi 
mental realization of the ensemble, one can use appropriate Monte-Carlo 
(MC) schemes to sample this distribution. Hence the transition operator 



can be discretized via some Galerkin ansatz and the entries of the result­
ing transition matrix can be evaluated simply by counting the transitions 
between discretization boxes during the MC sampling. The details of the 
MC scheme will result from the deep connection between our transition 
operator T and the associated Markov chain, which will lead us to so-called 
Hybrid Monte-Carlo (HMC) schemes. The specific Markov chain induced 
by HMC can be seen as an approximation of the original chain associated 
with T and inherits all its fundamental properties (see Sec. 54) 

Last but not least, we need some algorithm for the final identification of almost 
invariant sets on the basis of the discrete eigenvectors of Tn. The molecular 
dynamics group at the Zuse Center developed some prototype which is based 
on the interpretation of almost invariant sets as perturbed invariant sets (see 
DEUFLHARD et al. [24]). This identification algorithm is discussed in detail in 
Sec. 5.3. It exploits that the transition matrix Tn is a stochastic matrix with a 
cluster of eigenvalues near A = 1 and associated eigenvectors that are approxi 
mately constant on the underlying almost invariant sets (compare Fig. 2). With 
the HMC-based evaluation of the transition matrix Tn discretizing T the appli 
cation to realistic molecular systems comes into reach. The applicability of the 
ensemble approach to realistic molecular systems including Galerkin discretiza­
tion of the transition operator and identification of conformational subsets is 
documented in Sec. 6. 
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athematical and Physial Mdelling 
In this section, we complement the introductory comments on the modelling 
issue. In the first part of this section, some aspects of molecular dynamics are 
collected which are of special importance for the understanding of the side 
conditions of realistic applications to biomolecular systems: the structure of the 
energy function determining the Hamiltonian equations of motion, the neces­
sity of periodic boundary conditions, the existence and origin of conformations 
and conformational degrees of freedom, and the numerical background of the 
fundamental difficulties of long-term simulation. The second part is concerned 
with some notions and concepts from statistical mechanics which are necessary 
for the final definition of transition probabilities and almost invariance. It also 
includes a short discussion of the Frobenius-Perron operator in the context of 
statistical mechanics and molecular dynamics 

2.1 Classical M l e c l a r Dynamics 

2.1.1 Hamiltonian and Flow 

In classical MD (cf. textbook [1]) a molecule is modeled by a Hamiltonian 
function 

H(qp) \pTM + V(q) (1) 

where q and p are the corresponding positions and momenta of the atoms, M 
the diagonal mass matrix, and V a differentiable potential. The Hamiltonian 
H is defined on the phase space T c R2rf. Realistic MD-simulations typically 
include a large number N of atoms resulting in d = 3N spatial coordinates 
Thus, the dimension of r is d = 6N. The corresponding canonical equations 
of motion 

= M p , -gvadV(q) 

describe the dynamics of the molecule. The formal solution of (2) with initial 
state xo — (q(0)p(0)) is given by (t) — (q(t)p(t)) — <f>*o, where $ f denotes 
the flow. 

It is well-known that Hamiltonian flows have several important conservation 
and invariance properties. For the considerations herein, three of these prop­
erties are of main importance [5]: First, the conservation of energy iJ($*x) = 
H(x); second, the symplecticness of the flow, which implies the wellknown vol 
ume conservation property the local expression of which is 

AetD& = 1 for all x £ T, (3) 

where -D$* denotes the Jacobian matrix of the flow; and, third, the reversibity 
of $*: 



LEMMA 2.1 Let R denote the momentum reversion, ie., R(qp) = (qp). 
Then, the flow $* is Rreversible, ie. 

Proof: The equations of motion (2) are invariant under the substitution t — —t 
and p — p, a fact which directly implies 3 * o R = R o $* D 

An x e T is called a state of the system. For a given state qp) we will 
make frequent use of the notations 

= - and = T 4) 

which allow us to extract the position and momentum information from x. The 
set 0, = 7ril7 c M.d is then called the position space. In most cases the phase 
space is simply given by V — Q x R, i e , for every position Q arbitrary 
momenta Rd are allowed. 

2.1. Potentials and Atomic Interactions 

In classical molecular dynamics, the interaction potential V of a molecular sys 
tem is modelled as a sum of contributions from different types of interaction. To 
explain this, let the N atoms in the molecule be numbered by 1 , . . . ,N and let 
the position of the fcth atom in the molecule be denoted qk R3 such that the 
molecule's entire position state is given by q — (q[,... , qJi)T G 0. The typical 
interactions and associated types of potentials can be divided into "local" inter 
actions and "long-range" interactions. Typically, local interactions are induced 
by the bond structure of the molecule as, eg . 

stretching of a covalent bond between two atoms k and I, modelled by 
some potential with radial symmetry for example by a harmonic potential 
Vb(q,qi) = a(ri - r with rl = - qi\ 

changes in the angles between some bonds, modelled via bond angle poten­
tials VL (depending only on the angle between two bonds, i.e., depending 
on three atomic positions),3 and via so-called dihedral angle potential 
Kih (depending on the "dihedral angle" between the two planes which are 
spanned by four neighboring atoms, compare Fig. 3) 

while typical long-range interactions are independent of the bond structure eg . 

electrostatic interactions induced by the (partial) charges of the atoms k 
and I modelled by the Coulomb potentials Vc ~ r^ 1 

van der Waals interactions, modelled by Lennard-Jones potentials VLJ of 
the form br2 — ar 

3 The bond angle contribution of the two bonds between atoms k and I, and I and j depends 
only on the bond angle <pUj given by cos<pklj = (qk - q)1'(? )/rkij, i e . , i of the for 



The r u l t i n g t a l p o i a l then r d s : 

V(q) ^ q k , q ) + ^V(qkqqj)+ ^ Vdh(qk,q,qjqm) 
k k 

^ V^{qk, q) + ^ Vc(qk q 

where the sums run over each pair, triple, or quadruple of atoms which con­
tributes to the corresponding type of interaction. Generally speaking, all other 
many-body interactions are incorporated in an "average" way via these pair-
triple-, quadruple-additive terms. Errors in one term are compensated by pa­
rameter adjustments in other terms, so that the applicability of the resulting 
force field is always limited: it is never more than semi-empirical. There are 
some other types of interaction like, e.g., polarizability, which are included in 
essentially different ways For more details, the interested reader is referred to 

10 

8 

" 0 1 2 3 4 5 6 
m (radiant) 

F i g u r e 3 : United atom model of n-pentane with the two dihedral angles wi and u>2- On the 
right: Dihedral angle potential Vdih as a function of the dihedral angle due to [89]. The main 
minimum corresponds to the so-called t a n s orientation of the angle, the two side minima to 
the socalled igauche orientations 

REMARK 2.2 Some of the contributing potentials are unbounded. This is an 
artifact contradicting the physical situation: when excited with enough energy 
any bound will break (thus the harmonic form of Vb is inappropriate for large 
energies); for any pair of atoms the situation \qk — qi\ — 0 is impossible, i.e. 
Coulomb and Lenard-Jones potential are inappropriate for \qk — qi\ < ö for 
some 6 representing, e.g., the size of the atoms.4 One can deal with these 
problems by simply adapting the potentials: For example, we may introduce 
hard core collision conditions for two atoms k and I whenever \qk — qi\ = S 
As a consequence, we may assume that all types of potentials are smooth and 
bounded but we have to pay for this by accepting collision boundary conditions 

4 Obviously, these problems ca only occur when the kinetic energy of the system is huge 
which typically is not the case. Nevertheless, in typical models (as, for example, in the 
canonical ensemble, see Sec. 2.2.2) such a situation is a rare event but not impossible. 

10 



F i g u r e 4 : The triribonuclotide a,denyly\(3'-5')cytidyly\(3'-5')cytidin [r(ACC)] in the ex­
tended atom representation of GROMOS96 [109]. A and C denote the bases adenine and 
cytosine. Small greek letters refer to the set of torsion angles, which is necessary for a rough 
reconstruction of the molecule's configuration. The torsion angles of the ribose can be ap­
proximated by the pseudorotation angle P and the phase 6 [3] 

2.1. Essential Variables and onformations 

The typical molecular force fields are mixtures of bond-structure effects and 
strong long-range interactions. The potentials modelling bond interactions are 
functions of certain internal degrees of freedom like bond angles or dihedral an­
gles. It suggests itself to rewrite the equations of motion in terms of these inter­
nal coordinates. Unfortunately, this provokes a whole bunch of nasty problems 
e.g., with the efficiency of the evaluation of the forces, in particular of the long-
range forces. However, the internal coordinates represent the (spatial) geometry 
of the molecule so that changing some internal coordinate affects the molecule's 
"form". But most of the energetically possible changes are of minor importance; 
they can be seen as small fluctuations around the actual (meta)stable "global" 
molecular geometry, called the conformation. Biomolecules typically appear in 
different conformations and the coordinate changes which transform one confor 
mation into another one are object of main chemical interest. Normally, these 
conformational transitions can be described in terms of only a few internal coor 
dinates, which are therefore called conformational degrees of freedom or essential 
variables. In many cases, essential variables simply are specific dihedral angles 
connecting some otherwise nearly rigid subgroups of the molecule (cf. Fig. 4) 
but they may also be combinations of different internal coordinates (see [4] or 
Sec. 3.3 of BERENDSEN'S survey in [23]). Clearly, whether a certain internal 
variable may be an essential variable, depends on the structure of the whole 
molecule and can be made sure only by inspection of its dynamical behavior 



Nevertheless, chemical experience and intuition can often point out a collection 
of candidates and the statistical analysis of simulation data (for example via 
diagonalization of the covariance matrix [4, 30]) can supply other candidates. 

The dynamics of every (bio)molecular system contains a large number of 
extremely different time scales: On the smallest time scales (around 1 femtosec 
ond) , the motion of the molecule consists of fast oscillations around equilibrium 
positions,5 while all chemically significant molecular processes like conforma­
tional changes will show up, e.g., on a millisecond time scale. Thus, investiga­
tion of conformational transitions requires extremely long time spans so that 
it still is inaccessible to conventional simulation methods (compare Sec 2 1 
below). 

Today, a varied collection of methods for describing conformational dynam­
ics is available. These approaches are substantially different; they range from 
"simply" visualizing a hypothetical path for conformational transitions via in­
terpolation between experimentally observed crystal structures [111] to methods 
artificially changing the atomistic description of molecular dynamics for allow­
ing the acceleration of conformational transitions. The latter kind of approach 
includes such different concepts as the combination of molecular dynamics with 
reaction path methods [84], so-called "conformational flooding" via subsequent 
modifications of the original potential energy surface [47], or "steered molec 
ular dynamics" by simulating atomistic force microscope experiments [59, 48] 
Despite all differences, these methods share the same basic idea: to circumvent 
the inaccessibility of conformational transitions by means of changing the phys­
ical model. In contrast to this, our direct approach tries to leave the (reliable) 
atomistic model intact but replaces long-term simulation by an appropriatel 
chosen ensemble of short subtrajectories 

2.1. Boundary onditions 

Typically, biomolecular experiments are concerned with large numbers of some 
certain type of biomolecule embedded in a crystal or in solution. For modelling 
a crystal, it suggests itself to use periodic boundary conditions,6 because a crys 
tal may be understood as an infinite repetition of some elementary cell, where 
each of these cells contains, e.g., one of the molecular systems under investiga­
tion. Similarly, periodic boundary conditions are also used to model biomolec 
ular solute/solvent systems in the typical test-tube situation: a large number 
of biomolecules of the same type is irregularly, but nearly homogeneously dis 
tributed in a solute which itself consists of (small) molecules (e.g., water and 
ions). Each of the "large" biomolecules is surrounded by its "hydration shell" 
consisting of many solute molecules, so that the molecule together with its shell 
can be understood as a large "biomolecular unit". These large units are only 
loosely coupled to each other via the exchange of electrostatic energy and so-

5These are nothing but fluctuations (e.g., bond length or bond angle vibrations) inside the 
otherwise (meta-)stable conformation of the system. 

6 In molecular dynamics the phrase "periodic boundary conditions" means the reformula 
tion of the associated Hamiltonian equation of motion on some torus fl. 



lute molecules. Typically this situation is modelled by a system containing 
one of the biomolecular units with periodic boundary conditions allowing for 
some exchange with its neighbors (=copies), see Fig. 5.7 In this sense, periodic 
boundaries are of main importance for modelling the intermolecular exchange 
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F i g u r e 5: Illustration of periodic boundary condiions for modelling intermolecular exchange 
In the lower left corner of each periodicity cell a water molecule is exchanged between neigh­
boring cells 

While efficient algorithmic realization of periodic boundary conditions for 
the long-range interactions has achieved a lot of attention (cf. [67, 17]), there 
is no general strategy for dealing with bond-interactions in a periodic setting. 
Normally, one tries to fix the biomolecule inside the periodicity cell and imple 
ments periodic boundaries only for the motion of the small solute molecules and 
for the long-range interactions. 

Summarizing, for crystals or pure liquids, it is realistic to assume that the 
potential used in MD simulations is periodic, while this is a crude but not totall 
misleading assumption for biomolecular systems in solution. 

Assumptions concerning Potentials and Position Space As a conse 
quence of the above considerations the subsequent investigation is restricted to 
the following cases: We always assume that the potential is smooth and that 
singularities in the interior of the position space 0, are avoided, for example by 
means of collision boundary conditions. Whenever Q is unbounded (that is, in 
most cases, Q Rd) we always suppose that the potential V is binding, i.e 
satisfies lim^i^oo V(q) — oo. The case that the position space 0 is bounded 
is always considered in context with periodic boundary conditions: Then, V 
is some rectangular box in M.d (that is, in particular, Q, is compact) and the 
potential V is assumed to be bounded and smooth at the boundary (that is, it 
can be extended smoothly as O-periodical function) 

7Without the periodic boundary, i.e., if the model would only include a single "free" 
biomolecular unit, the polarization of the water molecules in the hydration shell would be 
significantly different. But the hydration shell has important influence on the behavior of the 
biomolecule, which i l lustates the importance of the periodic boundary. 
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2.1. Problem with Long-term Simulation 

Despite all problems mentioned so far, let us assume, now and in the follow­
ing, that we are concerned with some potential V and corresponding bound­
ary conditions which together appropriately model the interactions of a certain 
molecular system. In order to analyze the dynamical behavior of this system, 
we then have to approximate the associated flow $*, i.e., we have to apply some 
numerical discretization technique to the equation of motion (2). Typically, one 
uses symplectic one-step methods like the well-known "Verlet" scheme, named 
after its early inventor L. VERLET [110]. Generally, in the process of one-step 
numerical integration of (2) we replace $* by a discrete flow \ tA t , so that 

k+ = yAt = (*A t) 

with stepsize At (assumed to be constant, for the time being). 
It is an important feature of molecular processes that long term predictions 

over periods tremendously longer than the time steps applied in the discretiza­
tion are required. As already mentioned, the dynamics of every (bio)molecular 
system contains extremely different time scales, from fast vibrations on scales 
around 1 femtosecond to chemically significant molecular processes on, e.g., a 
millisecond time scale. Unfortunately, every numerical discretization schemes 
is forced to use time-steps of the order of magnitude of the fastest vibrations; 
already time steps of about 5 femtoseconds result in dramatic instabilities [98] 
Consequently, inspection of most chemically relevant processes by direct long-
term simulation requires such a huge number of time steps that it still is inac 
cessible to conventional MD methods. 

But numerical long term predictions seem to be inappropriate also for an­
other, perhaps more important reason: Numerical analysis of present discretiza­
tions restricts the validity of the discrete solution to only short time spans and to 
comparatively small discretization steps. Let us shortly illuminate this statement 
by summarizing the results of so-called "forward" and "backward" analysis: 

In "forward" analysis, one is interested in the propagation of initial pertur­
bations along the flow $* of (2), i.e., in the growth of the perturbations 
Sx(t;xo) = $*(xo + ÖXQ) — <&*£o. The condition number n(t) may be defined 
as the worst case error propagation factor (cf. textbook [20]), so that, in first 
order perturbation analysis and with a suitable norm | • | 

(£ ;o) | < K ( £ ) | O | for all 

Note that this number n(t) is independent of any discretization. From this 
point of view, numerical integration is reasonable only over time intervals [0, T] 
with K(T) sufficiently small compared to expected input errors. In real life 
MD problems, however, K seems to be exponentially increasing (see [1 1] for 
examples). 

The results of "backward" analysis [91, 49, 7] are more specific: For sym­
plectic discretizations, the discrete solution of a certain Hamiltonian system 
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with Hamiltonian H is "exponentially close" to the exact s lut ion of some per­
turbed Hamiltonian system, in which, for consistency order p and stepsize At 
the perturbed Hamiltonian has the form 

= H £ AtP (5) 
k= 

This means that the discrete solution nearly conserves the Hamiltonian H and, 
thus, conserves H up to 0(Atp).s In fact, numerical observations show that the 
average of the total energy is nearly constant over rather long time spans for large 
stepsizes, say At ss 1 femtosecond. Whenever one is not interested in a single 
discrete trajectory but in approximating time averages of (macro-)observables 
over a time interval [0,T] via associated mean values of Xk, k — 1 . . .T/At, the 
results of backward analysis may lead to much better error estimates than the 
worst case estimates of forward analysis (but clearly only as long as T (or At) 
are small enough). Compare [87] for more details 

2. Statistical Mechanics 

It is not the only problem that long term prediction of single solutions of the 
Hamiltonian system (2) is numerically ill-conditioned. There also are purely 
physical reasons which let it seem questionable to compute any single solution, 
even if this solution were arbitrarily accurate. This may come as a surprise, but 
it has a simple reason: We can never know the precise initial state —all the 
positions and momenta— of the whole molecule, simply because we in principle 
always have to accept measurement uncertainties when determining the initial 
state. When modelling the physical reality, this simple insight always forces 
us to propagate a collection of trajectories which "samples" the distribution of 
possible initial states. In this sense, we always have to simulate an ensemble 
of molecular systems which represents the distribution of possible initial states 
determined via the initial measurement. Then, every comparison of later mea­
surements with simulation results will concern mean or expectation values and 
not any single system in the ensemble. Hence, we have to consider an ensemble 
of systems described by a time dependent probabilty density f — f( t) in phase 
space, which obviously has to satisfy 

f(xt) with / / ( * = 0) (6) 

i.e., the probability fo() of being in x £ T at time t = 0 is simply transported 
along the trajectory $*x of the system. Even if the initial density /o is concen­
trated near an initial position xo, it may become disintegrated or "smeared out", 
so that the trajectory $*o alone cannot describe the situation appropriately 

In general, however, the above formal series diverges as N —> o and the term "exponen­
tially close" has to be specified carefully. See [50] for details 



Initial Preparation of an Ensemble The density /o describes the initia 
probability distribution in the statistical ensemble, i.e., fo() is interpreted as 
the relative frequency in the ensemble of systems in state x at time t = 0. 
Therefore the density /o has to be defined in accordance with the initial experi 
mental preparation of the ensemble. The phrase "preparation" reflects that the 
ensemble should be imagined as a collection of copies of the same system, each 
initially in one of the possible states with the collector having to "prepare" the 
collection such that the correct relative frequencies are achieved. In this sense 
the evolution of the density / = f(x, t) should not be interpreted as describing 
the "possibility" of finding a certain single system in a certain state, but as a 
"relative frequency" of systems in the ensemble occupying this certain state: 
The latter can be measured, the first not at all 

2.2.1 Liouville quation 

Another formulation of the evolution (6) of the probability density uses the 
Liouville equation associated with the Hamiltonian H 

= iCf if,/} f(t = 0) fo 7) 

where {-,-} denotes the well-known Poisson bracket.9 £ = —i{H,-} is a self 
adjoint operator on the Hubert space L2(T), called the associated Liouville 
operator (cf. [65, 62]). The solution of (7) in fact satisfies (6) On the other 
hand, it can be denoted using the semigroup generated by C 

f(t)exp(itC)f o* (8) 

for example, on the Hubert space L(T) 

2.2. Stationary Ensembles and Invariant Densities 

By far the most experiments are performed using equilibrium ensembles, i.e., 
ensembles which are described by stationary densities of the Liouville equation. 
In view of (6), these stationary densities / are given by invariant densities of 
the flow, i.e., densities / such that f(x) = f(^fx) for all instances t and all  

r . In particular for arbitrary smooth functions T E K with 

T{H())d 

the associated densities f(x) = T{H(x)) are invariant. In our context the most 
important features of these "energy prepared" densities are the following two: 

/ o , i.e., / is invariant (9) 

/ o R, i e / is p-symmetric (10) 

9 That is, for smooth functions / , g : T -» R: {f,g} = Dqf • Dpg — Dqg • Dpf, w i h Dq and  
denoting the derivatives with respect to positions and momenta, respectively. 
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where R denotes the momentum revrsio R(qp) — ( p) 

Canonical Densit Most experiments on molecular systems are performed 
under the equilibrium conditions of constant temperature, particle number, and 
volume. The corresponding stationary density is the canonical densiy associ 
ated with the Hamiltonian H 

-$ exp (—ßH()) with exp(—ßH())d 

where ß = 1/fcßT, with T being the system's temperature and kß Boltzmann' 
constant10 Since H was assumed to be separable / is a product 

/ „ ^ exp L ^ ±- exp(-ßV(q)) (11) 

=V(p) =Q( 

where we normalize V and Q such that 

r(p)dp=Q(q)dq = l (1 

For the case that the position space f2 is unbounded, we have to guarantee 
that the partition function Z is finite and the normalization (12) is possible 
Thus, we restrict our consideration to the case of binding potentials, for which 
we always assume that the asymptotic growth is fast enough to guarantee that 
J*exp(—ßH())d oo. 

2.3 F r o b e n i s - P e r r o n d K o o p n Operators 

One can analyze the statistical properties of rather general deterministic dy­
namical systems independent of any connection to statistical mechanics and its 
interpretation. Typically, this is realized by means of the Frobenius-Perron op­
erator of the dynamical system on the set M of probability measures. For the 
discrete Hamiltonian system k+ $Tk, the Frobenius-Perron operator can 
be defined by 

(Pß)(B) = ß (ß) for all measurable B cT and ß 

We are mainly interested in absolutely continuous measures ß and, thus, in the 
form of the operator acting on the associated densities. When restricted to 
densities, the Frobenius-Perron operator takes a particularly simple form for 

The canonical density is often called the Boltzmann distribution or Gibb 's canonical distri 
bution. It is known to be the maximizer of Boltzmann's entropy function S(f) = — J f log fdx 
in the space of all densities under the condition of given energy expectation (H) of the ensem­
ble. If ß is associated with the temperature T , the maximal entropy 5(/COn) — log-Z + ß{H) 
is just the thermodynamic entropy for systems with fixed temperature T and internal energy 
{H) and for given volume and particle number (cf[117] Chap. 1.3) 
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measure-preving maps like our d i s e Hamiltnian s y s m . In this c e it 
is defined by 

/ o $ (13) 

a definition, which we may extend, eg., to the usual function spaces LP(T) = 
{/ : Jr\f(x)\p dx < oo}, p = 1,2. Our short encounter with the Liouville 
equation, especially equality (8), allows us to rewrite our Frobenius-Perron 
operator P in terms of the Liouville operator £ as 

e x p ( £ ) in L(T) p = 1 (14) 

The associated adjoint operator P* = exp(—irL) is called Koopman operator 
due to B.O. KOOPMAN [62]. Koopman's lemma (cf. Lemma A.16 in Appendix 
A) states that P*, and herein also P, are unitary as operators on L 2 ( r ) n Con­
sequently, for Hamiltonian systems, the L2-spectrum of the Frobenius-Perron 
operator lies on the unit circle, i.e., it has no eigenvalues inside the unit cir­
cle. As already mentioned in the introduction of this manuscript, this is the 
central difficulty of the "dynamical system approach" to the identification of 
conformations 

Ensembles versus Single Systems There are at least two significantly dif­
ferent interpretations of the Frobenius-Perron operator P for Hamiltonian sys 
tems: 

Due to (14), we can understand P in the context of Statistical Mechanics as 
the propagator of an ensemble. Its norm-preserving properties guarantee 
the possibility of this statistical interpretation (no "loss" of probability) 

One can also interpret P in a probabilistic sense for single systems as typ­
ically done in the theory of dynamical systems, via its invariant measures 
i.e., measures ß £ M such that Pß ß. If an invariant measure ß is 
ergodic B R K H O F F S ergodic theorem states that we have 

— 
lim - Y ( $ (y)ß(dy) (15) 

for yu-almost every x e T and every integrable function . Hence, ß de 
scribes the relative frequency with which the single system visits a certain 
phase space region during its evolution in time 

The total energy of our Hamiltonian system (2) is preserved along its trajectory 
so that the system stays on a certain energy surface i e on a d— 1dimensional 
submanifold of the phase space T. This implies 

n F o r the special case of Hamiltonian systems, P is norm-preserving in i 1 ( r ) , too. Thi 
results from [66], Prop. 3.1.2. 

1 2 That is, it satisfies ß(B) e {0,1} for every invariant set flcT. 
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OPOSITION 2.3 Every ergodic invariant measure of our Haminian s 
(2) is singular with respect to the volume measure on V. 

In the context of molecular dynamics, the two above interpretations are 
mostly expected to be equivalent, in the sense of the physical ergodicity hypoth­
esis which states that the ensemble average (expectation value for the stationary 
ensemble) equals the running average A(x) for some single system in the en­
semble. Prop. 2.3 states that this can be true only for ensembles which are 
distributed according to singular measures on T, that is, only such ensembles 
can be simulated by following the long-term dynamics of some single system in 
the ensemble.1 

In turn, the ensembles with L^iT)densities considered herein (like the canon­
ical ensemble, for example), cannot be generated by iterates of a single system. 

In general, the invariant density associated with the evolution of any single 
system is determined by the corresponding initial state, while every stationary 
ensemble density is determined by the initial preparation of the ensemble 

2.4 C o n f o r a t i o n s as A o s t Invariant Sets 

Assume that an (arbitrary) stationary density /o is given. How to define the 
transition probability from one region B c T o f the phase space to another one 
C C r ? We are herein only interested in considering transition probabilities 
which allow for an experimental determination. The typical measurement pro­
cess for any kind of transition probabilities is the following two-step experiment 

1. Pre-Seection: Select from the ensemble /o at t — 0 all such systems with 
states B. This selection prepares a new ensemble which now has the 
density 

/ fo()dx )U{ 

Transition-Counting: After a time span r, determine the relative fre­
quency of systems in the ensemble fs with states in C. Since all systems 
evolve due to $* this relative frequency is equal to 

/ c{ )dx. 

Hence, in order to get a measurable quantity, the transition probabities have 
to be defined as 

1 T h e physical ergodicity hypothesis is mostly used in the context of the micro-canonical 
ensemble which is given by the equidistribution on a certain energy surface (with respect to the 
projected Lebesgue measure). Then, it has to be understood as the assumption that Birkhoff's 
ergodic theorem holds with ß being this microcanonical measure. Systems satifying thi 
condition are called "physically ergodic". 



to n \ ($T f)d 
)d 

(16) 

Using this definition we can introduce our notion of "almost invariance": A 
subset ß c T i s called invariant under the flow $* iff, for all K, 

(B) and, thus w(B,B,t) = 1 

where the last equality is independent of the choice of the stationary density 
/o- We are interested in subsets B with W(B,B,T) sufficiently close to 1 to be 
denoted as almost ivariant subsets. This first rough "definition", 

T almost invariant W(BBT) &1 (17) 

clearly depends on the interpretation of "sufficiently close to 1". For the next 
steps we will ignore the question how to define PS 1 precisely; it will later come 
out to be problem-dependent and related to the eigenvalue structure of the 
associated transition operator. However, our definition of almost invariance 
depends on the choice of the stationary density / and on the time span r . 

Conformations Before introducing a mathematical definition of the phras 
"conformation", let us collect the main aspects of the chemical intuition behind 
this phrase. Every conformation contains a lot of configurations that is, it is a 
set of configurations characterized by the following properties 

• Geometric similarity: Every configuration in the set induces nearly the 
same global geometry of the molecule which can be described in terms of 
a certain set of internal variables, the so-called essential variables of the 
molecule (cf. Sec 13) 

Meta-stability: The trajectory of a single system including all its fast 
oscillations around equilibrium positions remains inside this set for a long 
period of time before leaving it eventually 

Hierarchy of conformations: Every conformation corresponds to one of the 
"main wells" of the potential. The potential has a huge number of local 
minima. Thus, every such main well must contain many local minima 
and must be separated from the remaining parts of the potential energy 
surface by substantially large energy barriers such that the trajectory of 
a single system is trapped in this well for some long period of time. Thus 
there is a hierarchy of potential wells (every main well will decompose into 
several wells with less significant meta-stability). In turn, we also have to 
deal with a hierarchy of conformations 



Consequently, the connections between these three aspects are as follows: 
We need some measure of meta-stability in order to define the hierarchy of 
conformations. Then, we have to decide which level of this hierarchy we are 
willing to resolve and this decision determines whether two different kinds of 
global geometry are distinguished as indicating two different conformations or 
not. 

Unfortunately, the above characterization of meta-stability is related to the 
concept of a single system. In order to define the notion "conformation" in terms 
of the ensemble under consideration, we have to transfer these characterization 
to the statistical level of description. The statistical concept of meta-stability 
is given by the notion of almost invariance due to (17), which leads us to the 
following statistical definition: every conformation is an almost ivariant set of 
the ensemble in the sense of (17). 

As the above considerations indicate, the chemical usage of the phrase "con­
formation" never refers to any momentum information. Consequently, we are 
only interested in spatial subsets, i.e., subsets of the position space Ü. The tran­
sition probability between such spatial subsets B c Q, and C C ft, is given by 
the transition probability between the associated phase space fibers T(B) and 
r(C): 

W(B,C,T) = w(r(B)r(C)T) with r(B) {(qP) r, } (IS) 

where the notational ambiguity is accepted for the sake of simplicity; in every 
case, the meaning of W(B,C,T) is clear from the context. Consequently, some 
spatial subset S c f i i s called almost invariant iff w(B, B, r) s» 1. 

The probability w(B,B,r) to stay within some set B C fi induces our kind 
of a statistical hierarchy: an almost invariant set B may contain almost invariant 
subsets Bj but, whenever W(BJ,BJ,T) < W(B,B,T), the decomposition of B is 
interesting at most on finer levels of resolution. We will see that this statistical 
hierarchy induces an associated hierarchy of potential wells. In this sense, a 
decomposition of the potential energy landscape into several "main wells" cor 
responds to a decomposition of the position space into almost invariant sets 
with superior probability to stay within. 

If we —due to the usual belief in chemistry— suppose that conformational 
transitions can be characterized via some few essential variables only, then we 
may further restrict the form of the almost invariant sets of interest: We do no 
longer consider arbitrary spatial sets B c Ü o r the associated fibers T(B) C T 
but only such sets which can be characterized in terms of the essential variables 
alone. This final restriction to such conformational subsets will be discussed in 
Sec. 3.5 in detail. 

Summarizing, in order to characterize the conformational dynamics of the 
molecular system, almost invariant (spatial or conformational) subsets with su­
perior probability to stay within and the transitions between them are the ob­
jects of interest 



r o b m - A a p t e d T n s t i o n Oera to rs 
We are now ready to define the transition operator T for replacing the inappro­
priate Frobenius-Perron operator P. The needs explained above require that 
must have the following properties 

T must have a unique invariant density reflecting the distribution in the 
experimentally prepared ensemble 

T has to represent the correct transition probabilities between subsets of 
the position space 

Considered in appropriate spaces, T must have isolated eigenvalues which 
allow to identify the conformations via the associated eigenvectors 

To this end, we will first define a spatial transition operator, which acts on func 
tions living on the entire position space. After studying its basic properties, we 
will generalize this definition for allowing to include the restriction to essential 
variables (Sec. 3.5) 

3 .1 S p a t i a l T r a n s i t i o n O p e r a t o r 

Let us now assume, that the statistical ensemble under consideration is described 
by a (nonnegative) invariant phase space density /o G LX{T) which satisfies 
conditions (9) and (10) and leads to a positive reduced densi 

F(q) [ (qp)dp, (19) 
s.d 

which is smooth and finite on f2. The transition operator is given by 

u{q) - ^ - J qp) fo(qp)dp, 0) 

where u = u(q) is a function u : Q —> C. Thus, T is defined by a suitable 
weighted average of the Frobenius-Perron operator over the momenta in each of 
the trivial fibers 

T(q) T, = q] {q} x 

where the weights are given by the experimentally prescribed stationary density 
/o- Hence, the transition operator describes the statistics of the redistribution 
of systems in the ensemble via the flow $ r with respect to the time scale r . 
Since /o is stationary the shape of the ensemble distribution does not change 
It is thus more adequate to say that T describes the spatial fluctuations inside 
the ensemble /o induced by the flow $ r . 
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We c n s i d r T as an o p e r on the w e i g d spa 

Vt) {u : V C, u{q)\F(q)dq< } p = l 

Obviously, Lil) is a Hubert space with scalar product 

u, q)v{q)F{q)dq 

and induced norm \\u\\F — (U,U)F- On LF(Q), we use the canonical norm 
| |U| | I ,F = JQ \u(q)\F(q)dq. In the subsequent paragraphs we will discuss the 
important properties of T with respect to these spaces. But before going into 
details let us consider the special case of the canonical ensemble: 

EXAMPLE 3.1 For f , the definition (11) yields F(q) = Q(q), so that 
together with ( 0 ) 

Tu(q) f u(7qp))P(p)dp 1) 

Hence, in this case, T describes the momentum weighted fluctuations inside the 
canonical ensemble with respect to the time scale r. In the following, always 
if /o = /can, we simplify our notation and denote the weighted spaces LPQ(Q) 

from above by LP(Q) , and, consequently, the associated norms by 

II " l = II " l 

1.1 Transition Operator for Periodic Potentials 

Let us now discuss the case of a periodic potential, where 

V(q + mljej) = V(q), Vm G Z 

with ej being the unit vector in the j th coordinate direction. The associated 
position space is the "periodicity cell" Q = rXfciPMj) an<^ a n considered en­
semble densities /o are supposed to be normalized with respect to the restricted 
phase space d x l 1 ' . Hence, the transition operator T should also be restricted 
to spaces of periodic functions on f2. That is, we may consider T as acting on 
L£ep(f2) instead of Lp(Rd). It will later turn out that it is convenient to do this 
in the following way: Let us first define the periodicity map £, : M.d —> 0, as 
follows: For every y G Rd there is a unique q such that there is a tuple 
(m n) € Z yielding 

q + 

This function y h-> q is the periodicity map £, ie. , £(y) = q. Via £r(Q,p) = 
(£(q)p), the map £ induces a periodicity map £ : T ü x Rd for the original 



phase space T = Rd x B.d. With its help, we restrict the flow $* to the torus 
given by fi and the periodic boundary conditions by considering the flow 

£ o $ 22 

instead of $*. The transition operator is then defined by 

Tu(q) J^- J u (mj) (qp)dp, 3) 

now acting on the spaces Lil) of functions : Q weighted with the 
density F\ 

1. xemplifying Spectral Properties of 

In the following three examples, we will always consider the case of canonical 
ensembles (/ / ) with reduced density F Q. 

EXAMPLE 3.2 As a first example consider the one-dimensional harmonic oscilla­
tor (H(q,p) — (q2+p2)/2 and f2 R). From (21) we get with the abbreviations 

= cos r and s = sin r: 

Tu(q) u(cq — sp)V(p)dp with V(p) — \ — exp — 
JR V V 

Thus, we have to distinguish between two essentially different cases: 
First, assume c = 1, i e , r = 2nm, m € Z. Then, we immediately observe 

that Tu = u for all u € LQ). That is, T is the identity with spectrum 
u(T) = {1} and any subset B c l i s invariant. For c = —1, T is the identity 
on the subspace of all symmetric functions (u(q) = u(—q)). 

Second, for \c\ < 1 we can generate a sequence of eigenvectors by the fol 
lowing construction: Assume that u e L2(Q,) is a smooth eigenvector for the 
eigenvalue A, i e , that Tu Aw. Differentiation of this equation with respect 
to q yields 

q(Tu) q 

Thus, A* is an eigenvalue with eigenvector w* — Dqu. Since %R G L2(Q) 
satisfies T\R = X , we can find a sequence of eigenvectors given by polynomials  

LVt) G N, satisfying 

q and q 

If we additionally choose these to be pairwise orthogonal with respect to 
, -) we end up with 

(q) = q (q) = q - s (q) = q - 3sq, 

with s = J p2T(p)dp — 1/ß. The corresponding eigenvalues are A„ = cos"(r). 
These eigenvectors are illustrated in Figure 6. We will see in Section 4.2 that 
for \c\ < 1, T indeed has purely discrete spectrum with a single accumulation 
point at zero. 



/.2=COS(IT) 

F i g u r e 6: Probabilit density vn(g) — \unq)2Q() of the e i n v e c t o r s u for a harmoni 
oscillator (H(q,p) 2 ) 2 and ß = 1) 

EXAMPLE 3.3 As a worst case example let us consider a canonical ensemble o 
free particles in space dimension one ( i e , V = 0, M = l ) 4 For simplicity, set 

= 1. From ( 1 ) we then get 

Tu(q) u(q- p) V{p) d with T(p) = - ^ exp (-^ 

Applying the Fourier transform u(k) — (l/n) u(q) exp(ikq)dq, the convolu­
tion is reduced to a simple multiplication: 

Tu)k) - VV(k)u(k) Tu(jfc) 

Since the Fourier transform is unitary on L2(R) and the transformed operator 
T is a multiplication operator we simply have15 

a(T) a(f) - ( T T ) 1 / Range(P) Range (exp ( - k /3)) = [01] 

EXAMPLE 3.4 The simplest example for a bounded system is the free particle 
in a box with reflections at the walls: choose 0 [—a a] for an a 0, with 

1 4In this case our initial assumption / e ^(T) is hurt. For the scope of this example w 
ignore this. 

1 5Compare Appendi B, Thm. B.41. 



V(q) = 0 for — a < q < a and reflecting walls (V() = for |g| ). The flo 
map associated with this "irregular" potential is 

g p ) = (Za{q + TP),pS(q + TP)) 

with the 4a-periodic zigzag (cf. Fig. 1) and sign functions Za and S given on 
[ a] by 

2«(?) < Z , ["««] and (g) = \ 
n - « nl 

a — a [—2a, a) 

a — g aJ 

Hence, the definition of the transition operator reads 

ufa) u(q-TP))V(p)dp, 

acting on L2(—a,a).16 We now choose a somewhat unusual representation of 
(—a a): The trigonometric functions 

g) c o s - and k(q) = sin f (A; + -— = 0 1 

indeed1 span L2(—a, a). Fortunately, these basis functions satisfy k ° Za 

and s Za k, which directly leads us to 

cos(-Tp)V(p) dp k = exp(_f^T^  

cos((k + -^TP)V(p)d k = e x p - ( -

showing that Ck and Sk are e igenvtors o T. M o , we may expand any  
L2(—aa) in this basis yielding 

^ 

Henc, we may rwr i te T in the f f a d i s e mult ipl icion o p e r : 

T(k)k£N = (A/t a/t)fcGN with Xk = exp ~k—-y-r = 0 1 

This proves that its spectrum is discrete: o(T) = {Xk, k G No} U {0} 

The reduced density is F{q) = Q(g) = l /2a . 
1 7With = {exp(iknq/a),k e Z} also B2 = {exp(i(A; + l/2)Ttq/a),k e Z} is a basis 

system in L2(—o,a), because with u G £2(—a, a) also the function «(g) exp(— iq/2a) lies 
in L2( —a, a). The basis chosen herei consists of the symmet ic part {c^} of , and the 
a n t i s y m m e t i c part { s } of 



These examples taught us several important lessons about the properties o 
the transition operator T: If T is considered as an operator in L2, the spectrum 
of T is real-valued, and may be discrete. The eigenvalues depend on the time 
length r , converging to one with r —>• 0, while the eigenvectors need not depend 
on r . For r > 0, the largest eigenvalue A = 1 is simple and the associated 
eigenvector is the constant function \n- But we must not forget that, in worst 
case situations (e.g., T — Id if cos(r) — 1 in Example 3 . ) , the spectrum may 
degenerate (no eigenvalues of finite multiplicity). 

But the above examples do not contain anything like an almost invariant set 
Thus, for illustrating the connection between certain eigenvectors of our tran­
sition operator T and almost invariant structures, we have to consider another 
example: 

3. The G d i n g E x a l e 

Let us now consider a simple system for which the distinction between different 
"conformations" or almost invariant subsets makes sense. For this purpose we 
return to the particles-in-a-box ensemble from the introduction. That is, we 
add a thin reflecting barrier of energetic height E0 at q — 0 to the system of 
Example 3.4 (cf. Fig. 1) and consider the Hamiltonian H(qp) — 2/ V(q) 
in Q — [—a a] with the potential 

if 0 < q\ < 
V(q) if \q\ 

ifg = 

This has to be understood such that the flow $* is given by the zigzag functions 
from Fig. 1. More precisely, the flow consists of: reflections between —a and a 
if the total energy is sufficient to cross the barrier i e 

qp) {qp) = {Zaq + T p ) q + Tp) if H(qp) E0 

with the zigzag and sign functions Za and Sa from Example 3 . ; and reflections 
between ±a and 0 if the total energy is too small, i e 

(qp) qp) {a/2(q ± a/ + rp) T a / p q ± a/ + rp) 

if H(qp)<E0 

with q G (—a, 0) for the + sign and q £ (0, a) for the — sign. 
With respect to the canonical ensemble the probability that the total energy 

of some system in the ensemble is sufficient to cross the barrier is given by 

pvob(H(qp) E0) V(p)dp, 
>^/E^ 

which is temperature-dependent via V. Suppose that the temperature and 
the barrier height E0 are chosen such that this probability is very small, i e 



pxob(H(q,p) > E0) — e. Then, the two sets (—a, 0) and (0, o) are almost 
invariant. In order to see how this intuitively obvious fact is described by the 
eigenvectors of the transition operator T, consider the following decomposition: 

Tu(q) u(qp))V(p)dp l) 
/:^ 

r 

T_u if 

u(n(qp))V(p)d </) 
V^ 

v  
T+u if 0 

u ( 7 ( « P ) ) P ( p ) d p 
>VE^  

T0u(q 

We know that X-a,o) a n d X(o,a)
 3Jce eigenvectors to the largest eigenvalue A = 

1 — of T and T+ , respectively. If we now consider 

V - ~ X 

we therefore find that 

v(q) (1 - ) v(q) + T0v(q) < (1 - ) v(q) + 

Thus, we may interpret v as a good approximation of an eigenvector of T to an 
eigenvalue A w l - 6 . We already know that A = 1 is the largest eigenvalue of 
T with eigenvector xn- As w e already observed in the introduction (compare 
Fig. ), v approximates the eigenvector to the second largest eigenvalue A2 « 
1 — e of T (they are identical in "picture norm"). Moreover, this eigenvector 
indicates the two almost invariant sets via its sign, that is, the eigenfunction 
takes positive values on the first almost invariant set and negative values on the 
other. For the parameter values of Fig. 2 (a = 1, ß — 25, r = 2, E0 — 1/10, 
leading to e 0 2 5 ) , the dominating eigenvalues Xk of T are given in the 
following list 

Af 974 478 53 56 54 

We observe that the third largest eigenvalue is well-separated from Ai = 1 and 
A2. As we will see in the following, this is the "generic" situation if the system 
mainly has two almost invariant sets: There is a cluster of two eigenvalues 
Ai = 1 and A2 « 1, clearly separated from the remaining part of the spectrum 
of T, and the two corresponding eigenvectors indicate the almost invariant sets 
via their signs: Denote the two eigenvectors by v\ = X[-i,i] anc^ V anc^ define 
their sign structures s(q) = (sign(vi(q)),sign(v2(q))) via the signum of the cor 
responding entries of the eigenvalues for every position q g [—1,1]. Then, the 
almost invariant sets are given by all q with the same sign structure 



REMARK 3.5 When cons id ing the limit E0 —>• oo, i an unbounded increase 
of barrier energy leading to e —> 0, we observe that A ) —> Ai(e) = 1. Hence, 
in the limit, the eigenspace of T for the eigenvalue 1 is two-dimensional 
and spanned by the two eigenfunctions X(-o,o) a n d X(o,a)j SO that (—a, 0) and 
(0, o) are strictly invariant sets. That is, we may interpret the above almost 
invariant case as a specific perturbation (with small perturbation parameter 
) of the unperturbed invariant case. As a consequence, the eigenvectors of 

A ( ) and A (e) for the perturbed situation (cf. Fig. 2) correspond to the basis 
-a,o) + X(o,o)5 X(-afl) ~ X(o,o)} o f t h e "unperturbed" eigenspace for A = 1. 
Under this perturbation, the eigenvalue cluster (Ai(e), A2(e)) remains iso­

lated from the remaining part of the spectrum: For example, the third and 
forth largest eigenvalues, \z{e) and Ai(e), both converge to e x p ( 2 2 / 2 ß ) 
this is an implication of the results of Example 3.3) 

F i g u r e 7: Eigenvectors to the second (A = 0.948), third (A = 0.914), and forth (A = 0.465) 
largest eigenvalues of the transition operator T for a free particle in a box with two reflecting 
barriers at q = - 0 . 5 and q = 0.5 (a = 1, ß = 25, r = 2, = 1 / 0 , leading to e 0.025) 
Results of a discretization of due to Sec. 5. 

Two Barriers Figure 7 indicates that this concept can be generalized. It 
shows the interesting eigenvectors for a particle in a box with two reflecting 
barriers separating three almost invariant subsets. We observe that now there 
is a cluster of three eigenvalues near A = 1 with a distinct gap to the remaining 
part of the spectrum and with eigenfunctions indicating the almost invariant 
subsets via their sign structure.19 

Again, the step-like shape of the eigenfunctions indicates that they corre 
spond to a certain "unperturbed" situation (given by the limit EQ —> oo, see 
Rmk. 3.5 above) where the eigenvalue A 1 is threefold and the associated 
eigenspace is spanned by X i / X i / i / , and X i / i ) 

For the p a a m e values from above, e x p ( — - / 2 a 2 ß ) 0.454. 
1 9The sign structure of the three eigenvectors = X( i , i )> "2 (left i Fig. 7), and ^3 

(middle in Fig. 7) for the three largest eigenvalues A = 1, A2 = 0.948, and A3 = 0.914, is as 
follows: (+ , —, —) for the almost invariant set (—1, —1/2) (+, fw 0, +) for the almost invariant 
set (—1/2,12) (+, + , —) for the almost invariant set ( 1 2 , 1 ) 



REMARK 3.6 Almost invariant sets can be interpreted as specific perturbations 
of invariant sets. The associated perturbation parameters are small crossing 
probabilities or large barrier energies, but not the fluctuation length r or "ex­
ternal" parameters like the temperature. To see this, observe that in the limit 
T —> 0 or T —¥ oo, the specific isolation of the eigenvalue cluster near A = 1 is 
destroyed, because most the eigenvalues (and/or the essential spectral radius) 
of T converge to 1 

3.3 Consideratio as arkov Operator 

We now consider the probability space (il,B,ß), where B denotes the u-algebra 
of Borel sets of 0, and the probability measure ß is given by 

H(B) f F(q) dq for 

The set of all densities ( i e , nonnegative functions) in the corresponding L1 

space Lp(Q) is denoted T>F (cf. Def. A.2 in appendix A). We want to show that 
T can be considered as an Markov operator on Lfl) (cf. Def. A.3) 

LEMMA .7 T defines a bounded lear Markov operator Lp(il) — fl) 

Proof: Consider an arbitrary fl). Via definition ( 0 ) we find 

\\Tu\ - L - (gp) fo(qp)d F(q)dq 

qp) fo(qp)ddq 

)d 

U ( ) \ f0()d 

u(<l)\ fo(qp)ddq \\u\ 

v  
F 

where the step from the third to the forth line uses the substitution x —• $ r x 
and exploits the invariance of /o with respect to this transformation and the 
volume conservation property of the flow. Thus, T is well-defined on the en­
tire space Lp(il). In the second line, equality holds iff u > 0, which shows that 
11̂ *11 i,i? = | |U| |I ,F for u e Dp. Since F, / 0, we also have Tu 0 for D 
Hence, T is a Markov operator D 

REMARK 3.8 The property of being a Markov operator already implies the 
boundedness | | r | | 1 (cf. [66] Prop. 3.11) 
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3.4 S e l d j o i n t n e s s a Transti P r o b a b i e s 
Now, T is considered as an operator on the Hubert space LQ) 

LEMMA 3.9 The transition operator T : LFfl) LFil) is a bounded lear 
operator with ||TW| \\U\\ 

The following proof is nothing but an application of the Cauchy-Schwarz 
inequality. Nevertheless, it is presented in detail because the same strategy will 
be used again in the subsequent 
Proof: For an arbitrary Q), definition ( 0 ) yields 

\\Tu\ 
F{ 

qp) (qp)dp F{q)dq 4) 

Consider the following family of Hilbert spaces " : Fo the space T 
consists of all functions Md C with 

w(p)\ fo(qp)dp 

with the associated scalar product 

(w (p)(p)fo(qp)d 

The induced norm is denoted || • . For all 0,, the constant function xw 
is an element of "K because 

/ fo(qp)dp F(q)< 
Rd 

Next, consider the family of functions wq : M.d —> C defined by wq(p) = 
u(-jT$(qp)) A short calculation like in the proof of Lemma 3.7 reveals 
that 

(p)\ qp)d dq \\u\ 5) 

= |h, | if < 

Thus, we have wq € Hq for almost every 0,. Then, the Cauchy-Schwarz 
inequality yields (again for almost every q) 

/ 
Rd 

U(T (qp))fo(qp) 

F(q) 
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H 

Inserting this into equation ( ) yields 

u\ dq 

where the last equality results from 5) D 

Next, we are interested in the transition probabilities defined by T. There 
fore, let us consider two arbitrary measurable subsets £?, C C 0. We again use 
the notation 

T(B) x e T , B} 

The characteristic functions \ and \ are elements of LQ). Thus 

X ~ E ^ - T ( q P ) ) qp)dq)F(q)dq 
r W 

) x ) d 

) x (§ )d 6) 

where the last equality results from the transformation x = $ r y together with 
the invariance of /o and the volume conservation property of the flow. We also 
find that 

(XX F(q)dq = fo()d 

which together with equation ( 6 ) finally reveals that 

^ T ™ ' * MT(BmClr> 7) 
{XX k{)d 

showing that T indeed represents the transition probabilities of our interest. 
Using the other invariance of / it is easy to prove another crucial property 

ofT 

LEMMA 3.10 The transition operatorT : LQ) fl) is selfadjoint Hence, 
ts spectrum satisfies a(T) c [—11] 

Proof: First, consider two arbitrary, measurable subsets B , C c f i . Using ( 6 ) 
and the reversibility of the flow (Lemma 1) we get 

X )X R($ )dx. 



Now, since /o is p-symmetric (eq.(10)) and the sets T(B) and T(C) include all 
possible momenta (ie x e T{B) R r (B) for example) a transformation 

— R yields 

y ) X R { y ) fa{y)dy 

)X f 0 ( ) d = (X 

Since the step-functions are dense in L2(Q), we get (TU,V)F = {UTV)F for 
all u,v € L|i(n), i.e., the self-adjointness of T. Thus, its spectrum a(T) is 
real-valued, which together with the boundedness (Lemma 3.9) implies <r(T) C 
- 1 1 ] Ü 

3.5 Restriction to Esential Variables 
In the following we study the consequences of the restriction from full spatial 
coordinates to other essential degrees of freedom. Let this set of essential vari 
ables be given in terms of the state of the system by a continuously differentiable 
function 1? : T - W, 

${ ( ^ , ^ ) ) 

and denote the corresponding essential configuration space by 9 = #( r ) . We 
always assume that 1? is independent of the momenta p, i.e., the function 1? 
depends only on the positions q. For simplicity, we use the notation i? = i?(g) 
as well as the more general form •& = $(x), where the meaning is always clear 
from the context. For any possible value 9 0 we denote the corresponding 
level set by 

r(0) - { r, #() = 9} 

We assume that these level sets are smoothly embedded submanifolds of dimen­
sion 2d — v in r.2 0 Let do~g{x) be the intrinsic volume element on T(ö).21 

Let 0, C M.d be the position space so that T = Q x Rd. Since -& does not 
depend on the momenta p, the volume elements have the special product form 

dag ( da/) (q) A dp, 

where dq) denotes the intrinsic volume form of 

n(6>) {q 0, m = 9} 
2 0Thus, we assume that the associated Jacobian matri D-&(q) has full rank for any q ft. 

Due to Sard's lemma, this is the generic situation. 
2 1 Now and in the following, we assume that dcrg(x) is appropriately denned on all connected 

submanifolds of T(0). Moreover, it herein is of no importance whether F(0) consists of more 
than one component or not 
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which is a smoothly embedded, (d — ^-dimensional submanifold of f2. 
For any invariant density /o we define the reduced probabity density as 

{9) f0()d 

which is an element of L1(9) if /o € i 1 ( r ) . 
The transition operator associated with this set of essential variables then is 

u(0) ^rW {$(< )dae( 8) 

where u — u{9) is a function u : 0 —> C. 
Thus, T$ is again defined by a suitable fo-weighted average of the Frobenius-

Perron operator over every "essential fiber" T(9), that is, the average includes 
all momenta p and that part of the degrees of freedom which are "orthogonal" 
to the considered essential variables -&. 

We consider T as an operator on the weighted spaces 

p
FQ) {u C u(9)\4e) d } p = l 

with the sa la r p r d u c 

u , F , (d)v(0)(d)dß 

for the Hilbert space LF (@), and induced norm ||«| | |^ u,u)Fi}. 
For subsets B c Ö, the union of all fibers T(9) with 9 B is denoted by 

T{B) = [ T(6») T : i?( 

in analogy to the notation used above. By repeating the computations from 
Sec. 3.4, we observe that T in fact describes the transition probabilities between 
subsets B, C C 6 , that is 

{ T X 

(X 
W(T(B)T(C)T) 

EXAMPLE 3.11 For the above considered spatial case, we have to choose 
Tri, that is d(q) q with v = d. Then, Vl(q) = {q} and T(q) = {q} x R 
implying daq(x) = dp and the reduced probability density is Fq) = F(q) so 
that definitions ( 8 ) and ( 0 ) coincide 
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REMARK 3.12 Suppose that we are dealing with the canonical ensmble /o = 
/can. Due to [64, 104], the so-called conformational free energy A A{9) for a 
set of essential variables may be defined via 

A{9) = -ß\nZ{9) with 2(0) exp(-ßH())d 

that is it is defined via the contribution Z{9) of the T(9) to the classical partition 
sum J exp(—ßH)d. With this definition, we obviously have 

Z{9) exp(-ßA(9)) = Z(6) 

which allows to rewrite the transition operator as 

u{9) (tf($) exp(-ß(H()-A(0))) 

Consequently, the transition operator T# describes the fluctuations inside the 
ensemble /o induced by the flow 3>r and weighted by the difference between the 
potential energy surface and the conformational free energy surface 

Restriction Operator and Adjoint We next show that T$ may be written 
as a specific restriction of the full spatial transition operator T. The associated 
embedding is given by the following 

DEFINITION 3.13 Assume p = 1,2 and let i? : T - be a set of essential 
coordinates with the reduced probability density (ff). The restriction 
operator R : L(Q) — L (Q) is defined by 

u(9) -—— u()fo()d 
W 

while the prolongation operator B : LF 0) Q) is simply given by 
{Bu){q)=u{d{q)) 

We next show that these operators allow to express the transition operator 
for the given essential coordinates as T — RTB. To see this, first consider 

MO) P T T u($(qp)))fqp)d 
r KQ) 

ince als 

u{9) Tw^r u(q) ( )d dag{q) 
(?) 

v  

F 

-±— u{q)F(q)dq) 9) 



we inded end up wi 

u(6) — L - u($(qp)))f0(qp)dq)d u(8) 

Thus for further purpose we note the following 

PROPOSITION 3.14 For ay intrable function u : 0 —̂  C, the restriction a 
prolongation operators R and B allow to rewrie the transition operator T 
as 

u = 

Moreover, B is an isometr, ie., for p = 1 we hav 

u\\PtF ||w| V u ^ 0 ) 

and R is a contraction with Markov propert, ie., for p = 1 

w | F t ||W| VW il), and u\F^ I M Vi Vt) 

In addition, R$ : LF(il) —>• LF ( 0 ) and B# : LF ( 0 ) —• L | i f i ) are adjoint to 
each other, i.e., R$ = B# and B# R# Thus, in particlar, ifT : LQ) 
LF(fl) is self-adjoint, then T : LF@) — LF (Q) is, too 

Proof: The isometry of B directly results from «otf being constant on every 
submanifold T(9) 

U\ HV{q))\F{q)dq= u(0())\ ) d 

M6)\ h{)d ||«| 

The contraction property for R# for p — 1 and the associated Markov property 
are obvious. The contraction property for p — 2 can be proved with the similar 
technique as the Z2boundedness of T in the proof of Lemma 3.9. Therefore 
define a family of Hilbert spaces Ti with scalar product 

u, q)v(q)F(q)d(q) 

and associated norm || • \\g. Then, with similar arguments as in the proof of 
Lemma 3.9, we can show for arbitrary (fl) that the Cauchy-Schwarz 
inequality yields for almost every 9 

u(q)F{q)d{q) (Xu \\uf{9) 
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which p e m i s us to e m a 

u | . F „ Mö)\ (6)d 

-Vm u(l)F(q)dq) 
W 

\\u\ u{q)\F{q)dq = \\U\ 
Jn 

In order to show B = R choose arbitrary fl) and F @) 
Then B L(tt) and 

(Bu,u^{q)Yv{q)F{q)dq 

u(0(q)yv(q)F(q)dq)d  

u(9) v{q)F(q)dae{q) 

„i 

) 

which demonstrates that B$ — R. Since we are working in Hubert spaces this 
also implies R B" D 

3.6 Asociated Stochastic D y n a i c a l System 
Let us return to the case t? = 7Ti, that is, to the spatial transition operator and 
the position space Q. The following paragraph is crucial for the final interpre­
tation of our approach and its results. For the sake of conceptional simplicity 
we restrict the presentation to the case of the canonical ensemble, i e , we onl 
consider f0(qp) = fcaa{q,p) = Q(q)V(p). 

Assume B(il) to be the u-algebra of Borel subsets of Q. Moreover 
let Mf and M\ C Mf be the spaces of all finite and probability measures 

B —> R+ , respectively. 
We now define a specific stochastic dynamical system, which will later be 

identified as the dynamical system associated with the spatial transition oper 
ator T. For a given initial position c/o 0, we define 

qk = K(qkPk) = 0 1 (30) 

with every p^ G M.d being randomly chosen from the probability distribution V 
on Rd. According to [66], Chap. 12.4, this defines a regular stochastic dynamical 
system which is described by a sequence of probability measures ß M given 
by the probability of finding q^ in a subset B B of 0, i e 

(B) prob( B) 
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The sequence {ßk} is also g i n by the iterates of the socalled Foias operato  
Mf Mf defined by 

Pß(B) ( i q p ) ) V(p) d ß(dq) B, (31) 

in the sense that ßk = Pkßo if ßo Mi is the probability measure according 
to which the initial random position qo is distributed. 

In the following we consider measures ß M with densities i e 

(B) f u(q)Q(q)dq 
JB 

According to (31) the Foias operator acts on such measures as follows: 

Pß{B) { K ) ) U(-) fm) d 

u ( ) f c ) d 
i 

j y^u((qp))V(p)d Q(q)dq 

Thus Pß has the density 

Tu{q) u(Tqp))V(p)dp, 

given by the transition operator T. That is, T : L1(f2) —> I/1(0) is the density 
operator associated to the Foias operator P and therefore also associated with 
the stochastic dynamical system (30). Consequently: If the initial position qo of 
(30) is distributed according to the probability density u 2?(fi), the probability 
density Uk V(Q) of finding qk = q is given by k{q) = Tku(q) 

Associated Markov Chain and Control Model In addition, we know 
from Sec. A.l of the appendix, that the Markov operator T induces a Markov 
chain. Every iteration of (30) is a realization of this Markov chain. MEYN AND 
TWEEDIE [79] call the stochastic dynamical system (30) a "nonlinear state space 
model" and also discuss its interpretation as a Markov chain (see Sec. 3.5.5 in 
[79]). And they stress another important point: (30) may also be interpreted as 
a "control model", which describes the control of the positions q via the "control 
variables" p. If we use the recursively defined notation 

k+qPo-- ,Pk) = 7 ( f c ( g , p o ,P)Pk) e N (3 

with (q) = 7 $ r ( g ) ) the iterates of (30) can be denoted as 

qk k(q0,po, Pk), (33) 

Hence, we see that (po,- • • ,Pk-i) may be interpreted as some control sequence 
which can be designed such that some desired final position is accessibe from 
the initial position q 
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ast to the mathematical analogy betwee  
and the stochastic dynamical system— 
n the physical meaning of the two levels  
physical reality (the ensemble) and the 
e associated Markov chain) (cf. Fig. 8) 

hi«0 

F i g u r e 8: Illustration of transitions in an ensemble in contrast to the evolution of the as­
sociated stochastic dynamical system for the double well potential V(q) — (q2 — l ) 2 . Left: 
Canonical ensemble / c a n in the two-dimensional phase space. The white lines indicate trajec 
tories of single systems during some time span r inside the ensemble. Since /COn is invariant 
under the flow, all trajectories are parts of isolines Only some trajectories of systems with 
small probability cross the separation line q = 0 between the two almost invariant sets around 
q = — 1 and q = 1. Right: First 2000 steps of the discrete trajectory of a single realization 
of the associated stochastic dynamical system. Again, jumps across the line q = 0 are rare. 
Below: Histogram of the distribution of positions after these 2000 steps compared with the 
appropriately scaled canonical position densit Q. Asymptotically, the distributions converges 
to Q. 

7.1 Ensemble versus Stochastic Dynamical System 

The transition operator T describes the redistribution or fluctuation in a sta­
tionary ensemble, i.e., it describes a statistical collection of single systems with 
different actual states and measures how many of these single systems may per 
form some kind of transition during a single "time step" r . Hence, some power 
T™ of this operator can not necessarily be interpreted as describing fluctuations 
in the ensemble on time scales mr. As a consequence, the spatial transition 
operator has no semigroup property: Let TT denote the transition operator for 
fixed time span r as in ( 0 ) then, in general 

r ^ T 

This can easily be illustrated if we assume that TT is the transition operator of 
Example 3. for the harmonic oscillator H(qp) = (q2 2)/2 with | cos(r)| < 1 



Then, TTU c o r ) with (q) = q for all such r . Hence 

T' = cos(r) cos( cos(r + r T' 

if only sin(r) sin(r') / 0. Consequently, we cannot simply "link" fluctuations 
on some short time scale to get fluctuations on longer scales. One can ex­
plain this observation by considering the underlying measurement processes 
{(TT)2XB,XC)/(XB,XB) belongs to a two-fold repetition of the two-step ex­
periment from page 19 —therefore including two pre-selection steps—, while 
{T2TXB, Xc)I{XB, XB) corresponds to a single realization with double stepsize 
but with only one pre-selection step. But the physical observables associated 
with the pre-selection step and the transition counting procedure do not com­
mute with respect to the Poisson bracket {-,-}. Hence, the additional pre 
selection step changes the ensemble irreversibly so that, in general, the two 
transition probabilities are different. 

Independent of the interpretation with respect to an ensemble, the operator 
T is associated with the stochastic dynamical system (30) and the corresponding 
Markov chain {Xk}. On the one hand, the running time averages of the Markov 
chain approximate the ensemble averages (see Sec. 4.5 below). But on the other 
hand, the multiple-step transition probabilities P(Xm g B\Xo e A) of the 
Markov chain from A c O to 5 C fi after time mr can be expressed via the 
powers Tm of the transition operator (see Sec. A.l in Appendi A), although 
these powers have no direct interpretation for the ensemble. 

Summarizing, multiple-step fluctuations (m > 1) of the Markov chain {Xk 
cannot be interpreted as fluctuations in the ensemble on time scales mr; only 
single-step fluctuations and the invariant distribution of the Markov chain rep­
resent properties of the ensemble. 

In this sense, the stochastic dynamical system and the corresponding Markov 
chain are only artificial representations of the ensemble in an iterative way, in 
form of some stochastically linked chain of single systems from the ensemble 
But in addition, the stochastic dynamical system (30) should not be taken as a 
model of a single physical system. 

These considerations are typical for the discussion of the correspondence 
between statistical ensembles and stochastically embedded single systems. The 
contributions to this discussion are varied and range from modelling decisions,22 

over algorithmically oriented realizations23 to systematic investigation in, e.g. 
"stochastic realisation theory" .24 For the context discussed herein, it is only of 
importance that the stochastic dynamical system (30) correctly represents the 

2 2 A typical example is the representation of a heat bath by means of adding some stochasti 
excitation —external "noise"— as in Langevin dynamics [1, 115]. 

2 F o r example, so-called "constant-temperature" embeddings of the Hamiltonian system 
vi Nose-Hoover dynamics [81, 82] or it variants are often used in real-life applications. 

2 4 Stochastic realization theory or dilation theory stands for an overlap between systems 
theory and statistical mechanics: dilations are embeddings of "small" systems into "large" 
ones ("heat baths"), which have the property that the time-reversible, conservative motion of 
the large system reduces to a disipative, ireversible evolution of the small system. Use [73] 
as a pointer to the literature 
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fluctuations in our ensemble moderating the tansitions b e w e n c a i n subs 
of phase space on the given time scale r . 

Algorithmic Differences In addition to this conceptual differences between 
ensemble and stochastic dynamical systems, we also have to distinguish between 
transition operator and Markov chain on the algorithmic level: 

1. If the system really contains almost invariant sets, then direct long term 
iteration of the associated chain is algorithmically inappropriate: When­
ever some set B c 0 is almost invariant with respect to the ensemble 
it is almost invariant for the Markov chain in the dynamical sense ("long 
relaxation time"), that is, the chain is trapped in B for many iterations 
before it undergoes some conformational transition which then allows the 
chain to sample other regions of the phase space 

. As we will see in Sec. 5.4 below, it is difficult enough to construct an 
efficient algorithmic realization of the Markov chain associated with the 
spatial transition operator for the canonical ensemble fcaD. In this case 
we will exploit the specific multiplicative form of /ca„. However, for some 
arbitrary set of essential variables #, we in general will not even have 
any explicit expression for the associated reduced density F#. Therefore 
there is no way —at least not with the strategies considered herein— to 
construct any efficient realization of the Markov chain associated with the 
transition operator T 

Despite these problems, we will exploit the mathematical analogy between tran­
sition operator, Markov chain and stochastic dynamical system not only for 
proving convergence results (see Sec. 4.5) but also to construct an appropriate 
numerical algorithm for evaluating the transition probabilities (cf. Sec. 5.4) 

7. Fluctuation Length and Almost Invariance 

How important is the choice of the "fluctuation length" r for the identification 
of almost invariant sets? In the context of the examples in Sec. 3.1, we already 
observed that the eigenvectors for eigenvalues of T near A = 1 do not show any 
dramatic dependence on the actual value of r, while these eigenvalues tend to 
one with r —> 0. We will now present two additional insights which may help 
to understand this observation and may support our hope that r may not have 
decisive influence on the shape of almost invariant sets. 

The first of these insights is illustrated in Fig. 9 and states roughly that 
mainly the (topological) properties of the potential energy surface determine 
the shape of the almost invariant sets of the associated system: Around the 
main minima of the energy landscape there are large flow-invariant regions 
Such a region is the "core" C of an almost invariant set, if the probability 
to be within this region is large enough. In addition, each of these regions is 
surrounded by some set Sc of unlikely states (shaded in light grey in Fig. 9) 
which have enough energy to leave Sc under the action of the flow. The almost 
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F i g u r e 9: Phase portrait of the 27r-periodic potential shown in the left figure. The saddl 
point at (<7s,0) between the minima separates two regions, shaded in dark grey and marked 
B and C, which, both, are invariant under the flow. With the minima of the potential, the 
maxima of the canonical density are located inside B and C. Thus, if the temperature is only 
small enough, the canonical density is (exponentially) small for any state x $ B U C. But 
only trajectories starting in such unlikely states from the surroundings S f l U S c o f B U C can 
cross the line q — qs, so that A\ — {q : q < qs} and A2 = {q : q > qs} are almost invariant 
sets. This implies that some variation of the fluctuation length r may change the transition 
probability between A and A , but t the almost invariant sets themselves 

invariant sets are given by the projection of these objects onto the essential 
coordinates chosen. Whenever the degree of almost invariance is large enough, 
the value of r will have only minor influence, since it merely determines how 
many of the unlikely states from Sc will have enough time to finish the possible 
transition between two almost invariant subsets (see Fig. 10). In this sense, r 
controls a kind of "melting process" for the flow-induced mixing; this mixing 
generates conformational transitions but only in regions of the phase space with 
insignificant probability to be within. 

To understand the second observation, we have to introduce some suitable 
notation: Let $y denote the flow associated with the equations of motion ( 
induced by the potential V. A simple rescaling of time in ( ) reveals that 

WlP) v^P) 0 

which shows that we can map an increase of the fluctuation length (a > 1) onto 
an increase of potential and momenta. When considering the canonical density 
and using a generalized notation for the transition probabilities, we find that 

where T — pTM1p/2 denotes the kinetic energy and the exponential prefactor 
ß/a2 belongs to some increased temperature Ta = o?T• Thus, this simple trick 
reveals that an increase in the fluctuation length r may be understood as a 
certain rescaling of parameters of the ensemble. Again, r appears as some kind of 
temperaturelike "melting parameter". This identification of changes in r with 



F i g u r e 10: Illustration of the flow-induced mixing of the surroundings Sc and SB of the 
system from Fig. 9. The three figures correspond to three different values ( 1 0 / 2 . / 3 . 0 ) of the 
fluctuation length r . In all three cases the sets A\ — {q : q < qs} and A 2 — {q : q > q3} are 
almost invariant (if the temperature is small enough). States (q,p), which are transported to 
A2 under the action of the flow during r , i.e., for which niQT(q,p) > , are colored in dar 
grey. States ending up in A are colored in light grey. 

simply rescaling the ensemble is of particular interest, since biophysical intuition 
states that (mainly) the interactions (=potential) determine the conformations 
while the temperature only redistributes the probabilities to be within. 

While the conformational subsets may be relatively insensitive to changes 
in r, this is different for all quantities characterizing the actual conformational 
dynamics: The transition probabilities between the conformational subsets de 
pend crucially on r and converge to zero in the limit r —> 0. The same holds 
for the eigenvalues of T near A = 1. This should not come as a surprise: the 
fluctuation length r is determined by the two-step experiment from page 19 as 
the time span during which the ensemble can fluctuate freely; that is, the transi 
tion probabilities can only be understood relative to the measurement procedure 
defining them. 
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ectral nd s y t o t r o e r t i e s 
We now switch to the consideration of the spectrum a(T) C [—1,1] of our 
spatial transition operator T : LF(Q) —• LF(Q). We will see in Sec. 4.6, that 
it is possible to get all crucial results for the spectrum of T$ for some set of 
essential variables by transferring them from the spatial transition operator T 
to Tfi via the restriction and prolongation operators introduced in Sec. 3.5. 

We already observed that the simple constant function x satisfies 

)(q) -Jh: fo()d for all q 0, 

that is, T\n XQ- Thus, xn is an invariant density of T. The reader might 
notice, that xo is an element of LF(Q) because we initially assumed /o G -^1(r)-

It is the fundamental strategy of this approach to compute conformational 
subsets from eigenstates of T for eigenvalues near A = 1, and to quantify the 
degree of invariance of the subsets. It is, thus, of main importance, under which 
conditions such eigenvalues exist and the eigenvalue A = 1 is simple. 

Since we are interested in a numerically stable approximation result, we 
have to demand for the existence of isolated eigenvalues near A = 1, i.e., for 
eigenvalues of finite multiplicity which are separated from continuous parts of 
the spectrum by a finite gap. According to the well-known spectral theory of 
linear operators, the spectrum may be decomposed into two disjoint subsets: the 
set of all isolated eigenvalues of finite multiplicity and the essential spectrum 
(cf. Appendix B). Thus our first crucial question is 

A. Under which conditions can T have isolated eigenvalues of finite multiplic 
ity near A = 1, i.e., which conditions guarantee that the essential spectrum 
7e6(T) is bounded away from A = 1? 

For an answer to this question, we will show that, in the Hubert space LF{0) 
our transition operator T is quasi-compact. More precisely: We will show that 
T —as an operator in LF(il)— can be decomposed into two linear operators, 
T = Ti+T2, where T\_ is a strict contraction (||Ti||2ji < 1), while T2 is compact 
Thus, due to the general results of spectral theory (cf. Appendix B), the essential 
spectrum of T is given by that of T and, therefore is bounded away from A = 1 
(cf. Sec. 4.2). 

For the uniqueness of the invariant density, the following two questions are 
of comparable importance: 

B. Under which conditions is A = 1 a simple eigenvalue, i.e., when is xn, up 
to a factor, the unique eigenvector for A = 1? And, when is A = 1 the 
dominant eigenvalue that is, —1 ̂  cr(T) 

In order to find such conditions, we will exploit the stability theory for Markov 
operators. That is we will analyze the asymptotic behavior of the iterates Tn 

for densities u € LF(il), in order to prove asymptotic stabily of T : LQ) —> 
fl) (cf Sees. 4.3 and 4.4). This will imply that, in L(Ü) and 2(Sl) 
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A = 1 is simple and dominant. It will come out to be relatively easy to realiz 
this "operator-oriented" approach for bounded position space 0 (Sees. 4.3 and 
4.4). However, we will also see that we can easily show the same results under 
weaker conditions when exploiting the well-established convergence theory for 
the associated Markov chains (Sec. 4.5). In particular, we will then be able to 
include the case of unbounded position space Q. Unfortunately, this "Markov 
chain theory" approach can only be applied to the spatial transition operator 
But we will be able to include the case of unbounded Vt also in the operator 
oriented approach, when considering the transition operator T associated with 
some set of essential variables. 

In this section, we will always consider the case of canonical ensembles (/o = 
/Ca„). This simplifies a lot of arguments and avoids some nasty computations 
But the reader might notice, that, if not explicitly stated otherwise, the following 
steps can also be realized for an arbitrary smooth stationary density /o L1 (T) 

1 T r a n s i t i o K e r n e l s 

We now want to examine whether the spatial transition operator T, or at least 
a part of it, has a representation as an integral operator with transition kernel 
That is, we ask whether there is a nonnegative measurable function k : Ü x Q 
R such that 

Tu(q) k(qy)u(y)Q(y)dy (34) 

To this end, let us first proceed purely heuristically: Assume that for every  
Q the function yq(p) = TTi$T(q,p) is invertible for all p £ E.d and let 

vq = vq(y) denote the inverse of . Then, the transformation p i y — (p) 
applied to the integral 

Tu{q) [ u(y{p))V(p)d 

results in 

Tu{q) V{y)) d e t £ ( i / ) | u{y)dy 

so that we have to define our transition kernel as 

Hqy) •QT-T'P ((y)) detDy)\ 

in order to achieve a representation like (34) 

4.1.1 Momentum I nve t i b i l i t y 

Certainly, our functions yq will in general not be invertible for all momenta. 
Therefore we define the following weaker notion of invertibility: 



DEFINITION 4.1 The Hamiltonian flo T is called momentm-rtibe if bo 
of the following two conditions hold: 

1. For almost every g ! ) there is an open set M(q) C Krf such that the func 
tion (p) = TT(qp) is locally invertible in M(q), i e , det D(p) ^ 0 
for M(q) 

. There is an 0 such that 

essinf V(p)dp (35) 
n 

In this case, the set X = {(q,p) G T : q G Vt, p G M(q)} T is called the 
"accessible phase space" with respect to the sets M(q) 

REMARK 4.2 Every set M{q) may consist of disjoint subsets. It follows from 
the Inverse Function Theorem that in every of these subsets m(q) C M(q) there 
exists a smooth function vq : yq(m(q)) C fi —¥ M.d such that vq(yq(p)) = p for all 
p G m(q). In most of the subsequent, we mostly refer to all of these functions 
as to "the inverse" vq defined on the whole of M{q)) without stating the 
different subsets explicitly 

For compact position spaces, momentum invertibility holds under consider 
ably weak conditions 

LEMMA 4.3 Let the position space Q, be compact and the potential V be smooth. 
Assume that for every q G 0, there is a momentum p Rd such that det D(p) 
0. Then, the flow is momentuminvertible. 

Proof: Consider arbitrary q £ Q and p G M. such that det Dyq (p) / 0. Since yq 

is smooth, there is an open neighborhood of p where yq is invertible. Moreover 
since the entire flow is smooth, there even is an open neighborhood U(q) C 0 
of q such that, for all q G U(q), yq is invertible in an open neighborhood O of 
p. We may, without loss of generality, assume that the sets M(q) contain O. 
Then, there is an j 0 V(p)dp such that 

q) V{p)d > 0 for all U(q) (36) 
( 

Since q has been arbitrary, such a > 0 and neighborhood U(q) exists for all 
q G Q. Consequently, there is a covering of 0, consisting of such open neighbor 
hoods U(q). Since 0, is compact, this system of open sets covering Ü contains a 
finite subsystem U(qi),... , U(qm) m G N, also covering Vt. Let ai denote the 
a-value for the neighborhoods U(q). Hence, m i n = i > 0 which implies 
the assertion. D 
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Decomposition of T If the system is momentum-invertible in the sense of 
Def. 4.1, we may define the following partial ransition orato 

T2u(q) = f u(Tn^-T(q,p))T(p)dp. (37) 
J M{q) 

relative to the sets M{q) chosen. Because of our assumption, the so-defined 
operator has a transition kernel, ie . 

(q) = f k(q,y)u(y)Q(y)dy. 

The kernel can be written as: 

HQ,y) = pZÄ E P K f o ) ) |det£>v(j,)| (38) 
^y> p€M(q) 

{p)=y 

where the sum runs over the disjoint subsets of M(q), and we used the sim­
plifications introduced in Remark 4.2, i.e., vq denotes all different branches on 
yq{M(q)). In order to guarantee that the summation in (38) is welldefined, we 
introduce the following simplification: 

DEFINITION 4.4 Let n(q) denote the number of disjoint subsets in M(q), where 
n(q) = oo whenever M(q) contains infinitely many disjoint subsets. For every 
family of sets M(q) define MM = sup ? e n(q) 

It is obvious that, if the flow is momentum-invertible, it is always possible 
to choose the sets M(q) such that each M(q) contains at most a given number 
of disjoint subsets25 so that MM < o . This suggests to make the following 

ASSUMPTION 4.5 In the following, we mostly suppose that the sets M(q) are 
chosen such that MM < oo. This simplifies some arguments drastically but does 
not change anything crucially. Whenever the case MM — oo is considered, we 
suppose tht every M(q) contins t most ountably many disjoint susets 

REMARK 4.6 The reader might notice that we may choose specific sets M(q) 
without loss of generality, as long as we are only interested in qualitative proper 
ties of the full transition operator T, because, in this case, some freedom is left 
concerning the selection of the decomposition T — T\ + T2 induced by the M(q) 
For example, in order to show that T is quasi-compact, it suffices to prove the 
existence of some family M(q) that leads to a compact T2 with the property 
that Ti = T — T2 is a strict contraction (thus, we are free to show this under 
the side-condition MM < oo, cf. Sec. 4.2). We are not necessarily interested in 
the "maximal" family of sets M(q). 

2 5 The conditions 1 and 2 from Def 4 1 remain intact only the value of 7] may change 



7 The kernel is an / f u n c t i o n , ie. , it is € L ^ x fi), since  

(q,y)Q(y)Q(q)dydq V(p)dpQ(q)dq < 1. 
(q) 

s another direct consequence of the definition, we find that 

/ (q,y)Q{y)dy = V(p)dp. 
J ( a ) 

=V(Q 

That is, rj(q) is the probability with which q is accessible via $ in the canonical 
ensemble (relative to the position density Q) Thus, the constant from Def. 4.1, 

n = essinf (q) = essinf V{p)dp, 

may be interpreted as the minimal accessiity via $ in the canonical ensemble 
(with respect to the sets M(q)) 

The two parts Xi and T-2 of the decomposition T — Ti+T-2 are linear bounded 
operators on the Lp-spaces: 

LEMMA 4.8 Let the fow $ r be momentum-invertibl. Then, the transition op­
rators T2 and Xi = T — T2 are bounded operato Tj : Lp{Vl) —> LP(Q) for 
— 1,2 and p = 1,2. Moreover, in (Q), the orato no of T\ tisfies 

^ilh < 1, « , mo precisel 

< K 2 , VU e I ( ( l ) with K = \ - r ) < 1, 

whe r] > is the onstnt from Def. J^l 

REMARK 4.9 In Lemma 4.8, the stated property of T\ depends on the specific 
sets M{q) which were selected from all the possible sets with respect to which 
the flow $ r is momentum-invertible. The reader should be aware that, now and 
in the following, statements like that of Lemma 4.8 should always be understood 
in this sense "relative to the specific sets M(q)v. 

Proof of Lemma 4-8: Clearly, the assertions for T2 follow from those for T 
and the properties of T itself. The operator T\ has the representation 

u(q)= j ^-T(q,p)V(p)dp, 
Rd\(q) 

which immediately implies the assertion for L(r2). In order to establish the 
asserted bound in L ( 0 ) , consider the measurable function g : T — {01} 
defined by g(q,p) = — X(q)(p) a n d its integral 

( 9 ) = / 9(l,P)V(p)dp = I V(p)dp, 
Rd Rd\(q) 



for which the normalization (p dp 1 and condition 2 of the momentum-
invetibility implies that 

ess-sup(c/) = 1 — essinf V(p)dp = 1 — r) < 1. 
q€ 9 6 i J 

(39) 

In close analogy to the proof of Lemma 3.9, the following estimate esults from 
using the Cauchy-Schwarz inequality in the Hilbert space L {w : M.d —> C 
JRd\w(p)\2V(p) dp < o } fo the inne integation: 

/ / g(q,p)u$-T(q,p) V(p) 
Rd 

(q)dq 

J g(q,p)T(p)dp u(m$-T(q,p))V(p) p 

=7(? 

(q) dq 

ess-sup(g 
«so 

Togethe with (39), this yields the assetion. D 

Let us now check what is needed to establish a simila b o n d fo in the 
space. Obviously, 

Ti / ( T T 1 ( q , p ( ( q d q 
m\M(q) 

u\Wt - T 2 H | i , 

whee we have equality in the first line if u is nonnegative. Hence, fo proving 
||Tiu||i < 1, we have to show that there is a K > such that |i > K fo all 
densities u € £>(fi). But for these u G V(Q): 

T2« / u(nl^-T(q,p))V(p)Q(q)dpdq 
M(q) 

/ u(n~Tx) f0() d / u(n) f0() d 

where X is the set i n t o d e d in Def. 4.1. We thus d e n e new moment subsets 
M(q) such that 

{(q,p) S T : q€il,p€ M(q)}, (40) 

which, inseted into the equation above, yields the equied bound: 

T2u essinf / V{p)dp. 
« e Q (q) 

file://u/Wt


Hence, one observes that the condition for ||Ti||i < 1 requires an analogy to ou 
condition (35) (which implies 11Ti112 < 1 as we have aleady observed). Now, the 
condition concerns the final momenta of trajectories starting in the accessible 
phase space X, instead of the initial momenta in ( 3 ) 

ITION 4.10 T : L^ft) (0) is ounded by with 

fj = essinf V(p) dp, 
V£Q (q) 

where the sets M(q) are given by (40) 

Merging the above constuction with the stategy of the poof of Lemma 4.3, 
we end up with 

P R O P I T I O N 4.11 Let the flow be smooth and momentuminveriible with ac 
cessibl phase space X and suppose that the position spae 0 is ompat. Assume 
that for every y € 0, there is some (q,p) G X suh th y = {p) Then, the 
is some p > 0 such tha | T i i < 1 

4.1.2 Symmetric Momentum Invertibility 

Let fj again be the constant from Prop. 4.10. Unfortunately, fj > 0 is not 
consequence of our condition ( 3 ) . Because of this, we intoduce a stonge 
notion of invertibility: 

DEFINITION 4.12 The Hamiltonian flow $ is called symmetrially momentum 
inveriible if it is momentum-invertible and if the sets M(q) in Def. 4.1 can be 
chosen such that, simultaneously to the two conditions in Def. 4.1, the following 
two conditions are satisfied, too. For all q G Q: 

1. M(q) is almost eveywhee momentum evesible, that is p G M(q) 4 
-p G M{q) 

2. If p G M(q) and (y,v) = $~T(q,p) then v G M(y) 

REMARK 4.13 Since <& is (momentum) reversible, the two conditions imply 
that, fo p G M(q), also v G M(y) when (y,v) = $ r(g,p) . Hence, if $ r is 
symmetically momentum-invetible: 

{$(q,p) : q&n,p&M(q)}  

{(y,v)=$(q,p): y £ Ü, v & M(y)} = X, 

which diectly implies that M(q) = M(q) fo almost all q G V 

Thus, as a consequence of P o p . 4.10: 



ROPOSITION 4.14 / / $ is mmetricall momentuinvertible thenTi : L ( 0 
(f2) is ounded by T\i < — n with given by 

•n = essinf V(p) dp. 
qen J 

(q) 

Moeove , this kind of momentum-invetibility has othe advantages: 

LEMMA 4.15 / / $ r is smmetrically momentuminvertible, then the transition 
oprato T2 : L(Q) - (tt) is sefadjoint 

Proof ince the step-functions a e dense in L(Vt), it is sufcient to pove 

T2XB,XC) = XB,T2XC) 

for the characteristic functions of two abi trary measurable sets B, C C 0. Fo 
notational convenience, let us intoduce fo every subsets i c f i : 

1(A) = {(q,p) G T : q&A,p& M(q)} C 1. 

Following the same stategy as in the proof of Lemma 3.10, we find, by exploiting 
the evesibility of 3 and the invaiances of /o, that: 

XB,T2XC) X r ( * T ) f ) d XT(R$TR) f ) d 

/ Xr(^T)f)d = ($~T) f ) d 
J 

fo()d 
)n 

But we also have 

T2XB,XC) = Xr($~T)f)d )d 
J )n 

Hence, the assertion is poved if 

r(C) n $TRI(B) = 2(C) n $rr(B) 
In order to finally see this, we exploit conditions 1 and 2 of Def. 4.12 and 
Rmk. 4.13: 

I ( C ) n $ T r ( B {(q,p): q£C,n1$-T(q,p)£B,p&M(q)} 

{(q,p) : « e C , (y,v) = $~T(q,p), yCB,v€ M(y)}  

(C)n{$ T ( j / , v ) : yeB,v&M(y)}  

(C) n * I ( B ) = T(C) n $R1(B) 

D 

2 6 That is, T2 is lf-adjont f the sets M(q), with respect to whch T 
conditions for s y m e t r i c momentum-invertibility. Cf. Rmk 4 9 



1 l fadoin tnes of T2 implies the s y m m e y o he kenel: 

T2 selfadjoint (q,y) = (y,q) almost eveywhee in Q x Vt. (41 

This observation allows a symmetric interretation of the minimal accessibility 
of the system (cf. Rmk. 4.7). In other words: we no more have to distinguish 
between tansitions to and from q. Let us intoduce the set A(q) of all positions 
y which are accessible fom q via $ ~ r 

(q) = {y G Vt, t h e e is p G M(q) s t . y = y(p)} (M(q)) (42) 

which now is also the set of all positions y which a e accessible fom q via $ 
In pa t i cu l a , the symmety of k yields 

y G A(q) q G A(y) 

4.1.3 llustrative Example 

Consider the Hamiltonian system H(q,p) — p2/2 + V(q) with the smooth, pe 
iodic potential (cf. Fig. 11) 

1 - (q + 2)2/2, f o - 2 < g < - l 
(q) = q2/2, fo - 1 < q < 1 with V(q) = V(q + 4) 

1 - ( g - 2 ) 2 / 2 , fo 1 <q<2 
(43) 

F i g u r e 1 1 : Left: Periodic potential V of (43). The shaded domain is the periodicity cell f2 
Right: Phase portrait of the flow $ 7 T for total energies E = 0.4/0.9/1.0/2.5. The thin vector 
lines indicate that the end points of the curves for E = 2.5 are connected via the periodicit 
map f Along the flow < _ T the curves are circled clockwise 

It is easy to see that the a d j n t of T2 may r e p r e n t e d as T^ulg) = 

f k(y,q)u(y)Q(y)dy, cf. [113], Chap. VII. If we define T2u(q) = fnk(q,y)u(y)dy, the 
kernel k is not directly symmet ic but satisfies the wellknown detailed balance condition: 
Q{q){q) = Q{{yq) 



Fi g u r e 12: The function yq for diffeent q for the ial (4 i 
7 r i - r ( g p ) for q — 0 / 0 9 / 1 5 versus momentum p 

Let $ : E —> be the associated flow. We restrict ou description to 
the periodicity cell Vt = [—22], i.e., we define the flow $£ due to (22) via the 
periodicity map £ and the tansition opeator acting on functions u : Q> 
due to (23) via 

Tu{q) = u(w1<i
T(qp))v{p)dp, fo q e fi. (44) 

Let us choose r = 2TT. Then, we immediately observe that for the hamonic 
part of the potential and low enegy, <7 T is the identity. M o e pecisel 

q G [ -11] , \\ < \ sT(qp) = qp) 

One also finds28 that sufcient kinetic enegy guaantees invet i i l i ty of y ) = 
7Ti$7r(c/ )) ie-5 f° eve q € Q: 

i > l detDy(p)0 

Thus, $1 is symmetically momentum-invertile with M(q) = {p : p2/2 > 
1}. But we also observe that, particularly for g| > 1, the function yq is also 
invertible for some momenta with p2/2 < 1 (cf. Fig. 12). This nicely illustrates 
that t h e e is a significant freedom in the choice of the sets M(q), and that it 
is a remarkable problem to identify "maximal" sets M{q) such that the flow is 
(symmetically) momentum-invetile. 

Worst Case Scenario Let us go to the extreme of this example and conside 
the Hamiltonian H(q,p) = p2 /2 + V(q) with the potential V(q) = q2/2 for 
\q\ < 1 as a 2-periodic function, i.e., with V(q + 2) = V(q).29 We again take  

2TT, define the transition operator by equation (44) via the periodic flow 
3r , and denote yq{) = $7T(q, ) (cf. Fig. 13) The flow is again symmeticall 
momentum invetible, now, e.g., with 

M(g) = { p e R : H(qp) > 2} = {p e E : \p\ > x - c } 
2 8Compare Sec. 4 7 for more details. 
2 9Within the l i t e d scope of thi example the discontinuity of the force DV does not 

matter 



with a s i a t d minimal a i l i t 

7] = 2 V(p) dp. 

But this time, p $ M(q) implies $7T(qp) = (q,p), so that the sets M{q) 
"maximal". Fo the associated opeato T\ this yields 

TiU(q) = u(iri^T(qp))V{p)dp = (q)u(q) 

<^/q2 

with (q) = f /7^—2'P(p)dp. That is, T\ is a multiplication opeato Due 

to Thm. B41 and Thm. B41 , its spectum is given 

{TI) = aUTi) = RMi = 0 1 - 7 7 ] 

ie. , the spectrum of T\ contains no discrete part. 
Explicit computations show that the Jacobian Dvq is unifomly bounded 

in q and y (cf. Fig. 13) The sums in the definition (38) of the kernel k 
contain infinitely many terms but come out to be also uniformly bounded in 
q and y.30 Moeover, the weight factor Q(y)^ is bounded since infj-^i] Q = 
exp(—ß/2)/Zq > 0. Thus, k is bounded. We will see in the subsequent sections 
that this implies that the associated operator T2 = T — T\ is compact31 so that 
due to Thm. B.43, the essential spectrum of the full ransition operator T is 
identical to that of T\. This illustrates that, in the "worst case", the (maximal) 
minimal accessibility r\ describes the spectral ap etween the essential spectum 
of T and the dominant eigenvalue A = 1. 

Fi g r e 13 : Worst ca s c a r i o : Functions q = yq{p\ Dyq = Dyq[p): and Dvq = D(y) 
for q = 0.6 and p > i l — Q2- Observe that Dyq is bounded and the branches of Dy for 
increasing momenta i converge to — 2 = — r so that Dv converges to — 1 / T 

3 0 The Jacobian is uniformly bounded and th sequence of t e possibl values of vq(y) is 
asymptotically equidistributed so that the decay properties of V together with the majorant 
criterion yield a uniform bound  

Compare Prop 417 



4.2 Compactness in L 

Let us assume all over this subsection that $ is momentum-invertible so that 
the transition kernel of T2 is given b (38) Now, we want to collect useful 

iteria guaranteeing compactness of T2 in L{0). 
To this end, we will exploit that T2 is a Hilbert-Schmidt operato (and, thus 

compact) in L2{Vt) if and only if its kenel satisfies G L2(Vt x O ) , i e , if an 
only if 

I() = [ f (qy)Q(y)Q(q)dydq < (4 
J 

As a first observation, the oundedness of the kernel is enough to guarantee 
compactness of T2, since k s L(Q, x fl) implies € I(Q, x Q) (cf P o p . A l ) 
Thus, we note that 

R O P O I T I O N 4.17 e transiion operator T2 : L ( Q ) - 2(fl) is a Hilber 
Schmidt operar an thus ompact, if its kernel is boud, ie ere is 
C < o suh 

esssup q y) = C. 

This criterion suffices in many situations, particularly if the position space 
£} is bounded (cf. the wost case scenario in Sec 4.13) But we can easily fin 
weake i teia: 

Bounded Position Space If Q, is ounded, we have infg6o Q(q) > 0. Due 
to ss. 4.5 the sums in (38) defining k contain at most NM < oo t e m s Thus  

is ounded, if only the Jaco ian det Dv is uniforml ounded: 

P I T I O N 4.18 Le be bouded and assume at t sets M(q) are hosen 
su MM and the Jaian detDv is uiforly boud, ie er 
is su for almos ery q € ft: 

detDv(y(p))\ < C, fo all p G M(q) (46) 

en is a Hlberchmid operar 

REMARK 4.19 The uniform boundedness of the Jacobian det Dvq will also e of 
importance for other consideations Theefore, let us call the flow $ r (symmet 
rically) momentum invertible with uniform bound, if the sets M(q) can be chosen 
such that the above condition (46) is satisfied together with the conditions fo 
symmetic) momentum invetibility. 

3 2Compare Thm. B . 7 and Prop. B.46 in Appendix B. 
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REMARK 4.20 Whenever MM = oo in the sense of ss. 4.5, we need some 
additional condition on the convergence of the sum in (38) in order to prove 
that k is ounded. The following condition is sufficient: Let the disjoint subsets 
of M(q) denoted by M(q), I G N, and the different branches of the functions 
yq and vq on these sets by yq and vl

q. Moreover, suppose that the flow is 
momentum-invetible with unifom bound. Then, t h e e must be some C 
such that 

{y) C, unifomly fo all qy € ft. 
' ( q ) ) 

This condition is valid, for example, if vq(y) asymptotically increases like some 
owe of I (as it is the case fo peiodic potentials, see Rmk. 4.48) 

Unbounded Position Space If Q is unbounded, we cannot hope (to show) 
that k is bounded or that a condition as simple as in Prop. 4.18 can be valid. 
Thus, we need an alternative criterion for k G L2(Q x fl). Since we will consider 
the case of unbounded f2 in Sec. 4.6 again, we may heein estict the presenta­
tion to the following result which exploits particular propeties of the canonical 
density. In order to derive this esult we have to intoduce some notation: 

Let us denote the disjoint subsets of M{q) by M(q), I £ { 1 , . , M M } , an 
the corresponding branches of the functions y and v by yq and vl

q. Some j / 6 Q 
may be accessible via different branches of y. Therefore, introduce the index 
set h{q,p) = { : y[{p) € y{Mj(q))}. Fo j g h(q,p), the position y = yq(p) 
is accessible fom q via the branch yq with initial momentum (y) Taking this 

anch, we a i v e at y — y(p) with final momentum 

vl*qp) = TT2<S>-T (qvq(y(j>)) (47) 

The d i s t u t i o n of these final momenta influences whethe is H i l t S c h m i d t  
not: 

LEMMA 4.21 Suppose that te flow is momentum inertble wi unifom bou 
en the transitio operato T-2 : L (fl) — L (fi) is a Hlberhmid opera  

followi rab ditio is stisf 

j E / pW E qp)dp 
[Ml(q) J£l(q 

wher fuctions i a given by (47) 

(48) 

Proof: Inserting the defnition (38) of the kenel into the condition I < o 
from ( 4 ) yields 

tW = n( ) detDv(y)detDv(y) Q(q)dyd 



Applying the transfomations y *} yl
q(j>) and using the boundedness of the 

Jacobians t ans foms results in the following stonge condition: 

,,öSrk £ nv(y(p)))dp Q(q)dq < (49) 

The flowinvaiance of the canonical density foq,p) = Qiq^ip) leads to 

Q(a)v(vM(p))) = Q(y{p))nvli(qP)) 
Inseting this into (49) finally yields the assetion. D 

In oder to ealize that this condition is satisfied, it is, e.g., sufficient to show 
that \vq,p)\ —> oo fo q —> oo fast enough for every fixed momentum p and 
every pair of indices for which it is defined. Fo an illustation of the usefulness 
of Lemma 4.21, conside the following 

EXAMPLE 4.22 Let us conside the one-dimensional harmonic oscillator, i.e. 
H(q,p) = (q2 +p2)/2 in T = M2. Choose r such that sin(r) ^ 0. Then, the 
associated flow is symmetrically momentum-invetible with M(q) = (and, 
thus MM ) and 

(p) = ^cos(r) — psin(r) implying d e t £ h | = . , , | < 

Thus, condition (48) of Lemma 4.21 is satisfied, because 7r2<I>~T(e/,p) = pcos(r) + 
q sin(r) increases linearly with q. Consequently, the tansition opeato T = 
is a H i l b t S c h m i d t operato in this case 

Essential Spectral Radius Suppose that our partial transition operato 
is a Hilbert-Schmidt operator and, thus, compact. Moreover, let T\ = T — be 
a strict contraction in L2(Q), i.e., let t h e e be some K < 1 such that ||Ti||2 < K. 
Then, the essential spectrum of the full tansition operator T is bounded away 
from one.33 We have just observed that Xi satisfies this condition, if only the 
flow is momentum-invertible (Lemma 4.8), and that, in this case, the opeato 
norm of T± can be estimated via the minimal accessibility r\ > 0 due to ||Ti ||2 < 
\ / l — 1]- That is, the ssential spectral radius r„s(T) is stictly smalle than one 
and can be estimated via the minimal accessiility: 

rT) = max A| < — n 
A e < r e ( T ) -

We, thus, e interested in sets M(q) C M.d for which the associated opeato  
is a H i l t S c h m i d t opeato and the minimal accessibility 

essinf V(p) dp 
^n (O) (q 

3 3Compare Thms. B.4 and B.35 in A p p x B. It should be noticed that, for t appli­
cation of Thm. B.43, it i not necessary that is self-adjoint: The essential spec tum of T i 
realvalued and bounded by ||T whether T is selfadjoint or not 


