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Abstract

The function of many important biomolecules comes from their dynamic
properties and their ability to switch between different conformations. In a
conformation, the large scale geometric structure of the molecule is understood
to be conserved, whereas on smaller scales the system may well rotate, oscillate
or fluctuate. In a recent article [J. Comp. Phys., 151,1 (1999)], the present au-
thor and his coworkers demonstrated that (a) conformations can be understood
as almost invariant sets of some Markov chain being defined via the Hamil-
tonian system governing the molecular dynamics and that (b) these sets can
efficiently be computed via eigenvectors of the corresponding Markov operator.
The present manuscript reviews the mathematical modelling steps behind the
novel approach, includes a rigorous analytical justification of this approach and
the corresponding numerical realization, and illustrates the performance of the
algorithm when applied to realistic molecular systems.
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1 Introduction

This manuscript presents a novel approach to the direct numerical approxima-
tion of the so-called “conformational dynamics”, that is, the essential dynam-
ical behavior of mechanical systems moving on multi-minima energy surfaces.
It includes the derivation of the underlying mathematical model, its theoretical
analysis, and a first proposal for its efficient numerical realization, all this tai-
lored to the application to biomolecules. Hence, this introduction should start
with a brief description of the importance of this application and of the origin
of the phrase “conformational dynamics”:

Conformational Dynamics The classical description of molecular processes
deals with the molecule’s microscopic configuration (positions ¢ and momenta p
of all atoms) and leads to a mathematical model in terms of some Hamiltonian
differential equation (cf. Sec. 2.1). The solution of this equation, given by the
associated Hamiltonian flow, is understood as the representation of the motion
of the molecular system.

The chemically interesting function of many important biomolecules, like
proteins or enzymes, results from their dynamical properties, particularly from
their ability to undergo so-called conformational transitions (cf. [116]). In a
conformation, the large scale geometric structure of the molecule is understood
to be conserved, whereas on smaller scales, that is, in the details of each micro-
scopic configuration visited, the system may well rotate, oscillate or fluctuate.
Thus, the phrase “conformation” means a meta-stable quasi-equilibrium of the
molecule. In comparison to the configurational fluctuations inside every confor-
mation, transitions between different conformations are extremely rare events.
As an implication, the computational characterization of such conformational
changes via direct simulation of the associated Hamiltonian system often re-
quires inaccessibly long time spans. Even worse, long-term simulation of a
single trajectory comes out to be ill-conditioned (cf. Sec. 2.1.5). Nevertheless,
most applications of molecular dynamics (MD) to the characterization of con-
formations deal with some kind of statistical analysis based on averages over
long term trajectories or with remodelling steps for artificial acceleration of the
process, compare [4, 47, 104]. Herein, a diflerent line of method is advocated:
it is suggested to attack the determination of conformations and the transi-
tion probabilities between them directly, i.e., without long term simulation or
artificial remodelling.

Dynamical System Approach The key insight having finally led to the ap-
proach presented herein goes back to P. DEUFLHARD. He observed that the
problem of algorithmic characterization of conformations is related to the prob-
lem of the identification of almost invariant sets of dynamical systems as studied
by M. DELLNITZ and O. JUNGE: If the conformations were invariant sets of
the flow of the Hamiltonian system, then there could not be any transitions
between different conformations. Since such transitions exist but are rare, we



may understand every conformation as being an “almost” invariant subset of
the phase space of the Hamiltonian system.

In [19], M. DELLNITZ and O. JUNGE suggest the direct computation of in-
variant and almost invariant sets of deterministic discrete dynamical systems
via eigenmodes of the associated Frobenius-Perron operator without long-term
simulations. In broad terms, their key idea is the following: since the natural
invariant sets and measures of the dynamical system are given by the eigen-
vectors of the Frobenius-Perron operator for its (maximal) eigenvalue Ay = 1
(infinite relaxation time), the eigenvectors for eigenvalues |Aj| < 1 near Ag =1
should correspond to “almost” invariant structures (“large” finite relaxation
times). The eigenmodes of the Frobenius-Perron operator are approximated by
means of a discretization of this operator embedded in a multilevel subdivision
algorithm. Dellnitz and Junge show that this technique is efficient whenever the
part of the phase space, which is important for the long-term dynamics of the
system, is some “low-dimensional” object [19, 18]. Otherwise, even the subdivi-
sion technique produces an exploding number of discretization boxes (a pitfall
which we will call the “curse of dimension” in the following).

Deuflhard’s suggestion to use similar techniques for the identification of con-
formation as almost invariant sets has been realized for small Hamiltonian sys-
tems. As reported in [21], the numerical results are intriguing and seem to
catch the essential features of the dynamics. However, the main problem was
obvious: the essential dynamics of highly-dimensional Hamiltonian systems is
not supported on any low-dimensional object so that any kind of determinis-
tic discretization —whether adaptive or not— must inevitably suffer from the
curse of dimension. But the investigation also revealed some unexpected, deep-
lying theoretical problems: In the space of measures with LP(T')-densities, the
Frobenius—Perron operator for Hamiltonian systems has infinitely many invari-
ant densities and its entire spectrum lies on the unit circle (so that the iden-
tification of (almost) invariant sets via eigenvalues near A = 1 but inside the
unit circle makes no sense).! Despite these problems, this “dynamical system
approach” to the identification of conformations has been an important inter-
mediate step for the development of the “ensemble approach” advocated herein.
This ensemble approach does also exploit the intriguing idea of computing con-
formations as almost invariant structures via an eigenvalue problem. However,
the underlying statistical operator and the notion of “almost invariance” are
fundamentally different (see below).

Ensemble Approach The starting point of this approach is the following in-
sight: at least in the biomolecular context, molecular dynamics (MD) deals with

1The underlying reason is that the unavoidable discretization of the Hamiltonian flow in
time destroys some of the conservation properties of the flow such that the essential dynamics
of the discrete solution is supported on subsets of the full dimension of T'. Hence, the spatial
discretization of the Frobenius—Perron operator has to deal with measures supported on such
sets, and thus, numerically, with LP(T')-densities. The above statements concerning invariant
densgities and spectrum of the Frobenius—Perron operator are substantiated in Secs. 2.2 and
2.3 below. For more details see [21, 94].



statistical ensembles of molecules instead of single molecular systems, since only
such ensembles can be an object of experimental investigation. Consequently,
the rate of conformational transitions has to be characterized with respect to
some experimentally given stationary ensemble, i.e., in terms of statistical me-
chanics and not for any single Hamiltonian system (cf. Sec. 2.2):

Suppose that the probability of systems in the ensemble to be in some state
xz €T at time ¢ = 0 is given by the density fo : I’ — [0,1]. Then, the transition
probability w(B,C,7) from B C T to C C I during some fized observation time
T, is given by the fraction of systems in the ensemble, which are found in B at
t =0and in C at t = 7. Since all systems move due to the Hamiltonian flow
&7, this transition probability can be expressed as

w(B,C,7) = ( /B fo(x)dx>_1 /B o (872) fo(2) de.

We are interested in almost invariant subsets, i.e., in sets B C I' with large
probabilities to stay within, which, for the time being, can be expressed as
w(B, B, 1) = 1. In particular, conformations are given by sets of configurations
with similar large scale geometric structure, that is, they are spatial subsets A
of positions ¢ € A such that the associated phase space fiber

I'(A) = {(¢;p) e, qe A}

is almost invariant in the above sense. It should again be emphasized that there
are two fundamentally different notions of almost invariance:

1. We may call some set A almost invariant if the single dynamical system
under consideration remains inside of A for some long period of time before leav-
ing it. The “dynamical system approach” to the identification of conformations
due to [21] should be understood in this sense.?

2. In the ensemble approach, A is called almost invariant, if the fraction of
systems in the ensemble, which leave A during some fized observation time 7,
is small.

In [95], the differences between the two notions are discussed in detail by
applying both concepts to the same kind of randomly perturbed dynamical
system.

In terms of statistical mechanics, the Frobenius—Perron operator of the
Hamiltonian system under investigation has to be interpreted as the propa-
gator of the ensemble governing the evolution of the corresponding probability
density. As illustrated in detail in Sec. 2.2 below, this observation implies that

2Not only the “dynamical system approach” to the identification of conformations but
the entire approach of Dellnitz and Junge is often interpreted in this sense. However, in
order to give a rigorous justification of their approach for general discrete dynamical systems,
Dellnitz and Junge have to add small random perturbations to the discrete mapping, cf.
[19]. For nonvanishing perturbations, their approach may also be interpreted as an ensemble
approach in the above sense with exactly the same interpretation of almost invariance. What
ig herein called the “dynamical system approach” corresponds to the limit of vanishing random
perturbations.



every invariant density of the Frobenius—Perron operator corresponds to the ini-
tial experimental preparation of some specific stationary ensemble. This insight
led the present author to the definition of some transition operator T as a certain
“restriction” of the Frobenius—Perron operator to the unique invariant density
induced by the ensemble under consideration (for more details see SCHUTTE et
al. [94] and Sec. 2.3 herein). This can be realized such that T in fact describes
the corresponding transition probabilities within the ensemble (cf. Sec. 3.1). As
we will see in detail in Sec. 3, the transition operator T is a Markov operator (in
an appropriate L!-space) and self-adjoint (in the associated L2-space). This im-
plies that its spectrum is real-valued and satisfies o(T") C [-1,1]. Similar as in
the dynamical system approach, the basic algorithmic idea is the identification
of almost invariant sets of the ensemble via the eigenvectors of the transition
operator for eigenvalues near the (maximal) eigenvalue \; = 1.

I
8

Y

Figure 1: Tllustration of the particles-in-a-box ensemble. A statistical ensemble of free
particles is moving without interactions between three ideally reflecting walls. Every particle
(position ¢ and momentum p) with energy E = p?/2 < Ey is locked between ¢ = 0 and ¢ = da
by a reflecting barrier of energetic height Eg; particles with p2/2 > Ep do not feel this barrier
and move between ¢ = —a and g = a.

Guiding Example In order to illustrate the key idea “Identification of con-
formational subsets via eigenvectors of the transition operator”, consider the
simple particles-in-a-box ensemble explained in Fig. 1. In terms of the zigzag
functions from Fig. 1, the position z = z(g,p) of some particle with initial
position ¢ and momentum p after some time span 7 can be denoted as
a.p) = { Zy(g+7p), 30> Eo
’ Z*(q+ 7p), otherwise, g >0

Let the initial distribution of energy E = p®/2 for the particles in the ensemble
be given by the Boltzmann distribution P(p) = exp(—8p?/2)/Z with 3 being
Boltzmann’s inverse temperature and Z such that [, P(p)dp = 1. In addition,

suppose that the initial positions are equidistributed in (—a,a). Then, the
transition probability in the ensemble from B C (—a,a) to C C (—a,a) is given



w(D(B),T(C), ) = ( /B dq)_l /B [ xeteta.n) P@) dpda

Whenever 8 and Ey are chosen such that particles with energy E > Eq are rare,
that is, whenever ¢ = fp2/2>E0 P(p)dp is small, then the two sets B = (—a,0)
and C = (0,a) are almost invariant in the sense that only a small fraction of
the particles can move from B to C. In this case, the fundamental difference
between the two notions of almost invariance is particularly significant: the
ensemble has two obvious almost invariant sets, while for none of the single
particles the notion of “almost invariant sets” makes sense.

The associated transition operator T acts on functions « : (—a,a) — R and
is defined via

Tu(g) = / u (2(a,p)) P(p) dp.

In fact, this transition operator allows to represent the transition probabilities:
Using the usual scalar product {-,-} in the Hilbert space L?(—a,a), we find that

1

’LU(F(B),F(C),T) = <TX07XB>'
(xB,XxB)
7»1=1 .000 7»2=0.974 7»3=0.477
0.15 0.15 0.15
0.1 0.1 0.1
0.05] 0.05| 0.05|
=0 S0 S0
-0.05] -0.05] -0.05]
-0.1 -0.1 -0.1
-1 -05 0 05 1 -1 -05 0 05 1 -1 -05 Q 05 1
q q q

Figure 2: Eigenvectors for the largest eigenvalues A1 = 1, Ao = 0.974, and A3 = 0.477 (from
the left to the right) of the transition operator T for the particles-in-a-box ensemble from
Fig. 1 above (a =1, 8 = 25, 7 = 2, Eg = 1/10, leading to € ~ 0.025). The eigenvectors for
A1 =1 and Ao = 0.974 are constant on the two almost invariant sets (—1,0) and (0,1) and
their signs suffice to decompose (—1,1) into these two almost invariant sets. For details see
Sec. 3.2.

We will see in detail in Sec. 3.2 that, with respect to L?(—a,a), the spec-
trum of 7' lies in the interval (—1,1] and is discrete. For € = fp2 /o> o P(p)dp
being small, it shows some significant gap between the two dominant eigenvalues
A1 =1 and A =~ 1 — € and the remaining eigenvalues. As can be seen in Fig. 2,
the eigenfunctions v; and v» for these two dominant eigenvalues suffice to de-
compose (—1,1) into these two almost invariant sets simply by the two different



combination of signs ((positive,positive) for (—1,0) and (positive,negative) for

(0,1)).

Properties of the Transition Operator It is the fundamental strategy of
our approach to compute conformational subsets from eigenstates of T for eigen-
values near A = 1. It is, thus, of main importance, whether such eigenvalues
exist and the eigenvalue A = 1 is simple. Since we are interested in a numeri-
cally stable approximation result, we have to demand for the existence of isolated
eigenvalues near A = 1. Hence, the second part of the manuscript (Sec. 4) is
concerned with the construction of conditions which guarantee that the essential
spectrum o, (T) of the transition operator is strictly bounded away from A =1
(Sec. 4.2). Under some additional mixing assumption (open set accessibility),
the specific properties of the Markov operator T' also guarantee that the eigen-
value A = 1 is simple and dominant (Sec. 4.4). So far the manuscript follows
the “operator—oriented” approach mainly by using classical results from linear
functional analysis.

The investigation of the fundamental properties of the transition operator
T reveals another crucial insight: T is associated with some specific stochastic
dynamical system, which can be simulated via the corresponding Markov chain
(Sec. 3.6). We will see that some results of the operator—oriented approach
(e.g., that A = 1 is simple and dominant) can also be shown under weaker con-
ditions by means of the well-established convergence theory for Markov chains
(Sec. 4.5).

The abstract conditions for the above mentioned results are worth the effort
only if we can give explicit evidence that they are in fact valid for some realistic
“biomolecular” type of Hamiltonian systems. This is the case as we will see in
the final subsection of Sec. 4. Thus, at the end of Sec. 4, it will be obvious that
our novel approach is built on solid mathematical ground.

Numerical Realization Typical biomolecular systems contain hundreds or
thousands of atoms such that any direct spatial discretization of the transition
operator T suffers from the curse of dimension. This problem can be (at least
partly) circumvented by two decisive insights:

1. Chemical observations reveal that conformational transitions of biomole-
cules can be described via relatively few conformational degrees of freedom
or essential variables. Hence, only the essential configuration space associ-
ated with these variables has to be discretized which leads to a tremendous
reduction of dimension. Therefore, some restricted transition operator has
to be introduced which now acts on the essential configuration space only
(Sec. 3.5) but inherits all the crucial spectral properties of the full spatial
transition operator discussed above (Sec. 4.6).

2. Since the underlying invariant density is given in advance by the experi-
mental realization of the ensemble, one can use appropriate Monte-Carlo
(MC) schemes to sample this distribution. Hence, the transition operator



can be discretized via some Galerkin ansatz and the entries of the result-
ing transition matriz can be evaluated simply by counting the transitions
between discretization boxes during the MC sampling. The details of the
MC scheme will result from the deep connection between our transition
operator T' and the associated Markov chain, which will lead us to so-called
Hybrid Monte-Carlo (HMC) schemes. The specific Markov chain induced
by HMC can be seen as an approximation of the original chain associated
with T and inherits all its fundamental properties (see Sec. 5.4).

Last but not least, we need some algorithm for the final identification of almost
invariant sets on the basis of the discrete eigenvectors of 7,,. The molecular
dynamics group at the Zuse Center developed some prototype which is based
on the interpretation of almost invariant sets as perturbed invariant sets (see
DEUFLHARD et al. [24]). This identification algorithm is discussed in detail in
Sec. 5.3. It exploits that the transition matrix T}, is a stochastic matrix with a
cluster of eigenvalues near A = 1 and associated eigenvectors that are approxi-
mately constant on the underlying almost invariant sets (compare Fig. 2). With
the HMC-based evaluation of the transition matrix 7}, discretizing T' the appli-
cation to realistic molecular systems comes into reach. The applicability of the
ensemble approach to realistic molecular systems including Galerkin discretiza-
tion of the transition operator and identification of conformational subsets is
documented in Sec. 6.
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2 Mathematical and Physical Modelling

In this section, we complement the introductory comments on the modelling
issue. In the first part of this section, some aspects of molecular dynamics are
collected which are of special importance for the understanding of the side-
conditions of realistic applications to biomolecular systems: the structure of the
energy function determining the Hamiltonian equations of motion, the neces-
sity of periodic boundary conditions, the existence and origin of conformations
and conformational degrees of freedom, and the numerical background of the
fundamental difficulties of long-term simulation. The second part is concerned
with some notions and concepts from statistical mechanics which are necessary
for the final definition of transition probabilities and almost invariance. It also
includes a short discussion of the Frobenius—Perron operator in the context of
statistical mechanics and molecular dynamics.

2.1 Classical Molecular Dynamics
2.1.1 Hamiltonian and Flow

In classical MD (cf. textbook [1]) a molecule is modeled by a Hamiltonian
function

H{g,p) = $p"M~'p + V(g), (1)

where ¢ and p are the corresponding positions and momenta of the atoms, M
the diagonal mass matrix, and V a differentiable potential. The Hamiltonian
H is defined on the phase space I' C R*?. Realistic MD-simulations typically
include a large number N of atoms resulting in d = 3N spatial coordinates.
Thus, the dimension of I' is 2d = 6/N. The corresponding canonical equations
of motion

¢g=M7"p, p=—gradV(g) (2)

describe the dynamics of the molecule. The formal solution of (2) with initial
state o = (¢(0),p(0)) is given by z(t) = (q(t),p(t)) = ®'z, where ®! denotes
the flow.

It is well-known that Hamiltonian flows have several important conservation
and invariance properties. For the considerations herein, three of these prop-
erties are of main importance [5]: First, the conservation of energy H(®z) =
H(x); second, the symplecticness of the flow, which implies the well-known vol-
ume consgervation property, the local expression of which is

det D&z = 1, forallz €T, (3)

where D®? denotes the Jacobian matrix of the flow; and, third, the reversibility
of &t:



LEMMA 2.1 Let R denote the momentum reversion, i.e., R(q,p) = (¢,—p).
Then, the flow ®* is R-reversible, i.e.,

Ro® toR = &'

Proof:  The equations of motion (2) are invariant under the substitution ¢t — —¢
and p = —p, a fact which directly implies ® o R = Ro ®¢. 0

An z € T is called a state of the system. For a given state x = (g, p), we will
make frequent use of the notations

g =mz and p = o, (1)

which allow us to extract the position and momentum information from z. The
set @ = m [ C R is then called the position space. In most cases the phase
space is simply given by T' = Q x R?, i.e., for every position ¢ € Q arbitrary
momenta p € R? are allowed.

2.1.2 Potentials and Atomic Interactions

In classical molecular dynamics, the interaction potential V of a molecular sys-
tem is modelled as a sum of contributions from different types of interaction. To
explain this, let the N atoms in the molecule be numbered by 1,... , N and let
the position of the kth atom in the molecule be denoted ¢ € R® such that the
molecule’s entire position state is given by ¢ = (¢i ,... ,¢%)T € Q. The typical
interactions and associated types of potentials can be divided into “local” inter-
actions and “long-range” interactions. Typically, local interactions are induced
by the bond structure of the molecule as, e.g.,

o stretching of a covalent bond between two atoms k and [, modelled by
some potential with radial symmetry, for example, by a harmonic potential
Valar, @) = alry —ro)* with 74y = |gr — @il;

e changes in the angles between some bonds, modelled via bond angle poten-
tials V,. (depending only on the angle between two bonds, i.e., depending
on three atomic positions),? and via so-called dihedral angle potentials
Vi (depending on the “dihedral angle” between the two planes which are
spanned by four neighboring atoms, compare Fig. 3),

while typical long-range interactions are independent of the bond structure, e.g.,

e clectrostatic interactions induced by the (partial) charges of the atoms k&
and [, modelled by the Coulomb potentials V, ~ r,;ll;

o van der Waals interactions, modelled by Lennard-Jones potentials V,; of

the form br—12 — qr—5.

3The bond angle contribution of the two bonds between atoms k and {, and [ and j depends
only on the bond angle ¢g;; given by cos ¢p;; = (g — a)T(q — 4;)/7ri715, i-e., is of the form
Voo = Vba(dkij)-



The resulting total potential then reads:

V(Q) = Z‘/b(qkhql) + Z Vba(Qk:QZ:Qj) + Z V:iih(qumaqj:Qm)

k1 RN k1.5,m

+> Vaslar, @) + > Velar, @),

k.l k.l

where the sums run over each pair, triple, or quadruple of atoms which con-
tributes to the corresponding type of interaction. Generally speaking, all other
many-body interactions are incorporated in an “average” way via these pair-,
triple-, quadruple-additive terms. Errors in one term are compensated by pa-
rameter adjustments in other terms, so that the applicability of the resulting
force field is always limited: it is never more than semi-empirical. There are
some other types of interaction like, e.g., polarizability, which are included in
essentially different ways. For more details, the interested reader is referred to

[1].

©

energy (kcal/mol)

0 1 2 3 4 5 6
o, (radiant)

Figure 3: United atom model of n-pentane with the two dihedral angles w; and ws. On the
right: Dihedral angle potential Va;, as a function of the dihedral angle due to [89]. The main
minimum corresponds to the so-called trans orientation of the angle, the two side minima to
the so-called +gauche orientations.

REMARK 2.2 Some of the contributing potentials are unbounded. This is an
artifact contradicting the physical situation: when excited with enough energy,
any bound will break (thus the harmonic form of V; is inappropriate for large
energies); for any pair of atoms the situation |gx — ¢;| = 0 is impossible, i.e.,
Coulomb and Lenard-Jones potential are inappropriate for |g — ¢| < § for
some § representing, e.g., the size of the atoms.? One can deal with these
problems by simply adapting the potentials: For example, we may introduce
hard core collision conditions for two atoms k and ! whenever |gx — ¢| = 6.
As a consequence, we may assume that all types of potentials are smooth and
bounded but we have to pay for this by accepting collision boundary conditions.

40Obviously, these problems can only occur when the kinetic energy of the system is huge
which typically is not the case. Nevertheless, in typical models (as, for example, in the
canonical ensemble, see Sec. 2.2.2) such a situation is a rare event but not impossible.
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Figure 4: The triribonucleotide adenylyl(3’-5°)cytidylyl(8”-5°)cytidin [r(ACC)] in the ex-
tended atom representation of GROMOS96 [109]. A and C denote the bases adenine and
cytosine. Small greek letters refer to the set of torsion angles, which is necessary for a rough
reconstruction of the molecule’s configuration. The torsion angles of the ribose can be ap-
proximated by the pseudorotation angle P and the phase 0 [3].

2.1.3 Essential Variables and Conformations

The typical molecular force fields are mixtures of bond-structure effects and
strong long-range interactions. The potentials modelling bond interactions are
functions of certain internal degrees of freedom like bond angles or dihedral an-
gles. It suggests itself to rewrite the equations of motion in terms of these inter-
nal coordinates. Unfortunately, this provokes a whole bunch of nasty problems,
e.g., with the efficiency of the evaluation of the forces, in particular of the long-
range forces. However, the internal coordinates represent the (spatial) geometry
of the molecule so that changing some internal coordinate affects the molecule’s
“form”. But most of the energetically possible changes are of minor importance;
they can be seen as small fluctuations around the actual (meta)stable “global”
molecular geometry, called the conformation. Biomolecules typically appear in
different conformations and the coordinate changes which transform one confor-
mation into another one are object of main chemical interest. Normally, these
conformational transitions can be described in terms of only a few internal coor-
dinates, which are therefore called conformational degrees of freedom or essential
variables. In many cases, essential variables simply are specific dihedral angles
connecting some otherwise nearly rigid subgroups of the molecule (cf. Fig. 4),
but they may also be combinations of different internal coordinates (see [4] or
Sec. 3.3 of BERENDSEN’s survey in [23]). Clearly, whether a certain internal
variable may be an essential variable, depends on the structure of the whole
molecule and can be made sure only by inspection of its dynamical behavior.
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Nevertheless, chemical experience and intuition can often point out a collection
of candidates and the statistical analysis of simulation data (for example via
diagonalization of the covariance matrix [4, 30]) can supply other candidates.

The dynamics of every (bio)molecular system contains a large number of
extremely different time scales: On the smallest time scales (around 1 femtosec-
ond), the motion of the molecule consists of fast oscillations around equilibrium
positions,® while all chemically significant molecular processes like conforma-
tional changes will show up, e.g., on a millisecond time scale. Thus, investiga-
tion of conformational transitions requires extremely long time spans so that
it still is inaccessible to conventional simulation methods (compare Sec. 2.1.5
below).

Today, a varied collection of methods for describing conformational dynam-
ics is available. These approaches are substantially different; they range from
“simply” visualizing a hypothetical path for conformational transitions via in-
terpolation between experimentally observed crystal structures [111] to methods
artificially changing the atomistic description of molecular dynamics for allow-
ing the acceleration of conformational transitions. The latter kind of approach
includes such different concepts as the combination of molecular dynamics with
reaction path methods [84], so-called “conformational flooding” via subsequent
modifications of the original potential energy surface [47], or “steered molec-
ular dynamics” by simulating atomistic force microscope experiments [59, 48].
Despite all differences, these methods share the same basic idea: to circumvent
the inaccessibility of conformational transitions by means of changing the phys-
ical model. In contrast to this, our direct approach tries to leave the (reliable)
atomistic model intact but replaces long-term simulation by an appropriately
chosen ensemble of short subtrajectories.

2.1.4 Boundary Conditions

Typically, biomolecular experiments are concerned with large numbers of some
certain type of biomolecule embedded in a crystal or in solution. For modelling
a crystal, it suggests itself to use periodic boundary conditions,5 because a crys-
tal may be understood as an infinite repetition of some elementary cell, where
each of these cells contains, e.g., one of the molecular systems under investiga-
tion. Similarly, periodic boundary conditions are also used to model biomolec-
ular solute/solvent systems in the typical test-tube situation: a large number
of biomolecules of the same type is irregularly, but nearly homogeneously dis-
tributed in a solute which itself consists of (small) molecules (e.g., water and
ions). Each of the “large” biomolecules is surrounded by its “hydration shell”
consisting of many solute molecules, so that the molecule together with its shell
can be understood as a large “biomolecular unit”. These large units are only
loosely coupled to each other via the exchange of electrostatic energy and so-

5These are nothing but fluctuations (e.g., bond length or bond angle vibrations) inside the
otherwise (meta-)stable conformation of the system.

6Tn molecular dynamics the phrase “periodic boundary conditions” means the reformula-
tion of the associated Hamiltonian equation of motion on some torus 2.
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lute molecules. Typically this situation is modelled by a system containing
one of the biomolecular units with periodic boundary conditions allowing for
some exchange with its neighbors (=copies), see Fig. 5.7 In this sense, periodic
boundaries are of main importance for modelling the intermolecular exchange.

Figure 5: Tllustration of periodic boundary conditions for modelling intermolecular exchange.
In the lower left corner of each periodicity cell a water molecule is exchanged between neigh-
boring cells.

While efficient, algorithmic realization of periodic boundary conditions for
the long-range interactions has achieved a lot of attention (cf. [67, 17]), there
is no general strategy for dealing with bond-interactions in a periodic setting.
Normally, one tries to fix the biomolecule inside the periodicity cell and imple-
ments periodic boundaries only for the motion of the small solute molecules and
for the long-range interactions.

Summarizing, for crystals or pure liquids, it is realistic to assume that the
potential used in MD simulations is periodic, while this is a crude but not totally
misleading assumption for biomolecular systems in solution.

Assumptions concerning Potentials and Position Space As a conse-
quence of the above considerations the subsequent investigation is restricted to
the following cases: We always assume that the potential is smooth and that
singularities in the interior of the position space Q1 are avoided, for example by
means of collision boundary conditions. Whenever  is unbounded (that is, in
most cases, 1 = R?) we always suppose that the potential V is binding, i.e.,
satisfies lim 4 o0 V(¢) = o0. The case that the position space  is bounded
is always considered in context with periodic boundary conditions: Then,
is some rectangular box in R? (that is, in particular,  is compact) and the
potential V is assumed to be bounded and smooth at the boundary (that is, it
can be extended smoothly as Q-periodical function).

"Without the periodic boundary, i.e., if the model would only include a single “free”
biomolecular unit, the polarization of the water molecules in the hydration shell would be
significantly different. But the hydration shell has important influence on the behavior of the
biomolecule, which illustrates the importance of the periodic boundary.
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2.1.5 Problems with Long-term Simulation

Despite all problems mentioned so far, let us assume, now and in the follow-
ing, that we are concerned with some potential V' and corresponding bound-
ary conditions which together appropriately model the interactions of a certain
molecular system. In order to analyze the dynamical behavior of this system,
we then have to approximate the associated flow ®¢, i.e., we have to apply some
numerical discretization technique to the equation of motion (2). Typically, one
uses symplectic one-step methods like the well-known “Verlet” scheme, named
after its early inventor L. VERLET [110]. Generally, in the process of one-step
numerical integration of (2) we replace ® by a discrete flow T2, so that

k
Tpt1 = ‘I’At.’L'k = I = (‘I’At) Zo,

with stepsize At (assumed to be constant, for the time being).

It is an important feature of molecular processes that long term predictions
over periods tremendously longer than the time steps applied in the discretiza-
tion are required. As already mentioned, the dynamics of every (bio)molecular
system contains extremely different time scales, from fast vibrations on scales
around 1 femtosecond to chemically significant molecular processes on, e.g., a
millisecond time scale. Unfortunately, every numerical discretization schemes
is forced to use time-steps of the order of magnitude of the fastest vibrations;
already time steps of about 5 femtoseconds result in dramatic instabilities [98].
Consequently, inspection of most chemically relevant processes by direct long-
term simulation requires such a huge number of time steps that it still is inac-
cessible to conventional MD methods.

But numerical long term predictions seem to be inappropriate also for an-
other, perhaps more important reason: Numerical analysis of present discretiza-
tions restricts the validity of the discrete solution to only short time spans and to
comparatively small discretization steps. Let us shortly illuminate this statement
by summarizing the results of so-called “forward” and “backward” analysis:

In “forward” analysis, one is interested in the propagation of initial pertur-
bations dz¢ along the flow &' of (2), i.e., in the growth of the perturbations
dz(t;zo) = B (xo + dz0) — D'xg. The condition number k(t) may be defined
as the worst case error propagation factor (cf. textbook [20]), so that, in first
order perturbation analysis and with a suitable norm |- |:

|02 (t; 20)| < &(t)|6mo| for all xo.

Note that this number x(t) is independent of any discretization. From this
point of view, numerical integration is reasonable only over time intervals [0, 7]
with &(T) sufficiently small compared to expected input errors. In real life
MD problems, however, & seems to be exponentially increasing (see [1, 21] for
examples).

The results of “backward” analysis [91, 49, 7] are more specific: For sym-
plectic discretizations, the discrete solution of a certain Hamiltonian system
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with Hamiltonian H is “exponentially close” to the exact solution of some per-
turbed Hamiltonian system, in which, for consistency order p and stepsize At,
the perturbed Hamiltonian has the form

. N
H=H+ S AwHH, (5)
k=0

This means that the discrete solution nearly conserves the Hamiltonian H and,
thus, conserves H up to O(AtP).? In fact, numerical observations show that the
average of the total energy is nearly constant over rather long time spans for large
stepsizes, say At ~ 1 femtosecond. Whenever one is not interested in a single
discrete trajectory but in approximating time averages of (macro-)observables
over a time interval [0, 7] via associated mean values of x;, k = 1...T/At, the
results of backward analysis may lead to much better error estimates than the
worst case estimates of forward analysis (but clearly, only as long as T (or At)
are small enough). Compare [87] for more details.

2.2 Statistical Mechanics

It is not the only problem that long term prediction of single solutions of the
Hamiltonian system (2) is numerically ill-conditioned. There also are purely
physical reasons which let it seem questionable to compute any single solution,
even if this solution were arbitrarily accurate. This may come as a surprise, but
it has a simple reason: We can never know the precise initial state —all the
positions and momenta— of the whole molecule, simply because we in principle
always have to accept measurement uncertainties when determining the initial
state. When modelling the physical reality, this simple insight always forces
us to propagate a collection of trajectories which “samples” the distribution of
possible initial states. In this sense, we always have to simulate an ensemble
of molecular systems which represents the distribution of possible initial states
determined via the initial measurement. Then, every comparison of later mea-
surements with simulation results will concern mean or expectation values and
not any single system in the ensemble. Hence, we have to consider an ensemble
of systems described by a time dependent probability density f = f(x,t) in phase
space, which obviously has to satisfy

f(xvt) = fO((I)_tw)v with fO = f(':t = 0)7 (6)

i.e., the probability fo(z) of being in z € T at time ¢ = 0 is simply transported
along the trajectory ®!z of the system. Even if the initial density fo is concen-
trated near an initial position xg, it may become disintegrated or “smeared out”,
so that the trajectory ®*z¢ alone cannot describe the situation appropriately.

8Tn general, however, the above formal series diverges as N — oo and the term “exponen-
tially close” has to be specified carefully. See [50] for details.
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Initial Preparation of an Ensemble The density fy describes the initial
probability distribution in the statistical ensemble, i.e., fo(z) is interpreted as
the relative frequency in the ensemble of systems in state x at time ¢ = 0.
Therefore, the density fqo has to be defined in accordance with the initial experi-
mental preparation of the ensemble. The phrase “preparation” reflects that the
ensemble should be imagined as a collection of copies of the same system, each
initially in one of the possible states with the collector having to “prepare” the
collection such that the correct relative frequencies are achieved. In this sense,
the evolution of the density f = f(x,t) should not be interpreted as describing
the “possibility” of finding a certain single system in a certain state, but as a
“relative frequency” of systems in the ensemble occupying this certain state:
The latter can be measured, the first not at all.

2.2.1 Liouville Equation

Another formulation of the evolution (6) of the probability density uses the
Liouville equation associated with the Hamiltonian H:

O f =iLf = {Haf}v f(t:O) = fo, (7)

where {-,-} denotes the well-known Poisson bracket.® £ = —i{H,-} is a self-
adjoint operator on the Hilbert space L?(T), called the associated Liouville
operator (cf. [65, 62]). The solution of (7) in fact satisfies (6). On the other
hand, it can be denoted using the semi-group generated by L:

F(,0) = exp(itl) fo = foo @7, (8)
for example, on the Hilbert space L?(T).

2.2.2 Stationary Ensembles and Invariant Densities

By far the most experiments are performed using equilibrium ensembles, i.e.,
ensembles which are described by stationary densities of the Liouville equation.
In view of (6), these stationary densities f are given by invariant densities of
the flow, i.e., densities f such that f(z) = f(®'z) for all instances ¢ and all
z € T. In particular, for arbitrary smooth functions F : R — RS with

/F}"(H(x))d:v -1,

the associated densities f(z) = F(H (z)) are invariant. In our context the most
important features of these “energy prepared” densities are the following two:

f = fod®7 7, e, fisinvariant, 9)
f = foR, ie., fispsymmetric, (10)

9That is, for smooth functions f,g: T — R: {f, g} = Dgf - Dpg — Dqg- Dpf, with Dq and
Dy, denoting the derivatives with respect to positions and momenta, respectively.
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where R denotes the momentum reversion R(g,p) = (¢, —p).

Canonical Density Most experiments on molecular systems are performed
under the equilibrium conditions of constant temperature, particle number, and
volume. The corresponding stationary density is the canonical density associ-
ated with the Hamiltonian H

for(z) = %exp (—BH(z)), with 2= /F exp (—f H(z)) dz,

where 8 = 1/kgT, with T being the system’s temperature and kg Boltzmann’s
constant.'® Since H was assumed to be separable, f... is a product

1 B 1.1 1
27;(13) ZQY(‘I)

where we normalize P and Q such that

/P(p)dp = /Q(q)dq =1 (12)

For the case that the position space ) is unbounded, we have to guarantee
that the partition function Z is finite and the normalization (12) is possible.
Thus, we restrict our consideration to the case of binding potentials, for which
we always assume that the asymptotic growth is fast enough to guarantee that
Jrexp(—=6H (x))dx < oo.

2.3 Frobenius—Perron and Koopman Operators

One can analyze the statistical properties of rather general deterministic dy-
namical systems independent of any connection to statistical mechanics and its
interpretation. Typically, this is realized by means of the Frobenius—Perron op-
erator of the dynamical system on the set M of probability measures. For the
discrete Hamiltonian system x;y; = ®" 2, the Frobenius—Perron operator can
be defined by

(Pu)(B) = p(®77(B)), for all measurable B C T and p € M.

We are mainly interested in absolutely continuous measures u and, thus, in the
form of the operator acting on the associated densities. When restricted to
densities, the Frobenius—Perron operator takes a particularly simple form for

10The canonical density is often called the Boltzmann distribution or Gibb’s canonical distri-
bution. It is known to be the maximizer of Boltzmann’s entropy function S{f) = — [ flog fdx
in the space of all densities under the condition of given energy expectation (H) of the ensem-
ble. If § is associated with the temperature 7, the maximal entropy S(fean) = log Z + S(H)
is just the thermodynamic entropy for systems with fixed temperature 7 and internal energy
{H) and for given volume and particle number (cf.[117], Chap. 1.3).
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measure-preserving maps like our discrete Hamiltonian system. In this case it
is defined by

Pf=fod, (13)

a definition, which we may extend, e.g., to the usual function spaces L?(T") =
{f : Jplf(@)Pds < oo}, p = 1,2. Our short encounter with the Liouville
equation, especially equality (8), allows us to rewrite our Frobenius—Perron
operator P in terms of the Liouville operator £ as

P = exp(itL) in LP(T), p=1,2. (14)

The associated adjoint operator P* = exp(—itL) is called Koopman operator
due to B.O. KooPMAN [62]. Koopman’s lemma (cf. Lemma A.16 in Appendix
A) states that P*, and herein also P, are unitary as operators on L*(T').}! Con-
sequently, for Hamiltonian systems, the L2-spectrum of the Frobenius-Perron
operator lies on the unit circle, i.e., it has no eigenvalues inside the unit cir-
cle. As already mentioned in the introduction of this manuscript, this is the
central difficulty of the “dynamical system approach” to the identification of
conformations.

Ensembles versus Single Systems There are at least two significantly dif-
ferent interpretations of the Frobenius—Perron operator P for Hamiltonian sys-
tems:

o Due to (14), we can understand P in the context of Statistical Mechanics as
the propagator of an ensemble. Its norm-preserving properties guarantee
the possibility of this statistical interpretation (no “loss” of probability).

o One can also interpret P in a probabilistic sense for single systems, as typ-
ically done in the theory of dynamical systems, via its invariant measures,
i.e., measures p € M such that Py = g. If an invariant measure p is
ergodic,'> BIRKHOFF’s ergodic theorem states that we have

A = Jm 1S A@) = [ A, 03)

for p-almost every x € T’ and every integrable function A. Hence, p de-
scribes the relative frequency with which the single system visits a certain
phase space region during its evolution in time.

The total energy of our Hamiltonian system (2) is preserved along its trajectory
so that the system stays on a certain energy surface, i.e., on a 2d — 1-dimensional
submanifold of the phase space I'. This implies

For the special case of Hamiltonian systems, P is norm-preserving in L(T'), too. This
results from [66], Prop. 3.1.2.
12That is, it satisfies u(B) € {0, 1} for every invariant set B C T.
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PROPOSITION 2.3 Every ergodic invariant measure of our Hamiltonian system
(2) is singular with respect to the volume measure on T.

In the context of molecular dynamics, the two above interpretations are
mostly expected to be equivalent, in the sense of the physical ergodicity hypoth-
esis which states that the ensemble average (expectation value for the stationary
ensemble) equals the running average A(z) for some single system in the en-
semble. Prop. 2.3 states that this can be true only for ensembles which are
distributed according to singular measures on I', that is, only such ensembles
can be simulated by following the long-term dynamics of some single system in
the ensemble.!?

In turn, the ensembles with L' (T')-densities considered herein (like the canon-
ical ensemble, for example), cannot be generated by iterates of a single system.

In general, the invariant density associated with the evolution of any single
system is determined by the corresponding initial state, while every stationary
ensemble density is determined by the initial preparation of the ensemble.

2.4 Conformations as Almost Invariant Sets

Assume that an (arbitrary) stationary density fo is given. How to define the
transition probability from one region B C I of the phase space to another one,
C C I'? We are herein only interested in considering transition probabilities
which allow for an experimental determination. The typical measurement pro-
cess for any kind of transition probabilities is the following two-step experiment:

1. Pre-Selection: Select from the ensemble fy at ¢ = 0 all such systems with
states x € B. This selection prepares a new ensemble, which now has the
density

o) = ([ o) o) @) holo).

2. Transition-Counting: After a time span 7, determine the relative fre-
quency of systems in the ensemble fp with states in C'. Since all systems
evolve due to ®¢, this relative frequency is equal to

/BXC (®72) fr(x)da.

Hence, in order to get a measurable quantity, the transition probabilities have
to be defined as

13The physical ergodicity hypothesis is mostly used in the context of the micro-canonical
ensemble which is given by the equidistribution on a certain energy surface (with respect to the
projected Lebesgue measure). Then, it has to be understood as the assumption that Birkhoff’s
ergodic theorem holds with p being this micro-canonical measure. Systems satisfying this
condition are called “physically ergodic”.
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w(B,C,7) = Jp Xc (272) foe)de o)

[ folz) dz

Using this definition we can introduce our notion of “almost invariance”: A
subset B C T is called invariant under the flow ®! iff, for all ¢ € R,

®'(B) = B and, thus, w(B,B,t) = 1,

where the last equality is independent of the choice of the stationary density
fo. We are interested in subsets B with w(B, B, 7) sufficiently close to 1, to be
denoted as almost invariant subsets. This first rough “definition”,

B C T almost invariant < w(B,B,7)~1, (17)

clearly depends on the interpretation of “sufficiently close to 17. For the next
steps we will ignore the question how to define = 1 precisely; it will later come
out to be problem-dependent and related to the eigenvalue structure of the
associated transition operator. However, our definition of almost invariance
depends on the choice of the stationary density fo and on the time span 7.

Conformations Before introducing a mathematical definition of the phrase
“conformation”, let us collect the main aspects of the chemical intuition behind
this phrase. Every conformation contains a lot of configurations, that is, it is a
set of configurations characterized by the following properties:

o Geometric similarity: Every configuration in the set induces nearly the
same global geometry of the molecule which can be described in terms of
a certain set of internal variables, the so-called essential variables of the
molecule (cf. Sec. 2.1.3).

o Meta-stability: The trajectory of a single system including all its fast
oscillations around equilibrium positions remains inside this set for a long
period of time before leaving it eventually.

o Hierarchy of conformations: Every conformation corresponds to one of the
“main wells” of the potential. The potential has a huge number of local
minima. Thus, every such main well must contain many local minima
and must be separated from the remaining parts of the potential energy
surface by substantially large energy barriers such that the trajectory of
a single system is trapped in this well for some long period of time. Thus,
there is a hierarchy of potential wells (every main well will decompose into
several wells with less significant meta-stability). In turn, we also have to
deal with a hierarchy of conformations.
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Consequently, the connections between these three aspects are as follows:
We need some measure of meta-stability in order to define the hierarchy of
conformations. Then, we have to decide which level of this hierarchy we are
willing to resolve and this decision determines whether two different kinds of
global geometry are distinguished as indicating two different conformations or
not.

Unfortunately, the above characterization of meta-stability is related to the
concept of a single system. In order to define the notion “conformation” in terms
of the ensemble under consideration, we have to transfer these characterization
to the statistical level of description. The statistical concept of meta-stability
is given by the notion of almost invariance due to (17), which leads us to the
following statistical definition: every conformation is an almost invariant set of
the ensemble in the sense of (17).

As the above considerations indicate, the chemical usage of the phrase “con-
formation” never refers to any momentum information. Consequently, we are
only interested in spatial subsets, i.e., subsets of the position space Q2. The tran-
sition probability between such spatial subsets B C {2 and C C € is given by
the transition probability between the associated phase space fibers T'(B) and
L(C):

w(B,C, 1) = w(l(B),I'(C),7) with T(B) = {(g,p) €T, qe B}, (18)

where the notational ambiguity is accepted for the sake of simplicity; in every
case, the meaning of w(B, C,7) is clear from the context. Consequently, some
spatial subset B C § is called almost invariant iff w(B,B,7) = 1.

The probability w(B, B, T) to stay within some set B C 2 induces our kind
of a statistical hierarchy: an almost invariant set B may contain almost invariant
subsets B; but, whenever w(Bj, B;,7) < w(B, B, 7), the decomposition of B is
interesting at most on finer levels of resolution. We will see that this statistical
hierarchy induces an associated hierarchy of potential wells. In this sense, a
decomposition of the potential energy landscape into several “main wells” cor-
responds to a decomposition of the position space into almost invariant sets
with superior probability to stay within.

If we —due to the usual belief in chemistry— suppose that conformational
transitions can be characterized via some few essential variables only, then we
may further restrict the form of the almost invariant sets of interest: We do no
longer consider arbitrary spatial sets B C 2 or the associated fibers I'(B) C T’
but only such sets which can be characterized in terms of the essential variables
alone. This final restriction to such conformational subsets will be discussed in
Sec. 3.5 in detail.

Summarizing, in order to characterize the conformational dynamics of the
molecular system, almost invariant (spatial or conformational) subsets with su-
perior probability to stay within and the transitions between them are the ob-
jects of interest.
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3 Problem-Adapted Transition Operators

We are now ready to define the transition operator T for replacing the inappro-
priate Frobenius—Perron operator P. The needs explained above require that T’
must have the following properties:

o T must have a unique invariant density reflecting the distribution in the
experimentally prepared ensemble.

o T has to represent the correct transition probabilities between subsets of
the position space.

o Considered in appropriate spaces, T’ must have isolated eigenvalues which
allow to identify the conformations via the associated eigenvectors.

To this end, we will first define a spatial transition operator, which acts on func-
tions living on the entire position space. After studying its basic properties, we
will generalize this definition for allowing to include the restriction to essential
variables (Sec. 3.5).

3.1 Spatial Transition Operator

Let us now assume, that the statistical ensemble under consideration is described
by a (nonnegative) invariant phase space density fo € L'(T') which satisfies
conditions (9) and (10) and leads to a positive reduced density

F@) = [ hlepd, (19)

which is smooth and finite on Q. The transition operator is given by

1

Tu(q) = W

/ u (m® 7 (g,p)) fola,p)dp, (20)

R4

where u = u(q) is a function u : @ — C. Thus, T is defined by a suitable
weighted average of the Frobenius—Perron operator over the momenta in each of
the trivial fibers

T(g) = {z €T, mz=q} = {g} xR,

where the weights are given by the experimentally prescribed stationary density
fo- Hence, the transition operator describes the statistics of the redistribution
of systems in the ensemble via the flow ®7 with respect to the time scale 7.
Since fy is stationary the shape of the ensemble distribution does not change.
It is thus more adequate to say that T' describes the spatial fluctuations inside
the ensemble fy induced by the flow ®7.
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We consider 7" as an operator on the weighted spaces
O = (w:0-C [ u@PF@ <o), p=12
Obviously, L%(9) is a Hilbert space with scalar product
wolr = [ @@ Fla)da

and induced norm ||u||% = (u,u)r. On L%(Q), we use the canonical norm
lulli,7 = Jq lu(@)|F(g)dg. In the subsequent paragraphs we will discuss the
important properties of T with respect to these spaces. But before going into
details, let us consider the special case of the canonical ensemble:

EXAMPLE 3.1 For fq = f..., the definition (11) yields F'(¢) = Q(g), so that,
together with (20),

Tule) = [ ulm®(q.0) Po) do (21)

Hence, in this case, T describes the momentum weighted fluctuations inside the
canonical ensemble with respect to the time scale 7. In the following, always
if fo = fen, we simplify our notation and denote the weighted spaces L%,(Q)
from above by LP(Q), p = 1,2, and, consequently, the associated norms by

- llp.e = I - llo-

3.1.1 Transition Operator for Periodic Potentials

Let us now discuss the case of a periodic potential, where
Vi{g+mije;) = V(g), Ym€LZ,

with e; being the unit vector in the jth coordinate direction. The associated
position space is the “periodicity cell” 2 = H?ZI[O,ZJ-) and all considered en-
semble densities fy are supposed to be normalized with respect to the restricted
phase space Q1 x R?. Hence, the transition operator T should also be restricted
to spaces of periodic functions on 2. That is, we may consider T as acting on
L?_ () instead of LP(R?). It will later turn out that it is convenient to do this
in the following way: Let us first define the periodicity map € : R* — Q as
follows: For every y € R? there is a unique ¢ € Q such that there is a tuple
(mi,...,mg) € Z% yielding

d
Yy =q +ijlj.
j=1

This function y — ¢ is the periodicity map &, i.e., &(y) = ¢. Via &r(g,p) =
(£(q),p), the map £ induces a periodicity map & : T — Q x R? for the original
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phase space I' = R x R?. With its help, we restrict the flow ®! to the torus
given by {2 and the periodic boundary conditions by considering the flow

Bl = frodlor (22)
instead of ®¢. The transition operator is then defined by
1
T = —— Loy d, 23
uo) = 7 [ u (e @) folan)do (23)

now acting on the spaces LE.(Q) of functions u : @ — C weighted with the
density Flq.

3.1.2 Exemplifying Spectral Properties of T

In the following three examples, we will always consider the case of canonical
ensembles (fo = f...) with reduced density F = Q.

EXAMPLE 3.2 As a first example consider the one-dimensional harmonic oscilla-
tor (H(q,p) = (¢>+p?)/2 and 2 = R). From (21) we get, with the abbreviations
c=cosT and s = sin7:

Tu(q) = /RU(cq—sp)P(p) dp with P(p)= \/gexr) <—§p2>-

Thus, we have to distinguish between two essentially different cases:

First, assume ¢ = 1, i.e., 7 = 2mar, m € Z. Then, we immediately observe
that Tu = u for all w € L?>(Q). That is, T is the identity with spectrum
o(T) = {1} and any subset B C R is invariant. For ¢ = —1, T is the identity
on the subspace of all symmetric functions (u(q) = u{—q)).

Second, for |¢| < 1 we can generate a sequence of eigenvectors by the fol-
lowing construction: Assume that v € L*(Q) is a smooth eigenvector for the
eigenvalue A, i.e., that Tu = Au. Differentiation of this equation with respect
to ¢ yields

Dy(Tu) = ¢TDgu = ADgu.

Thus, A, = A/c is an eigenvalue with eigenvector u, = D,u. Since xr € L*(f)
satisfies T'xyr = xr, we can find a sequence of eigenvectors given by polynomials
un € L2(Q), n € N, satisfying

Dyup = up—y  and  Dyuy = xgr.

If we additionally choose these u, to be pairwise orthogonal with respect to
{-,)F, we end up with

wu(g) =q¢, wl()=¢-5" wusle)=¢—-35,...,

with s = [ p?P(p)dp = 1/8. The corresponding eigenvalues are \,, = cos” (7).
These eigenvectors are illustrated in Figure 6. We will see in Section 4.2 that,
for |¢| < 1, T indeed has purely discrete spectrum with a single accumulation
point at zero.
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Figure 6: Probability density vn(g) = |un(g)|?Q(g) of the eigenvectors uy for a harmonic
oscillator (H(g,p) = (¢°> +p?)/2 and 3 = 1).

EXAMPLE 3.3 As a worst case example let us consider a canonical ensemble of
free particles in space dimension one (i.e., V' =0, M = 1).1* For simplicity, set
7 = 1. From (21) we then get

Tu(q) = /RU(q—p)P(p)dp with P (p) =\/§em (—§p2>-

Applying the Fourier transform a(k) = (1/2n) [ u(q) exp(ikq)dg, the convolu-
tion is reduced to a simple multiplication:

(Tu)(k) = V2r P(k)a(k) = Tak).

Since the Fourier transform is unitary on L?(R) and the transformed operator
T is a multiplication operator, we simply have'®

o(T) = o(T) = (2n)'/? Range(P) = Rangelexp(—k2/28)) = [0,1].

ExaMPLE 3.4 The simplest example for a bounded system is the free particle
in a box with reflections at the walls: choose ) = [—q,a] for an a > 0, with

14In this case our initial assumption fo € L!(T) is hurt. For the scope of this example we
ignore this.
15Compare Appendix B, Thm. B.41.
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V(g) =0 for —a < ¢ < a and reflecting walls (V{(g) = oo for |¢| > a). The flow
map associated with this “irregular” potential is

®7(q,p) = (Zalg +7D), pSalg+ D)),

with the 4a-periodic zigzag (cf. Fig. 1) and sign functions Z, and S, given on
[—2a, 2a] by
—-2a—¢q, q€][-2a,—a)
-1, € (a,2a
Z.(q) = 4, g € [~a,d] and  S.(g) = { 1 |qq|€ [_(a a]]
2a—¢q, q€(a,2dq) ’ ’

Hence, the definition of the transition operator reads
Tulg) = [ u(Zula=0) PG) do
R

acting on L%(—a,a).'® We now choose a somewhat unusual representation of
L?(—a,a): The trigonometric functions

1
ck(g) = cos (kzq) and s(g) = sin ((k + —)zq> , k=0,1,...
a 2%a
indeed!” span L%(—a,a). Fortunately, these basis functions satisfy cx o Z, = cx
and sy o Z, = s, which directly leads us to

_ 272
Ter = /cos(k?ETp)P(P) dp | cx = exp (_k2 2a2ﬁ> o
R

2 T

k - . B ) 1 . p2s2
/cos(( +§)ETp) (p)dp| sk = exp (‘( +§) W) Sk,

TSk

showing that ¢ and s are eigenvectors of T'. Moreover, we may expand any
u € L?(—a,a) in this basis, yielding:

o0 o0
U = E Qo Cr + E A2fy1 Sk-
k=0 k=0

Hence, we may rewrite T in the form of a discrete multiplication operator:

2

. o T
T (ap)keny = (M @k)ren, Wwith  Ap = exp <—k2

2
k=0,1,2,...
8(1257—)’ y Ly &y

This proves that its spectrum is discrete: o(T) = { A, k € No} U {0}.

16The reduced density is F(g) = Q(g) = 1/2a.

"With By — {exp(ikmq/a),k € Z} also By = {exp(i(k + 1/2)mg/a),k € Z} is a basis
system in L2(—a,a), because with u € L?(—a,a) also the function u(g)exp(—ing/2a) lies
in L?(—a,a). The basis chosen herein consists of the symmetric part {c;} of Bi, and the
anti-symmetric part {s;} of Ba.

26



These examples taught us several important lessons about the properties of
the transition operator T: If T is considered as an operator in L?, the spectrum
of T is real-valued, and may be discrete. The eigenvalues depend on the time
length 7, converging to one with 7 — 0, while the eigenvectors need not depend
on 7. For 7 > 0, the largest eigenvalue A = 1 is simple and the associated
eigenvector is the constant function yq. But we must not forget that, in worst
case situations (e.g., T = Id if cos(r) = 1 in Example 3.2), the spectrum may
degenerate (no eigenvalues of finite multiplicity).

But the above examples do not contain anything like an almost invariant set.
Thus, for illustrating the connection between certain eigenvectors of our tran-
sition operator T' and almost invariant structures, we have to consider another
example:

3.2 The Guiding Example

Let us now consider a simple system for which the distinction between different
“conformations” or almost invariant subsets makes sense. For this purpose we
return to the particles-in-a-box ensemble from the introduction. That is, we
add a thin reflecting barrier of energetic height Fy at ¢ = 0 to the system of
Example 3.4 (cf. Fig. 1) and consider the Hamiltonian H(q,p) = p*/2+ V(q)
in @ = [—a, a] with the potential

0 ifo<|gl<a
Vig)=q o iffgl>a
EO lquO

This has to be understood such that the flow ®! is given by the zigzag functions
from Fig. 1. More precisely, the flow consists of: reflections between —a and a
if the total energy is sufficient to cross the barrier, i.e.,

®"(q,p) = ®5(q,p) = (Za(g+7p),pSa(q + 7p), if H(g,p) > Fo,

with the zigzag and sign functions Z, and 5, from Example 3.4; and reflections
between ¢ and 0 if the total energy is too small, i.e.,

®7(q,p) = 8%(q,p) = (Zas2(¢£a/2+7p) Fa/2,pSep2(q £ a/2+7p)),
if H(g,p) < Fa,

with ¢ € (—a,0) for the + sign and ¢ € (0,a) for the — sign.
With respect to the canonical ensemble the probability that the total energy
of some system in the ensemble is sufficient to cross the barrier is given by

prob(E(¢,p) > Fo) = / P(p) dp,
|p|>v2Eg

which is temperature-dependent via P. Suppose that the temperature and
the barrier height Ey are chosen such that this probability is very small, i.e.,
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prob(H(g,p) > Es) = e. Then, the two sets (—a,0) and (0,a) are almost
invariont. In order to see how this intuitively obvious fact is described by the
eigenvectors of the transition operator 7', consider the following decomposition:

Tu(q) = (/<WU(W1<I>IT(q,p))7’(p)dp) X(~a,0)(@)

~

=T_u(q) 1‘% q€(~a,0)

+ (/psmu(méjf(qap))P(p) dp)} X(o,a)(q)

.

=T+U(q)‘irf 7€(0,a)

+ (/ u(m1®4 " (g,p)) P(p) dp)
lp|>v2Eq

- ]

=Tou(q)

We know that x(_q,0) and x(o,,) are eigenvectors to the largest eigenvalue A =
1—eof T_ and T, respectively. If we now consider

V = X(-=a,0) — X(0,a)>
we therefore find that

Tv(g) = (1 —¢€)v(g) + Tov(g) < (L-e€)v(g) + e

Thus, we may interpret v as a good approximation of an eigenvector of T to an
eigenvalue A =~ 1 — e. We already know that A = 1 is the largest eigenvalue of
T with eigenvector xo. As we already observed in the introduction (compare
Fig. 2), v approximates the eigenvector to the second largest eigenvalue Ay ~
1— ¢ of T (they are identical in “picture norm”). Moreover, this eigenvector
indicates the two almost invariant sets via its sign, that is, the eigenfunction
takes positive values on the first almost invariant set and negative values on the
other. For the parameter values of Fig. 2 (a = 1, § = 25, 7 = 2, Ey = 1/10,
leading to € &~ 0.025), the dominating eigenvalues Ay of T are given in the
following list

k|1 2 3 4 ) 6
A | 1]0.974 | 0.478 | 0.453 | 0.256 | 0.254

We observe that the third largest eigenvalue is well-separated from A; = 1 and
A2. As we will see in the following, this is the “generic” situation if the system
mainly has two almost invariant sets: There is a cluster of two eigenvalues,
A1 = 1 and As = 1, clearly separated from the remaining part of the spectrum
of T, and the two corresponding eigenvectors indicate the almost invariant sets
via their signs: Denote the two eigenvectors by vy = x[—1,1) and v2 and define
their sign structures s(q) = (sign(v1(q)),sign(v2(g))) via the signum of the cor-
responding entries of the eigenvalues for every position ¢ € [—1,1]. Then, the
almost invariant sets are given by all ¢ with the same sign structure.
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REMARK 3.5 When considering the limit Fy — 00, i.e., an unbounded increase
of barrier energy leading to € — 0, we observe that A2(e) — A1(e) = 1. Hence,
in the limit, the eigenspace of T for the eigenvalue A = 1 is two-dimensional
and spanned by the two eigenfunctions x(_,,0) and X(o,q), so that (—a,0) and
(0,a) are strictly invariant sets. That is, we may interpret the above almost
invariant case as a specific perturbation (with small perturbation parameter
€) of the unperturbed invariant case. As a consequence, the eigenvectors of
A1(e) and Az (e) for the perturbed situation (cf. Fig. 2) correspond to the basis
{X(=a.0) + X(0,0)} X(=a,0) — X(0,a) } Of the “unperturbed” eigenspace for A = 1.

Under this perturbation, the eigenvalue cluster (A;(e), A2(€)) remains iso-
lated from the remaining part of the spectrum: For example, the third and
forth largest eigenvalues, A3(e) and A\y(e), both converge to exp(—n272/2a%3)
(this is an implication of the results of Example 3.3).'%

7»220 948 ka:O 914 7»420 465

-1 -05 0 05 1 -1 -05 0 05 1 -1 -05 0 05 1
q q q

Figure 7: Eigenvectors to the second (A = 0.948), third (A = 0.914), and forth (A = 0.465)
largest eigenvalues of the transition operator T for a free particle in a box with two reflecting
barriers at ¢ = —0.5 and ¢ = 0.5 (a = 1, B = 25, 7 = 2, Ep = 1/10, leading to ¢ ~ 0.025).
Results of a discretization of 7" due to Sec. 5.

Two Barriers Figure 7 indicates that this concept can be generalized. It
shows the interesting eigenvectors for a particle in a box with two reflecting
barriers separating three almost invariant subsets. We observe that now there
is a cluster of three eigenvalues near A = 1 with a distinct gap to the remaining
part of the spectrum and with eigenfunctions indicating the almost invariant
subsets via their sign structure.!?

Again, the step-like shape of the eigenfunctions indicates that they corre-
spond to a certain “unperturbed” situation (given by the limit Ey — oo, see
Rmk. 3.5 above) where the eigenvalue A = 1 is three-fold and the associated
eigenspace is spanned by X(_1,-1/2), X(=1/2,1/2), and X(1/2,1)-

18For the parameter values from above, exp(—n272/2a?3) = 0.454.

19The sign structure of the three eigenvectors v1 = x(_1,1), v2 (left in Fig. 7), and v3
(middle in Fig. 7) for the three largest eigenvalues A1 = 1, Ay = 0.948, and Az = 0.914, is as
follows: (+,—, —) for the almost invariant set (—1,—1/2); (+,~ 0, +) for the almost invariant
set (—1/2,1/2); (+, +,—) for the almost invariant set (1/2,1).
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REMARK 3.6 Almost invariant sets can be interpreted as specific perturbations
of invariant sets. The associated perturbation parameters are small crossing
probabilities or large barrier energies, but not the fluctuation length 7 or “ex-
ternal” parameters like the temperature. To see this, observe that in the limit
7 = 0 or 7 — oo, the specific isolation of the eigenvalue cluster near A = 1 is
destroyed, because most the eigenvalues (and/or the essential spectral radius)
of T converge to 1.

3.3 Consideration as Markov Operator

We now consider the probability space (2, B, i), where B denotes the o-algebra
of Borel sets of £ and the probability measure y is given by

w(B) = /BF(q) dg, for B € B.

The set of all densities (i.e., nonnegative functions) in the corresponding L!-
space L% () is denoted Dp (cf. Def. A.2 in appendix A). We want to show that
T can be considered as an Markov operator on L%.(Q) (cf. Def. A.3).

LEMMA 3.7 T defines a bounded linear Markov operator L% (2) — L1.(Q).
Proof: Consider an arbitrary u € L% (). Via definition (20) we find

ITullr = /Q %
/Q /R u (977 (q,p))| folg,p) dpdg

/F|u (m® 7x)| folz)dr
[ luma)) fofe) de

- /Q u (q)| /Rd folg,p)dp dg = |lu
R

=F(q)

/Rd u (m® (g, p)) folg,p)dp| Flq)dg

I IA

1,F

where the step from the third to the forth line uses the substitution x — &7z
and exploits the invariance of fy with respect to this transformation and the
volume conservation property of the flow. Thus, T is well-defined on the en-
tire space LL,(Q). In the second line, equality holds iff « > 0, which shows that
|Tu||1,F = ||u|l1,r for u € Dp. Since F, fo > 0, we also have Tu > 0 for u € Dp.
Hence, T is a Markov operator.

REMARK 3.8 The property of being a Markov operator already implies the
boundedness ||T||1,r <1 (cf. [66], Prop. 3.1.1).
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3.4 Self-Adjointness and Transition Probabilities

Now, T is considered as an operator on the Hilbert space L3.(f).

LEMMA 3.9 The transition operator T : L%(Q) — L%.() is a bounded linear
operator with ||Tul||r < ||ul|F.

The following proof is nothing but an application of the Cauchy-Schwarz
inequality. Nevertheless, it is presented in detail because the same strategy will
be used again in the subsequent.

Proof:  For an arbitrary u € L%.(f), definition (20) yields

1
Tulfy = | g

Consider the following family of Hilbert spaces H,: For g € € the space H,
consists of all functions w : R* — C with

/Rd u(m® 7(q,p)) fola,p)dp| F(q)dg. (24)

/Rd lw(p)|® folg,p) dp < oo.

with the associated scalar product

ey = [ ) wale) fola. ) do

The induced norm is denoted ||- ||,. For all ¢ € Q, the constant function 1 = xga
is an element of H, because

I = [ oap)dp = Fl@) <.

Next, consider the family of functions w, : R? — C defined by w,(p) =
u(m® " (q,p)). A short calculation like in the proof of Lemma 3.7 reveals
that

//hmm%@m@@=w%<w. (25)
Q\Rd .

~

=Jluwqll? if <oo

Thus, we have w, € H, for almost every g € Q. Then, the Cauchy-Schwarz
inequality yields (again for almost every ¢):

2

[ smeT@mhands = @l

lwallg (12117

lwqll7 F(q)-

IA
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Inserting this into equation (24) yields
ITull} < / legll? dg = [Jul,

where the last equality results from (25). 0

Next, we are interested in the transition probabilities defined by 7". There-
fore, let us consider two arbitrary, measurable subsets B, C C 2. We again use
the notation

I'(B) = {z e, m(x)e€ B}
The characteristic functions xp and x¢ are elements of L%(f2). Thus,

(Txs,xc)r = /Q ﬁ/ﬂw x8 (m® 7 (¢,p))) folg,p)dpxc(q) Flq)dg

= /I‘XB (m®7z) folx) xr(c)(x) dz
- / X (@) Xr(ey (872) folz) de, (26)

where the last equality results from the transformation x = ®7y together with
the invariance of fy and the volume conservation property of the flow. We also
find that

{xB,XB)F = /BF(q)dq = s fo(z) dz,

which together with equation (26) finally reveals that

(Txs,xc)r _ Jrsy Xr(c) (272) fo(x) dx
(xB,xB)F Jr(w) Fo(@) de

= w([(B),T(C),7),  (27)

showing that T indeed represents the transition probabilities of our interest.
Using the other invariance of fy, it is easy to prove another crucial property
of T:

LeEMMA 3.10 The transition operator T : L3.(Q) — L%(Q) is self-adjoint. Hence,
its spectrum satisfies o(T) C [-1,1].

Proof:  First, consider two arbitrary, measurable subsets B,C C Q. Using (26)
and the reversibility of the flow (Lemma 2.1) we get

(Txp,xc)r = /FXF(B)(HU) xr(cy (R(®77Rz)) fo(z)dz.
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Now, since fo is p-symmetric (eq.(10)) and the sets I'(B) and ['(C) include all
possible momenta (i.e., z € ['(B) = Rz € I'(B), for example), a transformation
y = Rx yields

(TxB,XC)F /Fxmm(y) xrcy (R(®77y)) foly) dy

/FXF(B>($) xr(cy (®77z) folz)dz = (x8,Txc)r-

Since the step-functions are dense in L?(Q), we get (Tw,v)r = {(u,Tv)r for
all u,v € L%(f), i.e., the self-adjointness of 7. Thus, its spectrum o(T) is
real-valued, which together with the boundedness (Lemma 3.9) implies ¢(T") C
[-1,1].

3.5 Restriction to Essential Variables

In the following we study the consequences of the restriction from full spatial
coordinates to other essential degrees of freedom. Let this set of essential vari-
ables be given in terms of the state of the system by a continuously differentiable
function ¥ : T' — R¥,

He) = (O (x),...,0,(x)),

and denote the corresponding essential configuration space by © = ¥(T"). We
always assume that ¥ is independent of the momenta p, i.e., the function 4
depends only on the positions ¢. For simplicity, we use the notation ¥ = 9¥(q)
as well as the more general form ¥ = ¥(z), where the meaning is always clear
from the context. For any possible value 8 € © we denote the corresponding
level set by

') = {z e, ¥x) =06}

We assume that these level sets are smoothly embedded submanifolds of dimen-
sion 2d — v in T.2° Let doy(x) be the intrinsic volume element on I'(6).%!

Let & C R? be the position space so that I' =  x R?. Since ¥ does not
depend on the momenta p, the volume elements have the special product form

dog(z) = doy(q) A dp,
where doy(q) denotes the intrinsic volume form of

Q0) = {g €9, ¥qg) =0},

20Thus, we assume that the associated Jacobian matrix D9(g) has full rank for any ¢ € Q.
Due to Sard’s lemma, this is the generic situation.

2l Now and in the following, we assume that dog(x) is appropriately defined on all connected
submanifolds of T'(#). Moreover, it herein is of no importance whether I'(8) consists of more
than one component or not.
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which is a smoothly embedded, (d — v)-dimensional submanifold of £2.
For any invariant density fo we define the reduced probability density as

Fy(0) = fo(z) dog(z),
T(0)

which is an element of L'(0) if f; € LY(T).
The transition operator associated with this set of essential variables then is

Tyu(®) = oo / u (2@ 7D) fo(@)don@),  (28)
r{9)

where « = «(#) is a function u : @ — C.

Thus, Ty is again defined by a suitable fo-weighted average of the Frobenius—
Perron operator over every “essential fiber” T'(6), that is, the average includes
all momenta p and that part of the degrees of freedom which are “orthogonal”
to the considered essential variables .

We consider Ty as an operator on the weighted spaces

I2.(0) = {u:0 5 C / W(O)|PFs(6)d8 < o},  p=1,2,
e
with the scalar product
(u, vy py = / u* (6) v(6) Fy (6) do,
Q

for the Hilbert space L%, (©), and induced norm [[ul|3, = (u, ).
For subsets B C ©, the union of all fibers T'(¢) with 6 € B is denoted by

I'(B) = | JT(¥) = {zx€T: d(z) € B},

fcB

in analogy to the notation used above. By repeating the computations from
Sec. 3.4, we observe that Ty in fact describes the transition probabilities between
subsets B,C C O, that is,

Toxs, xelrs _ ]
e xsre - WIBLLC),T).

EXAMPLE 3.11 For the above considered spatial case, we have to choose ¥ =
71, that is, ¥(q) = ¢ with v = d. Then, Q(q) = {¢} and I'(q) = {q} x R?,
implying dog(z) = dp and the reduced probability density is Fy(g) = F(q) so
that definitions (28) and (20) coincide.
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REMARK 3.12 Suppose that we are dealing with the canonical ensemble fo =
Jean. Due to [64, 104], the so-called conformational free energy A = A(9) for a
set of essential variables may be defined via

A(B) = —f~'InZ(0), with Z(6) = /F , PBHE) dos(2),

that is, it is defined via the contribution Z(6) of the I'(¢) to the classical partition
sum Z = [, exp(—GH)dx. With this definition, we obviously have

Z(8) = exp(—-fA(0)) = ZFy(6),

which allows to rewrite the transition operator as

Tou(0) = / u (@ "x)) exp (=B (H(z) — A(9))) dog(z).

NG

Consequently, the transition operator Ty describes the fluctuations inside the
ensemble fy induced by the flow &7 and weighted by the difference between the
potential energy surface and the conformational free energy surface.

Restriction Operator and Adjoint We next show that Ty may be written
as a specific restriction of the full spatial transition operator 7. The associated
embedding is given by the following

DEFINITION 3.13 Assume p=1,2 andlet 9 : T = © C R* be a set of essential
coordinates with the reduced probability density Fg = Fg(#). The restriction
operator Ry : L, (92) = L, (©) is defined by

1

R,gu(9) = m

[ utma) foa) dou(a),

NG

while the prolongation operator By : L%, (©) — L7(Q) is simply given by
(Byu)(g) = u(¥(g))-

We next show that these operators allow to express the transition operator
for the given essential coordinates as Ty = RyT By. To see this, first consider

TBoule) = 5 [, «W@ @) fola.p)dp
Since also
1
ra0) = wg L w@ ([ @) o
=F(q)
1
= =F / 0@ @), (29)
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we indeed end up with
RoTBou®) = g [ [ 0@ @) folap)dovta) dp = Toucd)

Thus, for further purpose we note the following

PROPOSITION 3.14 For any integrable function u : © — C, the restriction and
prolongation operators Ry and By allow to rewrite the transition operator Ty
as

Tﬂu = RgTBﬂ’u,.
Moreover, By is an isometry, i.e., for p=1,2 we have

|| Bsw

lp,r = |lullp,ry, Yu € L%, (0),

and Ry is o contraction with Markov property, i.e., forp=1,2

|Rotllp,ry < llullp,r, Yu € LE(Q), and [|Roully,ry, = lullr, Yu€ Dp(Q).

In addition, Ry : L3(Q) — L%, (O©) and By : L3, (©) = L3(Q) are adjoint to
each other, i.e., R = By and B} = Ry. Thus, in particular, if T : L%(0)) —
L3(Y) is self-adjoint, then Ty : L}, (©) — L%, (©) is, too.

Proof: The isometry of By directly results from u o 9 being constant on every

submanifold I'(6):
| @@ PP@ds = [ @)l foe) de

o e [ dote)don) a8 = Il

=F19 (8)

|1 Byully,

The contraction property for Ry for p = 1 and the associated Markov property
are obvious. The contraction property for p = 2 can be proved with the similar
technique as the L2-boundedness of T in the proof of Lemma 3.9. Therefore,
define a family of Hilbert spaces Hy with scalar product

(u,0) = / o, @UOF@ oo

and associated norm || - ||[p. Then, with similar arguments as in the proof of
Lemma 3.9, we can show for arbitrary u € L% () that the Cauchy-Schwarz
inequality yields for almost every § € ©:

/ u(q)F(q) doy(q)
Q)

2
= [{xa,wol” < llullf Fs(0),
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which permits us to estimate

|Roullsp, = / Ryu(8)|* Fy(6) db
©

/L
o Fs(0)
/e lull2d6 = / lu(g) P F(q) dg = |lu

In order to show B} = Ry choose arbitrary v € L%(Q) and u € L}, (0).
Then Byu € L% () and

(Byu,v)p = / w(9(@))"v(q) F(g) dg

_ / / w(9(g))*v(q) F(q) dog(q) d6
e Q(G)

2

do

/ u(q)F(q) dog(q)
Q(0)

IA

2,F-

_ / u(6)" / o(q) Flg) doy(q) db
2] J(8)

o

g

=Fy(0)(Ryv)(9)
= <UJR19U>F197

which demonstrates that B} = Ry. Since we are working in Hilbert spaces, this
also implies It = Bg* = By.

3.6 Associated Stochastic Dynamical System

Let us return to the case ¥ = my, that is, to the spatial transition operator and
the position space 2. The following paragraph is crucial for the final interpre-
tation of our approach and its results. For the sake of conceptional simplicity,
we restrict the presentation to the case of the canonical ensemble, i.e., we only
consider fo(¢,p) = feun(¢:P) = @)P(p)-

Assume B = B(f) to be the g-algebra of Borel subsets of 2. Moreover,
let My and M; C Mj  be the spaces of all finite and probability measures
u: B — RT, respectively.

We now define a specific stochastic dynamical system, which will later be
identified as the dynamical system associated with the spatial transition oper-
ator T'. For a given initial position gg € 2 we define

dr+1 = ’/T]_(I)T(qk,pk), k= 0, ]., e (30)

with every p; € R? being randomly chosen from the probability distribution P
on R?. According to [66], Chap. 12.4, this defines a regular stochastic dynamical
system which is described by a sequence of probability measures py € M; given
by the probability of finding g in a subset B € B of 0, i.e.,

pi(B) = prob(g,, € B).
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The sequence {uy} is also given by the iterates of the so-called Foias operator
P: My —= My defined by

Pu) = [ { [ xom@ @) P} uian, vBeB, ()
R
in the sense that pr = PFug if uo € M, is the probability measure according

to which the initial random position ¢ is distributed.
In the following we consider measures y,, € My with densities u € LIQ, ie.,

pu(B) = /B u(q) Qlg)dg, VB € B.

According to (31), the Foias operator P acts on such measures as follows:
Pi(B) = [ X6 @& @) umrz) fon(z) da
r

= / ’LL(’]Tl@_T-r) fcan(w) de
I'(B)

/B {/RdU(m@‘T(qm))P(p) dp} Q(q) dg.

Thus, Pu,, has the density
Tu@) = [ um® 7 (@.0) PG do
R

given by the transition operator T'. That is, T : L'(Q) — L'(Q) is the density
operator associated to the Foias operator P and therefore also associated with
the stochastic dynamical system (30). Consequently: If the initial position ¢p of
(30) is distributed according to the probability density u € D(Q), the probability
density ux € D(Q) of finding g, = g is given by ux(g) = T*u(q).

Associated Markov Chain and Control Model In addition, we know
from Sec. A.1 of the appendix, that the Markov operator 7" induces a Markov
chain. Every iteration of (30) is a realization of this Markov chain. MEYN AND
TWEEDIE [79] call the stochastic dynamical system (30) a “nonlinear state space
model” and also discuss its interpretation as a Markov chain (see Sec. 3.5.5 in
[79]). And they stress another important point: (30) may also be interpreted as
a “control model”, which describes the control of the positions ¢ via the “control
variables” p. If we use the recursively defined notation

q"k:Jrl(q:p07"' ka) = 7Tl(I)T (lIJk:(QJp(]: 7Pk—1);pk): keN (32)
with @1(q, po) = m P (g, po), the iterates of (30) can be denoted as
qdr = \I’k(qﬂapm"' ka—l)a (33)

Hence, we see that (po,...,pr—1) may be interpreted as some control sequence
which can be designed such that some desired final position g is accessible from
the initial position ¢o.
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rast to the mathematical analogy between
e and the stochastic dynamical system—
een the physical meaning of the two levels
»f physical reality (the ensemble) and the
the associated Markov chain) (cf. Fig. 8).
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Figure 8: Illustration of transitions in an ensemble in contrast to the evolution of the as-
sociated stochastic dynamical system for the double well potential V(g) = (g% — 1)2. Left:
Canonical ensemble f.., in the two-dimensional phase space. The white lines indicate trajec-
tories of single systems during some time span 7 inside the ensemble. Since f..n is invariant
under the flow, all trajectories are parts of isolines. Only some trajectories of systems with
small probability cross the separation line ¢ = 0 between the two almost invariant sets around
g = —1 and ¢ = 1. Right: First 2000 steps of the discrete trajectory of a single realization
of the associated stochastic dynamical system. Again, jumps across the line ¢ = 0 are rare.
Below: Histogram of the distribution of positions after these 2000 steps compared with the
appropriately scaled canonical position density Q. Asymptotically, the distributions converges
to Q.

3.7.1 Ensemble versus Stochastic Dynamical System

The transition operator T' describes the redistribution or fluctuation in a sta-
tionary ensemble, i.e., it describes a statistical collection of single systems with
different actual states and measures how many of these single systems may per-
form some kind of transition during a single “time step” 7. Hence, some power
T™ of this operator can not necessarily be interpreted as describing fluctuations
in the ensemble on time scales m7. As a consequence, the spatial transition
operator has no semigroup property: Let T7 denote the transition operator for
fixed time span 7 as in (20), then, in general,

T TT' # TTJrT'.
This can easily be illustrated if we assume that 77 is the transition operator of

Example 3.2 for the harmonic oscillator H (g, p) = (¢* +p?)/2 with | cos(7)| < 1.
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Then, T7u; = cos(7) u; with u1(g) = ¢ for all such 7. Hence,
T™T™ wy = cos(r) cos(t ) uy # cos(t + 7V uy = T uy,

if only sin(7) sin(7') # 0. Consequently, we cannot simply “link” fluctuations
on some short time scale to get fluctuations on longer scales. One can ex-
plain this observation by considering the underlying measurement processes:
{(T™)?xB,xc)/{xB,xs) belongs to a two-fold repetition of the two-step ex-
periment from page 19 —therefore including two pre-selection steps—, while
(T*"xB, xc)/{xB, xB) corresponds to a single realization with double stepsize
but with only one pre-selection step. But the physical observables associated
with the pre-selection step and the transition counting procedure do not com-
mute with respect to the Poisson bracket {-,-}. Hence, the additional pre-
selection step changes the ensemble irreversibly so that, in general, the two
transition probabilities are different.

Independent of the interpretation with respect to an ensemble, the operator
T is associated with the stochastic dynamical system (30) and the corresponding
Markov chain {X}. On the one hand, the running time averages of the Markov
chain approximate the ensemble averages (see Sec. 4.5 below). But on the other
hand, the multiple-step transition probabilities P(X,, € B|Xo, € A) of the
Markov chain from 4 C Q to B C 2 after time m7 can be expressed via the
powers T™ of the transition operator (see Sec. A.1 in Appendix A), although
these powers have no direct interpretation for the ensemble.

Summarizing, multiple-step fluctuations (m > 1) of the Markov chain {X}}
cannot be interpreted as fluctuations in the ensemble on time scales m7; only
single-step fluctuations and the invariant distribution of the Markov chain rep-
resent properties of the ensemble.

In this sense, the stochastic dynamical system and the corresponding Markov
chain are only artificial representations of the ensemble in an iterative way, in
form of some stochastically linked chain of single systems from the ensemble.
But in addition, the stochastic dynamical system (30) should not be taken as a
model of a single physical system.

These considerations are typical for the discussion of the correspondence
between statistical ensembles and stochastically embedded single systems. The
contributions to this discussion are varied and range from modelling decisions,??
over algorithmically oriented realizations® to systematic investigation in, e.g.,
“stochastic realisation theory”.?* For the context discussed herein, it is only of
importance that the stochastic dynamical system (30) correctly represents the

22 A typical example is the representation of a heat bath by means of adding some stochastic
excitation —external “noise”— as in Langevin dynamics [1, 115].

23For example, so-called “constant—temperature” embeddings of the Hamiltonian system
via Nosé-Hoover dynamics [81, 82] or its variants are often used in real-life applications.

248tochastic realization theory or dilation theory stands for an overlap between systems
theory and statistical mechanics: dilations are embeddings of “small” systems into “large”
ones (“heat baths”), which have the property that the time-reversible, conservative motion of
the large system reduces to a dissipative, irreversible evolution of the small system. Use [73]
as a pointer to the literature.
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fluctuations in our ensemble moderating the transitions between certain subsets
of phase space on the given time scale 7.

Algorithmic Differences In addition to this conceptual differences between
ensemble and stochastic dynamical systems, we also have to distinguish between
transition operator and Markov chain on the algorithmic level:

1. If the system really contains almost invariant sets, then direct long term
iteration of the associated chain is algorithmically inappropriate: When-
ever some set B C 2 is almost invariant with respect to the ensemble,
it is almost invariant for the Markov chain in the dynamical sense (“long
relaxation time”), that is, the chain is trapped in B for many iterations
before it undergoes some conformational transition which then allows the
chain to sample other regions of the phase space.

2. As we will see in Sec. 5.4 below, it is difficult enough to construct an
efficient algorithmic realization of the Markov chain associated with the
spatial transition operator for the canonical ensemble f_... In this case
we will exploit the specific multiplicative form of f.... However, for some
arbitrary set of essential variables ¥, we in general will not even have
any explicit expression for the associated reduced density Fy. Therefore,
there is no way —at least not with the strategies considered herein— to
construct any efficient realization of the Markov chain associated with the
transition operator T.

Despite these problems, we will exploit the mathematical analogy between tran-
sition operator, Markov chain and stochastic dynamical system not only for
proving convergence results (see Sec. 4.5) but also to construct an appropriate
numerical algorithm for evaluating the transition probabilities (cf. Sec. 5.4).

3.7.2 Fluctuation Length 7 and Almost Invariance

How important is the choice of the “fluctuation length” 7 for the identification
of almost invariant sets? In the context of the examples in Sec. 3.1, we already
observed that the eigenvectors for eigenvalues of T near A = 1 do not show any
dramatic dependence on the actual value of 7, while these eigenvalues tend to
one with 7 — 0. We will now present two additional insights which may help
to understand this observation and may support our hope that 7 may not have
decisive influence on the shape of almost invariant sets.

The first of these insights is illustrated in Fig. 9 and states roughly that
mainly the (topological) properties of the potential energy surface determine
the shape of the almost invariant sets of the associated system: Around the
main minima of the energy landscape there are large flow-invariant regions.
Such a region is the “core” C of an almost invariant set, if the probability
to be within this region is large enough. In addition, each of these regions is
surrounded by some set S¢ of unlikely states (shaded in light grey in Fig. 9),
which have enough energy to leave S¢ under the action of the flow. The almost

41



-15
-2 SB SC

2% 1 2 3 4 5 6 0 1 2 3 4 5 6

q q

Figure 9: Phase portrait of the 27-periodic potential shown in the left figure. The saddle
point at (gs,0) between the minima separates two regions, shaded in dark grey and marked
B and C, which, both, are invariant under the flow. With the minima of the potential, the
maxima of the canonical density are located inside B and C. Thus, if the temperature is only
small enough, the canonical density is (exponentially) small for any state z ¢ B U C. But
only trajectories starting in such unlikely states from the surroundings Sp U S¢ of BUC can
cross the line ¢ = ¢s, so that Ay = {¢: ¢ < ¢s} and A2 = {g : ¢ > ¢} are almost invariant
sets. This implies that some variation of the fluctuation length 7 may change the transition
probability between A1 and Az, but not the almost invariant sets themselves.

invariant sets are given by the projection of these objects onto the essential
coordinates chosen. Whenever the degree of almost invariance is large enough,
the value of 7 will have only minor influence, since it merely determines how
many of the unlikely states from S¢ will have enough time to finish the possible
transition between two almost invariant subsets (see Fig. 10). In this sense, 7
controls a kind of “melting process” for the flow-induced mixing; this mixing
generates conformational transitions but only in regions of the phase space with
insignificant probability to be within.

To understand the second observation, we have to introduce some suitable
notation: Let ®], denote the flow associated with the equations of motion (2)
induced by the potential V. A simple rescaling of time in (2) reveals that

(P(‘:V/T(q:p) = (I)g;?V(qv Oép)7 o> 07

which shows that we can map an increase of the fluctuation length (o > 1) onto
an increase of potential and momenta. When considering the canonical density,
and using a generalized notation for the transition probabilities, we find that

w (AB7 @g;,e—ﬁ(TJrv)) — 1w (A,B, (I)EZV,e—;%(TJran)) 7

where T = p!’ M ~!p/2 denotes the kinetic energy and the exponential prefactor
/a? belongs to some increased temperature T, = o>7. Thus, this simple trick
reveals that an increase in the fluctuation length 7 may be understood as a
certain rescaling of parameters of the ensemble. Again, 7 appears as some kind of
temperature-like “melting parameter”. This identification of changes in 7 with
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Figure 10: Tlustration of the flow-induced mixing of the surroundings Sc and Sp of the
system from Fig. 9. The three figures correspond to three different values (1.0/2.0/3.0) of the
fluctuation length 7. In all three cases the sets Ay = {¢: ¢ < ¢.} and Ay = {g: g > g5} are
almost invariant (if the temperature is small enough). States (g,p), which are transported to
Az under the action of the flow during 7, i.e., for which 7197 (g, p) > ¢s, are colored in dark
grey. States ending up in A; are colored in light grey.

simply rescaling the ensemble is of particular interest, since biophysical intuition
states that (mainly) the interactions (=potential) determine the conformations,
while the temperature only redistributes the probabilities to be within.

While the conformational subsets may be relatively insensitive to changes
in 7, this is different for all quantities characterizing the actual conformational
dynamics: The transition probabilities between the conformational subsets de-
pend crucially on 7 and converge to zero in the limit 7 — 0. The same holds
for the eigenvalues of T" near A = 1. This should not come as a surprise: the
fluctuation length 7 is determined by the two-step experiment from page 19 as
the time span during which the ensemble can fluctuate freely; that is, the transi-
tion probabilities can only be understood relative to the measurement procedure
defining them.
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4 Spectral and Asymptotic Properties

We now switch to the consideration of the spectrum o(T) C [-1,1] of our
spatial transition operator T : L% () — L%(Q). We will see in Sec. 4.6, that
it is possible to get all crucial results for the spectrum of Ty for some set of
essential variables by transferring them from the spatial transition operator T'
to Ty via the restriction and prolongation operators introduced in Sec. 3.5.

We already observed that the simple constant function xq satisfies

(Txe)lg) = % o folx)dp = 1, for all ¢ € Q,

that is, Txao = xa. Thus, yq is an invariant density of T. The reader might
notice, that xo is an element of L2(£) because we initially assumed fo € L(T).

It is the fundamental strategy of this approach to compute conformational
subsets from eigenstates of T for eigenvalues near A = 1, and to quantify the
degree of invariance of the subsets. It is, thus, of main importance, under which
conditions such eigenvalues exist and the eigenvalue A =1 is simple.

Since we are interested in a numerically stable approximation result, we
have to demand for the existence of isolated eigenvalues near A = 1, i.e., for
eigenvalues of finite multiplicity which are separated from continuous parts of
the spectrum by a finite gap. According to the well-known spectral theory of
linear operators, the spectrum may be decomposed into two disjoint subsets: the
set of all isolated eigenvalues of finite multiplicity and the essential spectrum
(cf. Appendix B). Thus, our first crucial question is:

A. Under which conditions can T have isolated eigenvalues of finite multiplic-
ity near A = 1, i.e., which conditions guarantee that the essential spectrum
O (T) is bounded away from X\ = 17

For an answer to this question, we will show that, in the Hilbert space L% (),
our transition operator T is quasi-compact. More precisely: We will show that
T —as an operator in L%(0)— can be decomposed into two linear operators,
T =T, +T,, where T; is a strict contraction (||T1||2,7 < 1), while T5 is compact.
Thus, due to the general results of spectral theory (cf. Appendix B), the essential
spectrum of T is given by that of T} and, therefore, is bounded away from A =1
(cf. Sec. 4.2).

For the uniqueness of the invariant density, the following two questions are
of comparable importance:

B. Under which conditions is A = 1 a simple eigenvalue, i.e., when is xq, up
to a factor, the unique eigenvector for A = 17 And, when is A = 1 the
dominant eigenvalue, that is, —1 & o(T)?

In order to find such conditions, we will exploit the stability theory for Markov
operators. That is, we will analyze the asymptotic behavior of the iterates T™u
for densities u € L},(Q), in order to prove asymptotic stability of T : L1.(Q)) —
Li(Q) (cf. Secs. 4.3 and 4.4). This will imply that, in LL(Q) and L%.(Q),
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A =1 is simple and dominant. It will come out to be relatively easy to realize
this “operator—oriented” approach for bounded position space Q (Secs. 4.3 and
4.4). However, we will also see that we can easily show the same results under
weaker conditions when exploiting the well-established convergence theory for
the associated Markov chains (Sec. 4.5). In particular, we will then be able to
include the case of unbounded position space 2. Unfortunately, this “Markov
chain theory” approach can only be applied to the spatial transition operator.
But we will be able to include the case of unbounded 2 also in the operator
oriented approach, when considering the transition operator Ty associated with
some set of essential variables.

In this section, we will always consider the case of canonical ensembles (fo =
fean). This simplifies a lot of arguments and avoids some nasty computations.
But the reader might notice, that, if not explicitly stated otherwise, the following
steps can also be realized for an arbitrary smooth stationary density fo € L*(T).

4.1 Transition Kernels

We now want to examine whether the spatial transition operator T, or at least
a part of it, has a representation as an integral operator with transition kernel.
That is, we ask whether there is a nonnegative measurable function k : Q x 2 —
R such that

Tu(q) = / k(a,) u(y) Qy) dy. (34)

To this end, let us first proceed purely heuristically: Assume that for every
g € € the function y,(p) = m P~ "(g,p) is invertible for all p € R? and let
vy = vg(y) denote the inverse of y,. Then, the transformation p — y = y,(p)
applied to the integral

Tu@) = [ @) P)dp
results in
Tulg) = / P (0g()) |det Dog(y)] u(y) dy,

so that we have to define our transition kernel as

k(g,y) = P (vg(y)) |det Dug(y)],

1
y)
in order to achieve a representation like (34).

4.1.1 Momentum Invertibility

Certainly, our functions y, will in general not be invertible for all momenta.
Therefore, we define the following weaker notion of invertibility:
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DEFINITION 4.1 The Hamiltonian flow ®7 is called momentum-invertible if both
of the following two conditions hold:

1. For almost every g € ) there is an open set M (q) C R? such that the func-
tion y,(p) = m1 @77 (g, p) is locally invertible in M(g), i.e., det Dy,(p) # 0
for p € M(q).

2. There is an 5 > 0 such that

ess-inf / Pp)dp = 1. (35)

qef
M(q)

In this case, the set Z = {(g,p) € ' : ¢ € Q,p € M(q)} C T is called the
“accessible phase space” with respect to the sets M (q).

REMARK 4.2 Every set M(q) may consist of disjoint subsets. It follows from
the Inverse Function Theorem that in every of these subsets m(g) C M (q) there
exists a smooth function v, : y,(m(q)) C Q — R? such that v,(y,(p)) = p for all
p € m(g). In most of the subsequent, we mostly refer to all of these functions
as to “the inverse” v, defined on the whole of y,(M(g)) without stating the
different subsets explicitly.

For compact position spaces, momentum invertibility holds under consider-
ably weak conditions:

LEMMA 4.3 Let the position space  be compact and the potential V be smooth.
Assume that for every q € €) there is a momentum p € R? such that det Dy, (p) #
0. Then, the flow is momentum-invertible.

Proof:  Consider arbitrary ¢ € 2 and p € R? such that det Dy,(p) # 0. Since y,
is smooth, there is an open neighborhood of p where y, is invertible. Moreover,
since the entire flow is smooth, there even is an open neighborhood U(g) C Q2
of ¢ such that, for all § € U(q), yg is invertible in an open neighborhood O of
p. We may, without loss of generality, assume that the sets M (§) contain O.
Then, there is an a = [, P(p)dp such that

n(q) = Plp)dp > o > 0, forall GgeUl(g). (36)
M(q)

Since ¢ has been arbitrary, such a > 0 and neighborhood U(g) exists for all
g € Q). Consequently, there is a covering of 2 consisting of such open neighbor-
hoods U(g). Since © is compact, this system of open sets covering 2 contains a
finite subsystem U(q),-..,Ul(gm), m € N, also covering Q. Let o denote the
a-value for the neighborhoods U(g). Hence, miny—; .. ., > 0 which implies
the assertion.
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Decomposition of 77 If the system is momentum-invertible in the sense of
Def. 4.1, we may define the following partial transition operator

Tou(q) = /M( u(m® 7 wp) P i (37)

relative to the sets M (q) chosen. Because of our assumption, the so-defined
operator has a transition kernel, i.e.,

Tou(q) = /Qk(q,y)U(y) Qly) dy.

The kernel can be written as:

Ha9) = 5oz O Plo) [det Do), (39)

where the sum runs over the disjoint subsets of M (g), and we used the sim-
plifications introduced in Remark 4.2, i.e., v, denotes all different branches on
yq(M(q)). In order to guarantee that the summation in (38) is well-defined, we
introduce the following simplification:

DEFINITION 4.4 Let n{g) denote the number of disjoint subsets in M (¢), where
n{q) = oo whenever M (q) contains infinitely many disjoint subsets. For every
family of sets M(g) define Nas = sup,cq n(q).

It is obvious that, if the flow is momentum-invertible, it is always possible
to choose the sets M (¢) such that each M (g) contains at most a given number
of disjoint subsets2® so that Ay < oc. This suggests to make the following

ASSUMPTION 4.5 In the following, we mostly suppose that the sets M(q) are
chosen such that Ny < oo. This simplifies some arguments drastically but does
not change anything cruciolly. Whenever the case Ny = oo is considered, we
suppose that every M (q) contains at most countably many disjoint subsets.

REMARK 4.6 The reader might notice that we may choose specific sets M(q)
without loss of generality, as long as we are only interested in qualitative proper-
ties of the full transition operator T', because, in this case, some freedom is left
concerning the selection of the decomposition T' = T} + T induced by the M (q).
For example, in order to show that T is quasi-compact, it suffices to prove the
existence of some family M (q) that leads to a compact T with the property
that Ty = T — T3 is a strict contraction (thus, we are free to show this under
the side-condition Ay < oo, cf. Sec. 4.2). We are not necessarily interested in
the “maximal” family of sets M (g).

25The conditions 1 and 2 from Def. 4.1 remain intact, only the value of 7 may change.
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REMARK 4.7 The kernel k is an L'-function, i.e., it is k¥ € L1(Q x Q), since

//k(q,y)Q(y)Q(Q) dydg = / P(p)dpQ(q)dg < 1.
QJq QJM(q)

As another direct consequence of the definition, we find that

/Qk(q, y) Qly)dy = P(p) dp.

M(q)

=77(q)

That is, (q) is the probability with which ¢ is accessible via ®7 in the canonical
ensemble (relative to the position density Q). Thus, the constant from Def. 4.1,

= ess-inf = ess-inf P(p) d
n = essinfyg) = essir o) (p) dp,
may be interpreted as the minimal accessibility via ®7 in the canonical ensemble
(with respect to the sets M (q)).

The two parts T7 and 75 of the decomposition T = T7+T5 are linear bounded
operators on the LFP-gpaces:

LEMMA 4.8 Let the flow ®7 be momentum-invertible. Then, the transition op-
erators Ty and Ty = T — Ty are bounded operators T : LP(Q) — LP(Q) for
j = 1,2 and p = 1,2. Moreover, in L?(X2), the operator norm of Ty satisfies
|71l < 1, i.e., more precisely,

ITiullz < &llulls, Yue L*(Q), withk = /1—75 < 1,
where 1 > 0 is the constant from Def. 4.1.

REMARK 4.9 In Lemma 4.8, the stated property of 7} depends on the specific
sets M (g) which were selected from all the possible sets with respect to which
the flow ®7 is momentum-invertible. The reader should be aware that, now and
in the following, statements like that of Lemma 4.8 should always be understood
in this sense “relative to the specific sets M (q)”.

Proof of Lemma 4.8:  Clearly, the assertions for T3 follow from those for 73
and the properties of T itself. The operator T has the representation

Tru(g) = /'uw@”@mwwmn
RN M(q)

which immediately implies the assertion for L!(2). In order to establish the
asserted bound in L*(Q), consider the measurable function g : T' — {0,1}
defined by g(g,p) = 1 — Xar(q)(p) and its integral

10 = [ senP@d=[  Pe®

R\ M (q)
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for which the normalization [, P (p) dp =1 and condition 2 of the momentum-
invertibility implies that

ess-supy(q) = 1 — ess-inf / Pp)dp=1-n< 1. (39)
qEQ qe
M(q)

In close analogy to the proof of Lemma 3.9, the following estimate results from
using the Cauchy-Schwarz inequality in the Hilbert space L% = {w : R? — C:
Jra lw(®)[*P(p) dp < oo} for the inner integration:

[ 2
il = [ | [ st@pu@s @) Pod ] Q(q) dg
< [ [ senr@ap- [ |ume @)l Pe)d| e
o |J/re . JRre
B =7(q)
< ess-supy(q) - [lull3.
qeQ
Together with (39), this yields the assertion. I

Let us now check what is needed to establish a similar bound for T} in the
L'-space. Obviously,

[ Tyullx

IA

L ume @) Po) e ) da
Q@ JRAM(q)
Il ~ Il

where we have equality in the first line if u is nonnegative. Hence, for proving
[|Tiu||1 < 1, we have to show that there is a & > 0 such that ||Thul|; > & for all
densities u € D(f2). But for these u € D(Q):

Toulls /Q /M( (8 (0:9) P) Q) dpdy

= /Iu(m(I)’Tx) folz)dz = /TIU(m&?) fo(z) dz,

where 7 is the set introduced in Def. 4.1. We thus define new momenta subsets

M (q) such that
T = {(g,p) €T: g€ 9, pe M(g)}, (40)

which, inserted into the equation above, yields the required bound:

| Toully > ess-inf P(p) dp.
€2 Ji1(e)
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Hence, one observes that the condition for ||Ty||1 < 1 requires an analogy to our
condition (35) (which implies ||T1]|2 < 1 as we have already observed). Now, the
condition concerns the finel momenta of trajectories starting in the accessible
phase space 7, instead of the initial momenta in (35).

PROPOSITION 4.10 T4 : LY(Q) — LY(Q) is bounded by ||Ty||1 < 1 — 7 with

where the sets M(q) are given by (40).

Merging the above construction with the strategy of the proof of Lemma 4.3,
we end up with

PROPOSITION 4.11 Let the flow be smooth and momentum-invertible with ac-
cessible phase space T and suppose that the position space 0 is compact. Assume
that for every y € Q there is some (¢,p) € Z such that y = y,(p). Then, there
is some p > 0 such that ||T1|1 <1 —p.

4.1.2 Symmetric Momentum Invertibility

Let 7 again be the constant from Prop. 4.10. Unfortunately, 77 > 0 is not a
consequence of our condition (35). Because of this, we introduce a stronger
notion of invertibility:

DEFINITION 4.12 The Hamiltonian flow &7 is called symmetrically momentum-
invertible if it is momentum-invertible and if the sets M (q) in Def. 4.1 can be
chosen such that, simultaneously to the two conditions in Def. 4.1, the following
two conditions are satisfied, too. For all g € Q:

1. M(q) is almost everywhere momentum reversible, that is, p € M(¢) <
-p € M(q).

2. If p € M{g) and (y,v) = ® " (q,p) then v € M(y).

REMARK 4.13 Since ®7 is (momentum) reversible, the two conditions imply
that, for p € M(q), also v € M(y) when (y,v) = ®"(¢,p). Hence, if &7 is
symmetrically momentum-invertible:

7 = {97(¢,p): €N, pe M(¢g)}
= {(y,v) =¥ (g,p): y€Qve My} =1,

which directly implies that M (q) = M(q) for almost all ¢ € Q.

Thus, as a consequence of Prop. 4.10:
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PROPOSITION 4.14 If @7 is symmetrically momentum-invertible, then Ty : L*(Q) —
LY (Q) is bounded by ||T1||1 < 1 —n with n given by

Moreover, this kind of momentum-invertibility has other advantages:

LEMMA 4.15 If ®7 is symmetrically momentum-invertible, then the transition
operator Ty : L2(Q) — L*(Q) is self-adjoint.?®

Proof:  Since the step-functions are dense in L?(f2), it is sufficient to prove

(Toxs, xo) = {xB,T2Xx0),

for the characteristic functions of two arbitrary measurable sets B, C' C Q2. For
notational convenience, let us introduce for every subsets A C (2:

Z(A) = {(¢,p) €T: g€ A,pe M(¢g)} CT.

Following the same strategy as in the proof of Lemma 3.10, we find, by exploiting
the reversibility of &7 and the invariances of fp, that:

@EDM)=QLEM@@T@M@M=AWMWMNW@MMW

/ xrc)(®7z) fo(z) dz = / Xrz(B)(® ") fo(z)dx
RI(B) ()

/ Jo(z) dz.
T(C)n®™ RI(B)

But we also have

HMMd=Ammm¢Wh@M=/ fola) dz.

I(C)N®"T(B)
Hence, the assertion is proved if
N(CYN®"RI(B) =Z(C)N®"T(B).

In order to finally see this, we exploit conditions 1 and 2 of Def. 4.12 and
Rmk. 4.13:

Z(C)N®'T(B) = {{gp): ¢€C, m® "(¢,p) € B,pe M(q)}
= {(g:;p): ¢€C, (y,v) =2 "(g,p),y € B,ve M(y)}
= ICYN{® (y,v): y€ B,ve M(y)}

()
= T(C)N&®"I(B) = I(C) N " RI(B).
0

26That is, T> is self-adjoint if the sets M(q), with respect to which T» is defined, satisfy the
conditions for symmetric momentum-invertibility. Cf. Rmk. 4.9.
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REMARK 4.16 Self-adjointness of T5 implies the symmetry of the kernel:%
Ts self-adjoint =  k(g,¥) = k(y,q) almost everywhere in Q x Q. (41)

This observation allows a symmetric interpretation of the minimal accessibility
of the system (cf. Rmk. 4.7). In other words: we no more have to distinguish
between transitions to and {rom g. Let us introduce the set .A(g) of all positions
4 which are accessible from ¢ via & 7:

Alg) = {y € Q, thereisp € M(q) s.t. y =y,(p)} = y,(M(q)), (42)

which now is also the set of all positions y which are accessible from ¢ via 7.
In particular, the symmetry of £ yields

y€Alg) & g€ Ay).

4.1.3 Illustrative Example

Consider the Hamiltonian system H(g,p) = p*/2 + V(q) with the smooth, pe-
riodic potential (cf. Fig. 11)

1 — (g+2)?/2, for —2<qg< -1
Vig) = q?/2, for —1<¢g<1 with V(g) = V(g +4).
1-(¢g-2)?/2, for 1<q<2

0.8 a 0
-05
04
-1
02 -15
-2
0
=5 0 5 -2 -15 -1 05 0 05 1 15 2
q q

Figure 11: Left: Periodic potential V' of (43). The shaded domain is the periodicity cell .
Right: Phase portrait of the flow tI)ET for total energies E = 0.4/0.9/1.0/2.5. The thin vector
lines indicate that the end points of the curves for F = 2.5 are connected via the periodicity
map £. Along the flow ®~7 the curves are circled clockwise.

2714 is easy to see that the adjoint of T, may be represented as Tyu(g) =
Sk, Qu(y)Qy)dy, cf. [113], Chap. VIL If we define Tou(q) = [q k(g y)u(y)dy, the

kernel k is not directly symmetric but satisfies the well-known detailed balance condition:
Qg)k(¢,y) = Qk(y. @)
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q=0 4=0.9 =15

-1.5 -1 -05 0 0.5 1 15 =15 -1 -0.5 0 05 1 1.5 -1 -0.5 0 05 1
P P P

Figure 12: The function y, for different g for the system with potential (43), i.e., yq(p) =
w1®~7(g,p) for ¢ = 0/0.9/1.5 versus momentum p.

Let ® : R2 — R? be the associated flow. We restrict our description to
the periodicity cell & = [-2,2], i.e., we define the flow @Z due to (22) via the
periodicity map £ and the transition operator acting on functions v : @ — C
due to (23) via

Tu(g) = /Ru (WlégT(q,p)) P(p)dp, forgqeq. (44)

Let us choose 7 = 27. Then, we immediately observe that, for the harmonic
part of the potential and low energy, @gf is the identity. More precisely

ge€[-L1,[pl<vV1-¢* = &;7(¢,p) = (¢,p)

One also finds?® that sufficient kinetic energy guarantees invertibility of y,(-) =
7r1<I>gT(q, )), i.e., for every ¢ € Q:

1
§p2 >1 = detDy,(p) # 0.

Thus, @] is symmetrically momentum-invertible with M(q) = {p : p’/2 >
1}. But we also observe that, particularly for |¢| > 1, the function y, is also
invertible for some momenta with p?/2 < 1 (cf. Fig. 12). This nicely illustrates,
that there is a significant freedom in the choice of the sets M (g), and that it
is a remarkable problem to identify “maximal” sets M (g) such that the flow is
(symmetrically) momentum-invertible.

Worst Case Scenario Let us go to the extreme of this example and consider
the Hamiltonian H(g,p) = p?/2 + V(g) with the potential V(¢) = ¢*/2 for
lg| < 1 as a 2-periodic function, i.e., with V(g + 2) = V(g).?° We again take
7 = 27, define the transition operator by equation (44) via the periodic flow
®7, and denote y,(-) = &, "(g,") (cf. Fig. 13). The flow is again symmetrically
momentum invertible, now, e.g., with

M(g) ={peR: Higp)>1/2} ={peR: |p| > V1-¢*}
28 Compare Sec. 4.7 for more details.

29Within the limited scope of this example, the discontinuity of the force DV does not
matter.
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with associated minimal accessibility
o
n=2 / P(p) dp.
1

But this time, p ¢ M(q) implies @gT(q,p) = (g,p), so that the sets M(q) are
“maximal”. For the associated operator 77 this yields

Tu@ = [ wm® @n) PO = 10 ulo),
lp|<y/1—¢%

with v(¢q) = flpl < JIF P(p)dp. That is, T} is a multiplication operator. Due
to Thm. B.41 and Thm. B.41, its spectrum is given by

o(T1) = 0..(T1) = Ran(y) = [0,1-1],

i.e., the spectrum of T} contains no discrete part.

Explicit computations show that the Jacobian Duv, is uniformly bounded
in ¢ and y (cf. Fig. 13). The sums in the definition (38) of the kernel k
contain infinitely many terms but come out to be also uniformly bounded in
g and 4.3° Moreover, the weight factor Q(y)~! is bounded since inf 1,19 =
exp(—08/2)/ 2, > 0. Thus, k is bounded. We will see in the subsequent sections
that this implies that the associated operator Tp, = T — T is compact,®! so that,
due to Thm. B.43, the essential spectrum of the full transition operator 7T is
identical to that of Ty. This illustrates that, in the “worst case”, the (maximal)
minimal accessibility 1 describes the spectral gap between the essential spectrum
of T and the dominant eigenvalue A = 1.

Yq Dyq

.8 1 1.2 14 1.6 18 1 1.2 14 1.6 1.8 =1 -05 0
P P y

Figure 13: Worst case scenario: Functions yq = 44(p), Dye = Dyq(p), and Dvg = Dug(y)

for ¢ = 0.6 and p > +/1 — ¢2. Observe that Dy, is bounded and the branches of Dy, for
increasing momenta in y, converge to —27 = —7 so that Dvg converges to —1/7.

05 1

30The Jacobian is uniformly bounded and the sequence of the possible values of vq(y) is
asymptotically equidistributed so that the decay properties of P together with the majorant
criterion yield a uniform bound.

31Compare Prop. 4.17.
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4.2 Compactness in L?

Let us assume all over this subsection that ®7 is momentum-invertible so that
the transition kernel of T3 is given by (38). Now, we want to collect useful
criteria guaranteeing compactness of Ty in L?(1).

To this end, we will exploit that T5 is a Hilbert-Schmidt operator (and, thus,
compact) in L*() if and only if its kernel satisfies k € L?(Q x Q),22, i.e., if and
only if

I(k) = /Q /Q k(a,9)* Qy) Q(q) dydg < oo. (15)

As a first observation, the boundedness of the kernel is enough to guarantee
compactness of Ty, since k € L>®(Q x Q) implies k € L?(Q x Q) (cf. Prop. A.1).
Thus, we note that

PROPOSITION 4.17 The transition operator Ts : L*>(Q) — L2(Q) is a Hilbert-
Schmidt operator, and thus compact, if its kernel k is bounded, i.e., there is a
C < ¢ such that

ess-sup k(q,y) = C.
7,y€Q

This criterion suffices in many situations, particularly if the position space
2 is bounded (cf. the worst case scenario in Sec. 4.1.3). But we can easily find
weaker criteria:

Bounded Position Space If Q is bounded, we have inf,co Q(g) > 0. Due
to Ass. 4.5 the sums in (38) defining k contain at most Ay < oo terms. Thus,
k is bounded, if only the Jacobian det Dv, is uniformly bounded:

PROPOSITION 4.18 Let Q be bounded and assume that the sets M (q) are chosen
such that Ny < oo and the Jacobian det D, is uniformly bounded, i.e., there
is a C' > 0 such that for almost every q € Q1:

|det Dug(y,(p))| < C,  for all p € M(q). (16)

Then, Ts is a Hilbert-Schmidt operator.

REMARK 4.19 The uniform boundedness of the Jacobian det Dv, will also be of
importance for other considerations. Therefore, let us call the flow ®7 (symmet-
rically) momentum invertible with uniform bound, if the sets M (¢) can be chosen
such that the above condition (46) is satisfied together with the conditions for
(symmetric) momentum invertibility.

32Compare Thm. B.47 and Prop. B.46 in Appendix B.
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REMARK 4.20 Whenever Ny = oo in the sense of Ass. 4.5, we need some
additional condition on the convergence of the sum in (38) in order to prove
that & is bounded. The following condition is sufficient: Let the disjoint subsets
of M(q) be denoted by M;(g), | € N, and the different branches of the functions
y, and v, on these sets by yfl and ’Ufl. Moreover, suppose that the flow is
momentum-invertible with uniform bound. Then, there must be some C > 0
such that

> P(hw) < O unifornly for all ¢,y € 2.
yeyl (Mi(q))

This condition is valid, for example, if vfl (y) asymptotically increases like some
power of [ (as it is the case for periodic potentials, see Rmk. 4.48).

Unbounded Position Space If Q is unbounded, we cannot hope (to show)
that k is bounded or that a condition as simple as in Prop. 4.18 can be valid.
Thus, we need an alternative criterion for k € L?(Q2 x Q). Since we will consider
the case of unbounded 2 in Sec. 4.6 again, we may herein restrict the presenta-
tion to the following result which exploits particular properties of the canonical
density. In order to derive this result we have to introduce some notation:

Let us denote the disjoint subsets of M (q) by M;(q), 1 € {1,... ,Nar}, and
the corresponding branches of the functions y, and v, by yfl and Ufl. Some y € Q2
may be accessible via different branches of y,. Therefore, introduce the index
set I(g,p) = {j: ¥, (p) € y}(M;(q))}. For j € Ii(g,p), the position y = y,(p)
is accessible from ¢ via the branch y7 with initial momentum vJ (y). Taking this
branch, we arrive at y = y! (p) with final momentum

(g, p) = m® 7 (¢, (yy(®)) - (47)

The distribution of these final momenta influences whether T3 is Hilbert-Schmidt
or not:

LEMMA 4.21 Suppose that the flow is momentum invertible with uniform bound.
Then, the transition operator Ty : L?(Q) — L*(Q) is a Hilbert-Schmidt operator
if the following integrability condition is satisfied:

Ny

/Q Z/ Z P qu7 dp dg < oo, (18)

l:]'Mz(q) J€Ii(q,p)

where the functions v are given by ({7).

Proof: Inserting the definition (38) of the kernel k into the condition I(k) < oo
from (45) yields

NM J
//Q P(vyy )P(U‘l(y)) |det Dl (y) det Dl ()| Q(g) dy dg < oo.
l,j=1
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Applying the transfomations y *} Yq(j>) and using the boundedness of the
Jacobians tansfoms results in the following stonge condition:

205k £ nv(y(p))dp  Q(g)dg < @

The flowinvaiance of the canonical density fog,p) = Qigtip) leads to

QE@V(VWM(p)) = Q{P)NV'(aP))

Inseting this into (49) finally yields the assetion. D

In oder to edlizethat this condition is satisfied, it is, e.q., sufficient to show
that \'vgp)\ — oofo q— oo fast enough for every fixed momentum p and
every pair of indices for which it is defined. Fo an illustation of the usefulness
of Lemma 4.21, conside the following

EXAMPLE 4.22 Let us conside the one-dimensional harmonic oscillator, i.e.
H@@p) = (@ +p)/2 in T = M% Choose r such that sin(r) ~ 0. Then, the
associated flow is symmetrically momentum-invetible with M(q) = (and,
thus MM ) and

(p) = ~cos(r) — psin(r)  implying det£h| = ., ,| <

Thus, condition (48) of Lemma 4.21 is satisfied, because 7r<I>~"(e/p) = pcos(r) +
gsin(r) increases linearly with g. Consequently, the tansition opeato T =
isaHilbtSchmidt operato in this case

Essential Spectral Radius Suppose that our partial transition operato

is a Hilbert-Schmidt operator and, thus, compact. Moreover, let T\ = T— be
a strict contraction in L%Q), i.e., let thee be some K < 1 such that ||Ti||, < K.
Then, the essential spectrum of the full tansition operator T is bounded away
from one.*®* We have just observed that Xi satisfies this condition, if only the
flow is momentum-invertible (Lemma 4.8), and that, in this case, the opeato
norm of T+ can be estimated via the minimal accessibility r\ > 0 due to |[Ti|; <
\/l — 1]- That is, the ssential spectral radiusr, {T) isstictly smalle than one
and can be estimated via the minimal accessiility:

rT) = max A< —n
Ae<re(T) -

We, thus, e interested in sets M(g) C M.? for which the associated opeato
isaHiltSchmidt opeato and the minimal accessibility

essinf V(p) dp
A ()
33Compare Thms. B.4 and B.35in A p p x B. It should be noticed that, for t  appli-
cation of Thm. B.43,it i not necessary that is self-adjoint: The essential spectum of T i

realvalued and bounded by |[T whether T is selfadjoint or not



