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Abstract

This article proposes a new approach to non-gaussian component analysis
(NGCA). NGCA is already in use in high dimensional data analysis. It
identifies non-gaussian components in the data as a preprocessing step for
efficient information processing and is essentially based on Independent
Component Analysis (ICA) and Principle Component Analysis (PCA).
Instead we suggest an iterative and structure adaptive approach to
non-gaussian component analysis (SNGCA) which is based on iterative
convex projection. As an alternative to the use of principle components,
SNGCA uses a statistical procedure which combines the computation of
the Lowner-John ellipsoid and statistical tests for normality as a tool for
reducing the dimension of the data space.
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1 Introduction

Today many mathematical applications in econometrics or biology are con-
fronted with high dimensional data. Such data sets present new challenges in
data analysis, since often the data have dimensionality ranging from hundreds
to hundreds of thousands of components. On the one hand this means an
exponential increase of the computational burden for many methods. On the
other hand the sparsity of the data in high dimensions entails that data thin
out in the local neighborhood of a given point = . Hence statistical methods
are not reliable in high dimensions [32] if the sample size remains of the same
order. This problem is usually referred to as ”curse of dimensionality” [10]. The
standard approach to deal with the high dimensional data is based of one or an-
other structural assumption which allows to reduce the complexity or intrinsic
dimension of the data without significant loss of statistical information [22], [20].

In order to illustrate this task we consider a certain phenomenon governed
by m € N stochastically independent variables. In measurements the observ-
able of this phenomenon will actually appear in R? with m < d,d € N. The
additional degrees of freedom may stem from the influence of a variety of uncon-
trolled components for instance noise, imperfection in the measurement system
or the addition of irrelevant observable. In that sense m can be considered as
the intrinsic dimension of a phenomenon. From a geometrical point of view m
is the dimension of a manifold that approximately contains the structure of the
sample data. Consequently a lower dimensional, compact representation that
according to some criterion, captures the interesting information in the original
data, is sought. If the perturbations do not mask the original model, dimen-
sion reduction techniques may be appropriate for understanding the underlying
phenomena of interest [8]. This is illustrated in figure 1.1.
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Figure 1.1: basic idea of dimension reduction

The problem of dimension reduction typically decomposes into two tasks:
First one has to determine elements from the target space. Second, one has
to construct a basis of the target space from these elements. Concerning both
tasks the structure adaptive approach of SNGCA, presented in this article, is
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an unsupervised, completely data driven, linear method. We will not assume
any apriori knowledge about the density p(z) of the original data or about
the spatial distribution of the informative data lying on the manifold in focus.
Moreover we will demonstrate in section (5.1) that SNGCA does not depend on
a special difference in the magnitude of the second moments of Gaussian noise
and informative data components. In the following sections we will see, that
all these are advantages of SNGCA wrt. other dimension reduction methods
e.g. Principal Component Analysis [14], Independent Component Analysis [12]
or Singular Spectrum Analysis [9].

In this paper we assume that we have a sample of metric data actually lying
approximately on a m < d dimensional linear manifold Z C R? of the finite
dimensional Euclidean space. In order to reduce the dimensionality of the data
it is sought to find a mapping from the original data space onto this manifold.

The article is organized as follows. Section 2 describes the considered set-up
while Section 3 explains the main ideas and steps of the proposed approach.
The formal description of the algorithm is given in Section 4. In Section 5 we
will demonstrate the features of the algorithm and its behavior by means of
some artificial test examples. Moreover we compare the results of SNGCA with
that of FastICA, which is an implementation of the Independent Component
Analysis (ICA) or Projection Pursuit (PP) method [12]. The performance of the
procedure is demonstrated by the analysis of data sets, obtained from simula-
tions of some realistic examples. In the appendix we present a short theoretical
study of some features of the SNGCA.

2 Theoretical Framework

We will now give a formal representation of the idea of low-dimensional infor-
mative data embedded in a high-dimensional noise and a short sketch of the
features of SNGCA. To this end, let us assume that we have N metric data
in R?, given by a set of independent and identically distributed (i.i.d) random
variables {X;}¥, € R?. Let X denote the space of the data. Furthermore we
assume, that these random variables are distributed according to an unknown
density p(z).

2.1 General setting of the method

In this section we specify the considered model and the problem on focus.

Semi-parametric framework: According to the very popular parametric
approach the density function p(x) belongs to a parametric family F =
{po(x)} where 6 is an finite dimensional parameter which uniquely identifies
p(x). Then an algorithmic procedure to find a reliable value for an estimator
0 of 0 has to be applied to the data. However the execution time to evalu-
ate a multivariate density typically has an exponential growth in the number
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of dimensions [25]. Another drawback of parametric modelling is the require-
ment that both the structural model and the error distribution have to be
correctly specified. In order to avoid these drawbacks, we apply a more flexible
semi-parametric approach. More precisely, we combine a parametric form for
most of components of the data generating process with weak non-parametric
restrictions on the remainder of the data density.

Non-informative Gaussian components: As well as in NGCA [27] it is
assumed here, that the structure of a data set is represented by non-Gaussian
components of its density p(z). The Gaussian components of p(z) are con-
sidered as entropy maximizing and consequently as non-informative noise [4].
It is well known that for many high-dimensional clouds of points, most low-
dimensional projections are approximately gaussian [5]. However, important
structure in the data set is often contained in a linear subspace which is the
affine hull of directions whose one-dimensional projected distribution is far from
normality. Note that the suggested way of treating the Gaussian distribution as
a noise exclude the use of the classical Principle Component Analysis (PCA)
for searching the informative components because PCA heavily relies on the
Gaussian distribution of the data and it looks at the directions with the largest
variance.

NGCA against ICA: Another popular way of reducing the complexity
of the model is the so called Independent Component Analysis (ICA). The
basic assumption behind this method is that the whole distribution can be
decomposed as a product of univariate ones. For identifiability reason all of
them out of maybe one should be non-Gaussian. Every non-Gaussian direction
can be identified by a local optimization over linear projection directions wrt.
some characteristic which quantifies a certain deviation from normality [25].
Popular examples are curtosis or negentropy, [12]. The methodological problem
with the ICA approach is the unrealistic product structure of the whole
distribution and the requirement of non-Gaussianity for all the components.

In comparison, NGCA [27] and proposed here SNGCA allow for cross-
dependence of the non-Gaussian components and for presence of a full dimen-
sional Gaussian part (noise). The only important assumption for the SNGCA
approach is that the non-Gaussian part is low dimensional, otherwise no dimen-
sionality reduction will be produced. Correspondingly, the target of the NGCA
is to 7kill the noise” rather than to describe the whole distribution. Projecting
the data onto a low-dimensional subspace means that the orthogonal comple-
ment to this subspace only contains a non-informative noise.

2.2 Semi-parametric framework

We will now introduce a semi-parametric framework, that allows to estimate
the target space Z as well as to determine the intrinsic dimension of 7.



8 SNGCA procedure 5

The realization of this search for non-Gaussian components depends on a
semi-parametric framework already presented in [27]. According to the semi-
parametric framework, we assume the following stationary data model. Let
Xi,..., Xy € R? be ii.d. random observable, distributed according to a struc-
tured density of the following form:

p(a) = ¢ux(x)q(T). (2.1)

Here ¢, 5 denotes the density of the multivariate normal distribution N (p, ¥)
with expectation p € R? and covariance matrix ¥ € R%¥?. The function
¢:R™ — R with m < d has to be nonlinear and smooth. 7 : R — R™ is an
unknown linear operator with

T = Ker(T)* = range(T"). (2.2)

(2.1) is not a unique representation. However the m-dimensional linear sub-
space Z C R is uniquely defined by (2.2). Z contains the non-Gaussian dis-
tributed data and is called the non-Gaussian subspace. By analogy with the
regression case [3, 19, 18], we may call Z the effective dimension reduction
space (EDR-space) alternatively. We call m the effective or intrinsic dimen-
sion of the data. In many applications m is unknown and has to be recovered
from the data. Furthermore the semi-parametric assumption (2.1) can be re-
garded as the distribution of the low dimensional signal Z corrupted by a full
dimensional Gaussian noise ey :

X =7Z+e¢epn.

The next section motivates and describes the main steps of the proposed
SNGCA method.

3 SNGCA procedure

For simplicity we assume below that the mean of the data is zero. This is easily
achieved by removing the empirical mean from the data. In the sequel with
E[X] we denote the expectation in X and Ey|[| denotes the empirical mean,
i.e. for any function f(z) on R? we set

Next we will explain how elements § € Z can be estimated from the data
without estimating the parameters p, ¥ and ¢ of p in (2.1).

3.1 Estimation of the vectors from non-Gaussian subspace

The whole approach of SNGCA is essentially based on the following theorem.
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Theorem 1. Let X follow the distribution with the density p(x) according to
(2.1) and let E[X] = 0. Suppose that ¢ € C* (R, R) is a function' fulfilling
the condition

V() = E[Xy(X)] =0, (3.3)
Define

B) = Eq [Var(X)] = / V() plz) de, (3.4)

where Vz1p means the gradient of 1 in x. Then () belongs to I . Moreover
if (3.3) is not fulfilled, then there is a 3 € T such that

18(¢) = Bll2 <€

where € is the uniform error bound:

€= HZ_l /m/)(x)p@) dtz. (3.5)

Hence the distance between (3(1)) and the non-Gaussian subspace I is uni-
formly bounded as given by (3.5).

Equivalently one can state the result (3.5) in the form

[(1a —Hz)B(W)[]2 <€

where 1, is the unit operator and IIz is the orthogonal projector on Z in
R?. The proof of this theorem is given in the appendix.

The basic idea of the estimation procedure is the algorithmic realization of
(3.4) and (3.3) in Theorem 1. To fulfill (3.3), it was already suggested in [27]
to start from some smooth function h(z) and to build t¥(z) in the form
Y(x) = h(z) —a'z from the data where the vector «a is selected to provide the
condition En[X¢(X)] = 0. A problem with this approach is that it requires
to operate with the empirical covariance matrix which can be a hard numerical
and analytical problem in the case of a big dimension d.

In this article we apply a slightly different approach: Theorem 1 relies on the
vectors y(v) and ((¢)) which in turn depend on the unknown density p.

However, both vectors are integrals w.r.t. p. Therefore, they can be easily
estimated from the data by using their empirical counterparts:

@) = En[Xy(X 1ZX¢

By) = EnVH(X 12%

!We assume here, that CP(R™,R™) is the normed space of functions f: R™ — R™ which
are p -times continuous differentiable.
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To this end we will construct ¥ (z) as a convex combination of smooth functions
from the data. Let {w;}Z, be a given set of unit vectors w; € R?. Then define

Uhe Z ¢ by, (z (3.6)

where the vector of coefficients ¢ = {¢;}2, fulfills ||¢[; < 1. Moreover we chose
h, € CYH(R? x RY R) of the form

he(z) = h(wTa:)e*)‘Hx”Qﬂ.
where w € R? is a unit vector and A > 0. The function h € C1!(R,R) should
be informative wrt. non-Gaussian components. For example the non-Gaussian-
Gaussian distinction can be exploited using the higher moments of the data
distribution. The multiplier e~ *=I?/2 ensures that hy(z) is bounded and
integrable w.r.t. the density p over the whole space R?.
Now let h' denote the derivative of h and let us define

1= B{Vohy (X)} = E{wl/ (0] X)e M2 = AXh, (X))}

Then using definition (3.6) this yields
L
B(n,e) = chE{wm X))} =" - (3.7)
=1
Similarly with ~,, := E{Xhe, (X)}

L
Y(Phe) = ZCZE{XM X)} = ch Yoy - (3.8)
=1

The data counterpart of these expressions playing the central role in the algo-
rithm of SNGCA is given by

1 N
Yo = En{Xhy(X) NZ}
Mo, = EN{Vhy(X)} =w— Zh’ w Xi) — M,

L L

~ R 1 ~

Btne) = Y cifly = N quz Zhl(wlTXi) —A> ad (3.9)
I=1 =1 i=1 =1

We will describe in the next section how to determine the coefficients {¢;}&
by means of a convex projection approach.
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Choice of h: One may consider different parameter-dependent families of
symmetric and non-symmetric, smooth functions h. For the numerical simula-
tions later shown in this article, we use the families

h(t) = tanh(t) (hyperbolic tangent)
h(t) = (1+t3)texp(t) (asymmetric Gauss).

Choice of the directions w: The choice of these directions is crucial to
the algorithm because the estimated vectors ( are searched as aggregations of
the vectors w;. We use a Monte-Carlo or quasi Monte-Carlo sampling from the
uniform distribution U(x) for w;. Due to the sparsity of high dimensional data
this step becomes more and more computationally expensive with increasing
number of dimensions.

3.2 Convex projection

The approach described in the last section may lead to the following implemen-
tation of (3.4) and (3.3): with given vectors ws,...,wr , compute 4; and 7; for
all [ and consider the convex combinations B =Y ;¢ under the constraint
Y1 = 0. The vector B is informative if its length is larger in order than
the accuracy of approximation €. So, one may try to maximize the length of B
over the £1-ball [[c[; <1 under the constraint ), ¢, = 0. But this method
is not appropriate by two reasons: first, such a problem of maximization a
convex function over a convex set cannot be solved by a computation cheap
interior point method. Second, such a way focus on the major non-Gaussian
direction(s) and discards the less pronounced directions.

However a well known result from the empirical process theory claims that
7. approximates the unknown vector 7, with the accuracy of order N—1/2,
Moreover, this result can be stated uniformly over all w from the unit ball
By in R?, see Theorem 4 in the appendix. The same holds for the differences
7w — 1w - The use of convex combinations 1 (z) = >, h(w, x) allows to extend
this accuracy of approximation e on the difference B(wh,c) — B(¥n,) . This
motives an alternative method to compute the empirical counterpart of 5(v, )
in (betaestim), called convex projection: For a given direction £ consider an
optimization problem

L L
min H§ - ch 771H2 subject to ch 4 = 0. (3.10)
flelli<1 = 2 =

Note that under the latter constraint, the sum ), ¢; 7 is a convex combination
of the vectors wy, see (3.9). Moreover, it is well known [6, 7], [29, 34] that
such a convex optimization realizes a numerical stable, continuous shrinkage
technique and thus leads to a sparse solution in which only few coefficients ¢
are different from zero. Consequently (3.10) suppresses directions w; which are
uninformative about Z. However it is a limitation of SNGCA that in the first
iteration k =1 of SNGCA, ¢ is randomly chosen from U(x).
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In Theorem 2 from the appendix it is shown that the convexity condition
Y c <1 leads to the claims that there is a value ¢ = /C1/N for a fixed
constant () and a random set A, of a dominating probability such that
(14 — II7) 3 ll2 < e, for all such constructed vectors 3. Consequently the idea
of the procedure is to repeat this construction for different combinations of
& wi,...,wr leading to a family of estimated vectors (. Each of this vectors
belong to the target space Z up to an estimation error &,. Then the subspace
Z can be recover from the set of §’s.

Obviously (3.10) is a non-smooth optimization problem. Since we are only in-
terested in the directions 3 an equivalent but smooth and convex version of
(3.10) is given by

L L
2
. J’_/\ —_—
arg min — c + c H
C%C+ Hf Zlm 217712
, =1 =1
L
such that Z:(clJr —¢ ) <1,
=1

L
Z _Cl 71:07

=1
Ogcl ,Cp -

The estimation procedure of elements from the target space described here
solves only this smooth problem. In the next section we will describe how
SNGCA aims to solve the remaining task of dimension reduction, the recon-
struction of a low dimensional linear subspace from the set of {/; }3]:1

3.3 Reduction of dimensionality

The first step of the SNGCA procedure consists in estimating the set of vectors
Bj, j=1,...,J. The basic property of these vectors is given by Theorem 2
of the appendix: with a dominating probability ||(14 — H_’[)BHQ < ¢ for some
small €. The next important step of the SNGCA procedure is to recover the
subspace Z from the estimated vectors ;. This problem is a special case of
the so called Reduced Rank Regression (RRR) problem.

PCA solution: A standard and popular solution of the RRR problem is given
by minimizing the sum of orthogonal complements Z;-Izl |(1q — 1I7)3;|3 over
all projectors Il7 of a given rank m, i.e.

J

;= argnmin > (1 —Ti7) 35113
A j:1

s.t. rank(Ilz) = m.
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The solution of this problem is known as PCA solution and 1‘5 is glven by the
span < . > of the first m eigenvectors of the matrix D= Z i1 ﬂ]

7= <ﬁrst m eigenvectors of 15>

Let 3; be the vectors from 7 such that HBJ — Bjll2 < €. The closeness of the
subspace Z and its estimate Z can be measured by the error function

E(Z,7) = |1z — Izl[Fg (3.11)
where || - ||prop is the Frobenius norm.

However consider the matrix D = Z}'le ﬁjﬁ;. This matrix is of the rank
m(D) < m. Simple algebra yields

ID - D|j3 = tr(D - D)?

Therefore, the matrix D can be well identified if its first m** eigenvalues fulfill
the condition

An(D) > Je2.

This condition is easily verified if some significant fraction of the vectors g;
are significant (informative) in the sense ||3;||2 > & with some fixed x > 0.
However, if the most of vectors 3; are non-informative, the PCA solution is
very volatile. Moreover the larger is the number of non-informative vectors the
worse is the quality of recovering the subspace Z. This drawback requires to
consider more robust estimates of 7.

”Rounding ellipsoid” solution: Another way of recovering the subspace
7 is given by the "rounding ellipsoid” idea. Consider the symmetrized set of
estimators §; with j=1,...,J:

S:= {BM_B\DB\?’_B?"“}' (312)

In the direction orthogonal to the linear subspace 7, this set expanded only
with the distance not larger than e while the for the direction within Z we
expect some informative vectors. This leads to the idea of building an ellipsoid
which contains & and hence its convex hull conv(S) and take its m largest
axes for estimating the subspace Z. The problem of computing a minimum
volume enclosing ellipsoid (MVEE) of the symmetrized convex set conv(S)
can be considered as the problem of computing the LOWNER-JOHN ellipsoid:

Theorem 2. (Ezistence and Uniqueness) [13]

For every convex, bounded, centrally symmetric and non-empty set C there is
a unique ellipsoid € of minimum volume that covers C with the center at zero.
Moreover, the following Fritz-John-inequality holds:

d~Y2 MV EE(C) C conv(C) C MVEE(C).
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In the sequel let & /5 denote the v/d-rounding of the MVEE of S . This ellipsoid

is described by a matrix B:
Esq=1{zeR?: | B2y <1} (3.13)

Finding the matrix B is a convex optimization problem. The numerical
algorithm 4.2 to compute B is presented in the next section.

However the numerical results indicate that with growing dimension, the frac-
tion of non-informative vectors (3; increases. Furthermore due to the random
choice of the projected directions £ the length of the informative vectors is no
longer correlated with small values of

~

[(1qg — TI7)B(%) |2

In higher dimensions this leads typically to the situation when some of the
longest semi-major axis of £ ;5 are also non-informative and nearly orthogonal
to Z. Motivated by this observation we propose to identify the semi-axis of &
close to Z using statistical tests on normality.

Identifying the non-Gaussian subspace by statistical tests: Currently
the estimation procedure of the vectors (B(ip.) itself does not allow the
identification of the semi-axis within the target space. Hence the basic idea
is to apply statistical tests on normality wrt. the significance level a to the
original data from R¢ projected on every semi-axis of & va - If the hypothesis
of normality is rejected wrt. the projected data, the corresponding semi-axis is
used as a basis vector for the reduced target space 7 .

Since statistical tests specialized for a certain deviation from the normal distri-
bution, are more powerful, we use different tests inside of SNGCA in order to
cope with different deviations from normality of the projected data. To be more
precise we use the K2 -test according to D’Agostino-Pearson [33] to identify a
significant asymmetry in the projected distribution and the EDF-test accord-
ing to Anderson-Darling [1] with the modification of Stephens [28], which is
sensitive to the tails of the projected distribution. In order to confirm these
test results from above we use the Shapiro-Wilks test [26] based on a regression
strategy in the version given by Royston [23, 24]. Once we have classified the
semi-axis of £ ;5 as being close to the target space we can use the identified
subset of axis in the structural adaption step to be described in the next section.

3.4 Structural adaptation

The quality of recovering the target non-Gaussian subspace Z heavily depends
on the quality of sampling the directions §; and w;. At the beginning of
algorithm, we have no prior information about Z and therefore, sample them
randomly from the uniform law. However, the SNGCA procedure assumes
that the obtained estimated structure Z delivers some information about Z
which can be used for improving the sample mechanism and therefore, the
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final quality of estimation. This leads to the structurally adaptation iterative
procedure [11]: the step of estimating the vectors {ﬁj}jzl and the step of
estimating subspace 7 are iterated, the estimated structural information given
by 7 is used to improve the quality of estimating the vectors (3; in the next
iteration of SNGCA which in turn allows to better estimate the target space 7.

Statistically this structural adaptation idea is justified by Theorem 3 from the
appendix. If the sampling directions {¢; }3-]:1 and {w;}- | are informative then
the corresponding vectors 7, = EVh,, (X) are expected to be informative as
well. This ensures that the vector 8* = ), ¢/ 7 coming out of the ”ideal”
optimization problem:

L
i} = argminll = > erm,
=1

llelli <1
L

subject to Z cav =20
=1

is also informative. The message of Theorem 3 is that in this situation the
estimated vector [ delivers as much information as (* up to a small error
of estimation. So, a successful sampling of the data space X increases the
fraction of informative vectors Bj and hence, the final quality of estimating
the subspace 7.

In our implementation, we sample a fraction of directions {¢; }37:1 and {w}E

due to the previously estimated ellipsoid B and the other part randomly. The
fraction of the randomly selected directions decreases during iteration.

4 Algorithms

This section presents the formal description of the SNGCA algorithm.

4.1 Basic subprocedures of SNGCA

Whitening: As a preprocessing step the SNGCA procedure uses a compo-
nentwise whitening of the data. To this end let o = (01,...04) be the stan-
dard deviations of the data components of x1,...,x4. Then the componentwise
whitening of the data is done by

Y; = diag(0)X;

for i=1,...,N.

Estimation of the vectors from non-Gaussian subspace: Here we re-
peat in more detail the estimation procedure already presented in section (3.1).
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Algorithm 4.1: ESTIMATION(Y, L, J)

comment: linear estimation of [(v)

Sampling: choice of the measurement directions
Estimation:
for j=1to J
for/=1to L

Compute:
i1 = % Zz]il Vthl(YD
Tt = & Lty Yihy (V1)
end loop on [
Convex projection:
Solve ¢ = argminy., < 1€ — S5 ¢ mull3
subject to Zle ¢ty =0
Compute:
B = i En

end loop on j

In the sequel we will call the directions w; and §; the measurement directions.

Reduction of dimensionality: Let us consider again the symmetrized
set S = {Bl, —31,52, —Bg, ...} already defined in (3.12). From theorem 2 we
know that there is a minimum volume ellipsoid &, that covers conv(S). For
a polytope conv(z1,z2,...) of given points z1,z2,... the MVEE and the
maximum volume inscribed ellipsoid (MVIE) are affine invariant. In this case
the computation of the MVEE can be reduced to the computation of the
MVIE [16]. Even though the latter problem can be solved using interior-point-
methods in O(d?log N) iterations, their use is advisable only in the case of a
full-dimensional ellipsoid [30].

However we expect the computation of the MVEE to be numerically bad con-
ditioned. Hence SNGCA uses a regularized version of an algorithm recently
proposed in [21] to compute an approximation of the MVEE. For convenience
we repeat that algorithm here:



14 4.1 Basic subprocedures of SNGCA

Algorithm 4.2: \/E-ROUNDING({@}jzl)

comment: computation of the v/d-rounding of the MVEE

Let 5;‘3* = maxi<j<Jj <§],§l@> and set v; = 5f*d_1 . Let EO be the
inverse empirical covariance matrix of the @ and set t; =

Let ¢ be the index of the loop.

Vi
(6F d=1-1) -

while

if 511-“* < C-d, where 1 < C is a tuning parameter

then stop the loop

( compute the updates:
x; = B;B
else 5 1 (5 £ T
Biy1 = i, (Bi ~ T4, TiT
B 1 E _ _ti A A2
\ 5i+1 1t (51 1+Zz/i <ﬁk*,$z> )

The next algorithm (4.3) reports the pseudocode for constructing a basis of the
target space from the estimated elements:

~

Algorithm 4.3: DIMENSIONREDUCTION(B, «)

comment: discard elements from the basis of eigenvectors of B

Let V be the matrix of eigenvectors v; from B computed
according to algorithm 4.2.

fori=1tod

do Project the data orthogonal on v; .
Compute tests on normality of the projected data.

Discard every eigenvector with associated normal distributed
projected data.

The reduction of the dimensionality described above allows us to restart the
algorithm wrt. to an already identified estimator 7.
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Structural Adaption: In algorithm 4.1 we start with a random initialization
of the non-parametric estimator (3.9) by means of a Monte-Carlo sampling of
the directions wj and &; containing only rough and poor information about
the image of the operator T in (2.1). However we can use the result of the first
iteration 7 = 1 of SNGCA in order to accumulate information about Z in a
sequence fl,fQ, ... of estimators of the target space as described in section 3.4.
The procedure is described in detail in the pseudocode of algorithm 4.4.

Algorithm 4.4: STRUCTUALADAPTION(E, ny,ng,J, L)

comment: structural adaption of the estimation of 3(v,)

Let V be the matrix of eigenvectors ©¥; from B and suppose
that there are already k iterations completed.

For the initialization of iteration k + 1 choose random numbers
Zjdye ey Zjm and up1, ... Uy, from Y q) and set

§ = m 120, for 1<j<n<J
wpi=y ot w0, for 1<i<ng<L

Then define wy_p,,...,wr and &;_p,,...,&; analogous to the
case k = 1. Now compose the sets

k k k k
{wi s wny s wp s wp

for the initialization in the case k = k + 1. Moreover we choose
n1 = kd and no = kd until n; > J —d or ny > L —d. In this case
we set ny =J —d or ng = L —d for every iteration k=k+ 1.

In the sequel we call that part of measurement directions which are chosen by
a Monte-Carlo method the Monte-Carlo-part.

In the next section we will describe, how SNGCA makes use of the algorithms
4.1, 4.3 and 4.4 in order to realize an iterative estimation procedure of Z. We
will close the following subsection by demonstrating the improvement of the
estimation error between subsequent iterations of SNGCA.

4.2 Full description

For convenience we will now give a detailed description of the complete SNGCA
algorithm. The choice of the parameters will be explained in the sequel.
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Input: Data points (X;)¥, € R?
Parameters: numbers J, L of measurement directions; significance level «

Whitening:
The data (Xi)i]il are recentered by subtracting the empirical mean. Let
o = (01,...04) be the standard deviations of the components of X;. Then
Y; = diag(o)X; denotes the componentwise empirically whitened data.

Main Procedure: (Loop on k)

Sampling:
The components of the Monte-Carlo-parts of fj(k) and wj(.f)

chosen from U|_y ;). The other part of the measurement directions
are initialized according to the structural adaption approach described

are randomly
in algorithm 4.4. Then {J(k) and wj(f) are normalized to unit length.

Estimation:
Loopon j=1,...,J:

Loopon [ =1,...,L: Compute the estimators
1 & 1 &
=7 2. Vhey () A= 5 D Kb, (Y3)
i=1 i=1
End Loop on [.

Compute the coefficients {Cl}lel by solving the second-order
conic optimization problem (SOCP) (3.10):

min q s.t.
L

1 o~
Slizllz < g, S =) —2=¢
=1
L L
St —erFAn=0, D¢ -q)<1
=1 =1
0< c;r,cl_ Vi

End Loop on j.
L

Compute the estimator Bj = Z(Ef —¢ )ji -
=1
Dimension reduction:
Compute the symmetric matrix B defining the approximation of
the Lowner-John ellipsoid € in (3.13) according to algorithm 4.2.
Reduce the basis of X according to algorithm 4.3.

Output: 7

Figure 4.1: Pseudocode of the full SNGCA algorithm.
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Choice of parameters: One of the advantages of the algorithm proposed
above is the fact that there are only a few tuning parameters.

i) Suppose now that w; is an absolute continuous random variable with
wi ~ U_1 ). Without loss of generality we set e = (1,0,...,0). Due to
the normalization of (wy,...,wq), it holds:

P(|(@1,--..wa)Te| 205) = (V) !

However the choice of J and L heavily depends on the non-gaussian
components. In the experiments we use 7d < J < 18d and 6d < L < 16d.

ii) Set the parameter of the stopping rule to § = 0.05.

iii) Set the constant in the stopping rule for the computation of the MVEE
to C'=2.

iv) Set the significance level of the statistical tests to o = 0.05.

v) The tuning parameter x in the dimension reduction step is set to x = 3.

Stopping criterion: Suppose that Z is apriori given. Then the convergence
of SNGCA can be measured according to the criterion (3.11). More precisely
we assume convergence if the improvement of the error measured by (3.11)
from one iteration to the next one is less than & percent of the error in the
former iteration.

Suppose now that Z is unknown. Then compute the maximum angle 6 between

the subspaces specified by the matrix of eigenvectors V*) = [@\YC) , ﬁék), . ] and

yk+1) — [5(k+1) A1) }

P D) given by

0 ‘xTv(k)Tv(kJrl)y‘
c0s(6) = T Wl VD,

The algorithm stops if the change of the subspace angle is less than § percent.

Complexity: Let us now estimate the arithmetical complexity of SNGCA.
We restrict ourselves to the leading polynomial terms of the complexity of
corresponding computations counting only the multiplications.

1. The numerical effort to compute 7; and 7, in algorithm 4.1 heavily
depends on the choice of h(w'x). Let h(w'z) = tanh(w'x). Then this
step takes O(J(log N)2N?) operations.

2. Algorithm 4.2 takes O(d*2J log(2J)) operations [21].

3. For the optimization step in 4.1 we use a commercial solver ? based on
an interior point method. The constrained convex projection solved as an
SOCP takes O(d?n?) operations there n is the number of constraints.

Zhttp://www.mosek.com



18 4.2 Full description

4. The computation of the statistical tests in one dimension: Let N de-
note the number of samples. D’ Agostino-Pearson-test needs O(N3log N)
and the Anderson-Darling-test O((log N)2N?) operations. The test of
Shapiro-Wilks takes O(N?). In order to avoid robustness problems [15]
in SNGCA the number of samples is limited to N < 1000. For larger
data sets, N = 1000 points are randomly chosen.

5. The computation of the entropy estimator takes only O(N log N) oper-
ations [17].

Hence the SNGCA procedure computes an estimate 7 of T in
O(J(log N)2N? 4 d?2J log(2J)) arithmetical operations in each iteration.

Illustration of one-step-improvement: We will now illustrate the iterative
gain of information about the EDR space. To this end we use the projection of
B; to the EDR-space in order to demonstrate, how the algorithm works.

1-th iteration 2-th iteration
1 1
0.8 0.8
08 Z 0s i
§ 0.4 § 0.4}
0.2 02|
0
0 D10D2030405 0 D1D0D2030405
(1Bl (&
3—th iteration 4—th iteration
, 1 | S
D.E ; 0.B|¥
= 08| T 08|
] ¥ 7]
g o4l 8 04
D2p 0.2
8] 0
0D D10D2030405 D D10D2030405
(1Bl (=]
5—th iteration B-th iteration
1 1 -
0B 0.8}
T 06 T o8
w om
2 04 8 04
D2 0.2
0
00102030405 0 0D102030405
(1Bl (&

Figure 4.2: illustrative plots of SNGCA applied to toy 20 dimensional data of type (C) (see

section 5): We show HEH vs. COS(H(B, 7)) for different iterations of the algorithm where 7 is
the apriori known EDR-space.

Figure 4.2 shows that dist(g , 7 ) decreases with increasing number of iterations.
As expected we observe, that estimators § with higher norm tend to be close to
T . Nevertheless this can not be assured for much higher dimensions. Moreover



5 Numerical results 19

improvement in each iteration heavily and hence depends on the size of the
MC-sampling of the measurement directions.

5 Numerical results

The aim of this section is to compare SNGCA with other statistical methods
of dimension reduction. The reported results from Projection Pursuit (PP) and
NGCA were already published in [27].

5.1 Synthetic Data

Each of the following test data sets includes 1000 samples in 10 dimension
and each sample consists of 8-dimensional independent, standard and homo-
geneous Gaussian distributions. The other 2 components of each sample are
non-Gaussian with variance unity. The densities of the non-Gaussian compo-
nents are chosen as follows:

(A) Gaussian mixture: 2-dimensional independent Gaussian mixtures with
density of each component given by 0.5 ¢_31(x) + 0.5 ¢31(x).

(B) Dependent super-Gaussian: 2-dimensional isotropic distribution with
density proportional to exp(—||z||) .

(C) Dependent sub-Gaussian: 2-dimensional isotropic uniform with con-
stant positive density for ||z]]2 <1 and 0 otherwise.

(D) Dependent super- and sub-Gaussian: 1-dimensional Laplacian with
density proportional to exp(—|zrqp|) and 1-dimensional dependent uni-
form U(c,c+1), where ¢ =0 for |z14p| <log(2) and ¢ = —1 otherwise.

ependent sub-Gaussian: 2-dimensional isotropic Cauchy distribu-
E) D dent sub-G i 2-di ional i ic Cauchy distrib
tion with density proportional to A(A? — z%)~! where A = 1.

That means, that the non-normal distributed data are located in a linear
subspace.

In the sequel we compare SNGCA with PP and NGCA using the test data
sets from above and the estimation error defined in (3.11). Each simulation
is repeated 100 times. All simulations are done with the index tanh. Since
the speed of convergence varies with the type of non-Gaussian components
we use the maximum number maxlter = 3log(d) of allowed iterations to
stop SNGCA. In the experiments the error measure S(f, 7) is used only to
determine the final estimation error. All simulations other than whose wrt.
model (C) are computed with a componentwise pre-whitening.

Figure 5.1 illustrates the densities of the non-Gaussian components of the test
data. For all numerical experiments reported in this article the dimension of
the target space Z is apriori given as a tuning parameter for the algorithm.
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Figure 5.1: densities of the non-Gaussian components: (A) 2D independent Gaussian mixtures,
(B) 2D isotropic super-Gaussian, (C) 2d isotropic uniform and (D) dependent 1d Laplacian
with additive 1D uniform, (E) 2d isotropic sub-Gaussian

Since the optimizer used in PP tends to trap in local a minimum in each of
the 100 simulations, PP is 10 times restarted with random starting points. The
best result wrt. (3.11) is reported as the result of each PP-simulation. In all
simulations the number of non-Gaussian dimensions is apriori given. In the next
figure 5.2 we present boxplots of the error (3.11) of the methods PP, NGCA
and SNGCA.



5 Numerical results 21

0.01 0.16
0.14
0.008 .
0.12 ;
.
0.006 £ 0.1
- 0.08 .
I —_ +
0.004 ! 0.06 | —
|
|
0.04 -
0.002 - - E E l:, |
0.02
= == T - = =
0 0
PP(tanh) NGCA SNGCA PP(tanh) NGCA SNGCA

0.04 0.03
0.035
0.025
0.03 ¥ -
* 0.02 | —
0.025 o | !
| + | !
0.02 ! - 0.015 L !
| ! |
! |
0.015 !
. 0.01
0.01 ‘ 4 | _
[l I
! ! 0.005 —
0.005 - = !
. [ ‘
L O P R —
0
PP(tanh) NGCA SNGCA PP(tanh) NGCA SNGCA

PP(tanh) NGCA SNGCA

(E)

Figure 5.2: performance comparison in 10 dimensions of PP and NGCA versus SNGCA (wrt.

the error criterion £(Z,Z) ) using the index tanh(z). The doted line denotes the mean, the
solid lines the variance of (3.11).

Concerning the results of SNGCA on the data sets (A) and (D) we observe
a slightly inferior performance compared to NGCA. In case of model (A) this
is due to the fact that most of the data projections have almost a Gaussian
density. Consequently the decrease of the estimation error is slow with increas-
ing number of iterations. In case of the model (D) the higher variance of the
results indicate that the initial MC-sampling of the data sets gives a poor re-
sult. Consequently more iterations are needed to get an estimation error with
is comparable to the result of NGCA. The smallest possible error of SNGCA
heavily depends on the quality and the size of the initial MC-sampling as well as
on the number of allowed iterations. In order to illustrate this interpretation we
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report the progress of SNGCA wrt. estimation error £(Z, f) in each iteration

for every test model.

5.1 Synthetic Data

2

2

J He O¢ J He O¢
1 | 0.232504 | 0.045787 1 | 0.30350 | 0.175313
2 | 0.163022 | 0.072263 2 | 0.144430 | 0.057856
3 | 0.066537 | 0.032436 3 | 0.088142 | 0.015168
4 | 0.009380 | 0.021975 4 | 0.041420 | 0.008197
5 | 0.002359 | 0.000853 5 | 0.026436 | 0.000917
oy ©)
j e ol j e o¢
1 | 0.040556 | 0.004215 1 1 0.203419 | 0.044672
2 | 0.016012 | 0.002441 2 | 0.023023 | 0.000314
3 | 0.012427 | 0.001105 3 | 0.019960 | 0.000211
4 | 0.008874 | 0.000169 4 | 0.012709 | 0.000197
5 1 0.003770 | 0.000125 5 1 0.009343 | 0.000127
) D)
J He 052
1 | 0.2762e-3 | 0.1371e-6
2 1 0.0450e-3 | 0.0031e-6
3 | 0.0416e-3 | 0.0033e-6
4 | 0.0360e-3 | 0.0014e-6
5 1 0.0287e-3 | 0.0024e-6
®)

Table 5.1: Progress of SNGCA for test models in 10 dimensions with increasing number j

of iterations. The empirical mean of the error £(Z,Z) defined in (3.11) is denoted by s, and

o2 is its empirical variance.

Now let us switch to the question of robustness of the estimation procedure with
respect to a bad conditioning of the covariance matrix ¥ of the data. In figure
5.3 we consider the same test data sets as above. The non-Gaussian coordi-
nates always have variance unity, but the standard deviation of the 8 Gaussian
dimensions now follows the geometrical progression 107", 10-7+2/7 107
where r = 1,...,8. Again we apply a componentwise whitening procedure to
the data from the models (A), (B), (D), (E).
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Figure 5.3: results wrt. E(f, 7Z) with deviations of Gaussian components following a geomet-
rical progression on [107",10"] where r is the parameter on the abscissa) .

We observe that the condition of the covariance matrix heavily influences the
estimation error for the methods NGCA and PP(tanh). In comparison SNGCA
is independent of differences in the noise variance along different direction in
most cases. Only the detection of the uniform distribution by SNGCA is in-
fluenced by the condition of Y. The next figure 5.4 compares the behavior of
SNGCA compared with PP and SNGCA as the number of standard and ho-
mogeneous Gaussian dimensions increases. As described above we use the test
models with 2-dimensional non-Gaussian components with variance unity. We
plot the mean of errors £(Z,Z) over 100 simulations wrt. the test models (A)
to (E).
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Figure 5.4: results wrt. E(f, 7) with increasing number of gaussian components.

Again concerning the mean of errors & (f ,Z) over 100 simulations of PP and
NGCA we find a transition in the error criterion to a failure mode for the test
models (A), (C) between d =30 and d =40 and between d =20 and d = 30
respectively. For the test models (B),(D) and (E) we found a relative continuous
increase in £ (f ,Z) for the methods PP and NGCA. In comparison SNGCA fails
to analyze test model (A) independently from the size of the MC-sampling, if
the dimension increase d = 12. Concerning test model (B) there is a sharp
transition in the simulation result between d =35 and d = 40.

Failure modes: In order to provide a better insight into the details of
the failure modes we present box plots of the error criterion £(Z,Z) in the
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transitions phase wrt. the models (A) and (B).
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Figure 5.5: failure modes of SNGCA - upper figure: model (A) - lower figure: model(B)

Figure 5.5 demonstrates the differences in the transition phases of model (A)
and (B) respectively. The transition phase of SNGCA is characterized by high
variance of the estimation error. For model (A) the increase of the variance o2
of the error & (f ,Z) beginning at dimensions 13 and its decrease beginning
at dimension 15 indicates that a sharp transition phase is happens in the
interval [13,15]. For higher dimensions iterations of SNGCA have a decreasing
effect on the estimation result. This indicates that by the MC-sampling of the
measurement directions, we can not detect the non-Gaussian components of
the data density. For model (B) the transition phase starts at dimension 35
and ends at dimension 43.

Moreover the decrease of 0?3 towards higher dimensions and the increase of

the mean of & (f, 7) is much slower. This indicates that the non-Gaussian
components of the data density might be detectable if we would allow much
more iterations of SNGCA and an enlarged size of the set of measurement
directions. This observation motivates the interpretation that the Monte-Carlo
sampling is a very poor strategy which fails to provide sufficient information
about the Laplace distribution in high dimensions. Currently the performance of
SNGCA is limited by the Monte-Carlo sampling of the measurement directions.
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5.2 Application to real life examples

We consider a simulating of a mixture of oil and gas flowing under high
pressure through a pipeline. Under these physical conditions different phases
of the oil-gas-mixture may exist at the same time in the phase space I'. Only
some of these phase configurations in I' are stable over long periods of time.
Consequently one expects some clusters of points in I' indicating the physical
state of the mixture. The 12-dimensional data set, obtained by numerical
simulations of a stationary physical model, was already used before for testing
techniques of dimension reduction [2]. The data set comes with a subset of
training data and a subset of test data. The length of the time series is 1000
in each dimension.

The task with this data is to find the clusters representing the stable configu-
rations in the training data set. It is not known a priori if some dimensions are
more relevant than others. However is known apriori that the data is divided
into 3 classes, indicated by different shapes of the data points.

The cluster information is not used in finding the EDR-space. Again we compare
SNGCA with NGCA and PP using the tanh index. For PP and NGCA the
results are shown in figure 5.6. They were already published in [27].

i

Figure 5.6: left: 2D projection of the ”oil flow” data manually chosen from 3D projection
obtained from by vanilla FastICA methods using the tanh index - right: projection obtained
by NGCA using a combination of Fourier, tanh, Gauss-pow3 indices

Figure 5.6 shows a slice through I' such that the structure in the data set
become visible: Using NGCA we can distinguish 10 — 11 clusters versus at
most 5 for the PP method with index tanh.

For the SNGCA method the results are shown in the figure 5.7. SNGCA iden-
tifies 3 non-Gaussian dimensions. All figures are rotated by hand such that the
separation of the cluster is illustrated at best. The next figure 5.7 shows the
result of the oil-flow data obtained from SNGCA using a combination of the
tanh and the asymmetric Gauss index. In this case we can distinguish 10 — 11
clusters versus at most 5 for the PP methods. Moreover we confirm the result of
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-0.5,

Figure 5.7: phase configurations of the ”oil flow” data with apriori cluster mapping induced by
crosses, circles and triangles obtained by SNGCA using a combination of asymmetric-Gauss
and the tanh index

NGCA on the data set. The clusters are clearly separated from each other on the
SNGCA projection. Only on the PP projection they are partially confounded in
one single cluster. By applying the projection obtained from SNGCA to the test
data, we found the cluster structure to be relevant. We conclude that SNGCA
gives a more relevant estimation of Z than PP. However it is found that the
family of functions hy(x) is an important tuning parameter in SNGCA: If we
use only the tanh-index, we found only 6-7 cluster are identified and they are
partially confounded. Hence a combination should be used in order to cope with
symmetric data distributions.

6 Conclusion

We proposed a slightly more sophisticated approach to non-Gaussian com-
ponent analysis as already proposed in [27]. As well as NGCA the suggested
method is based on a semi-parametric framework for separation an un-
interesting multivariate Gaussian noise subspace from a linear subspace,
where the data are non-Gaussian distributed. Both methods assume that the
non-Gaussian contribution to the data density contains the structure in a
given data set. The combined strategy of convex projection and structural
adaption provides promising results of SNGCA. Moreover SNGCA provides an
estimate for the dimension of the non-Gaussian subspace. However the method
is limited by the quality and the computational effort of Monte-Carlo sampling
of the measurement directions.
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A Statistical tests

In this section we shortly report the statistical tests on normality used the
dimension reduction step of SNGCA (see section 3.3).

In order to detect a significant asymmetry in the distribution of the original
data projected on the semi-axis of the numerical approximation of the rounding
ellipsoid & ;; we use the K 2 _test according to D’Agostino-Pearson [33]. The
D’Agostino-Pearson test computes how far the empirical skewness and kurtosis
of the given data distribution differs from the value expected with a Gaussian
distribution. The test statistic is approximately distributed according to the
X3 -distribution and its empirical data counterpart is given by

K2 = 22(\/by) + 22(by)
3

Vb = %sz\;l (Xio_u>
4

by = %Ef\;l (%)

Here p denotes the empirical mean, ¢ the empirical standard deviation of the
data and Z(-) denotes a normalizing transformations of skewness and kurtosis
and. The test is more powerful wrt. an asymmetry of a distribution.

Furthermore we use the EDF-test according to Anderson-Darling [1] with the
modification of Stephens [28]: Let Fy be the empirical cumulative distribution
function and F' the assumed theoretical cumulative distribution function. The
test statistics 7 measures the quadratic deviations between Fy and F':

= — X 2V[E
T—/R[Fm F(a)Pu(x) dF

where v(z) is the weighting function v(z) = [Fx(2)(1 — Fy(z))]™!. In sum
the data counterpart of 7 is given by

T = c( -N-N, [21‘];11 [10g(F(@) +log(1 — F(XN—UH—M)])

c=<1+0]35+3-3;>
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Again g is the empirical mean and s the empirical standard deviation of the
data. We compute 7 to detect deviations from normality in the tails of the
projected distributions. The test is rejected if T exceeds a critical value cv
specific for a given level of significance:

a: | 0.10 0.05 | 0.025 | 0.01 | 0.005
cv :| 0.631 | 0.752 | 0.873 | 1.035 | 1.159

The last test, applied to the projected data is the Shapiro-Wilks test [26] based
on a regression strategy in the version given by Royston [23, 24]:

S ([1—;2(?\?—1)})\—@ < N(0.1)

o
N/2
b = ZGN—i+1(XN—i+1 — ;)
i=1
- m'e-!
(a,...,an) = (mTE-1 5-1i)1/2
In this test m = (my,...,m,) denote the expected values of standard normal

order statistics for a sample of size N and X is the corresponding covariance
matrix.

B Theoretical study

In this appendix we will give the proofs of the theorems used in this article.

Theorem 1. Let X follow the distribution with the density p(x) according to
(2.1) and let EX = 0. Suppose that ¢ € C*(R% R) is a function fulfilling the
condition

(1) = E[X9(X)] = 0, (B.14)
Define
B(w) == EV(X) = / Vi(z) pla) de, (B.15)

where V10 means the gradient of 1. Then [((y)) belongs to I . Moreover if
(B.14) is not fulfilled, then there is a 3 € T such that

18(¥) = Bll2 < e
where € is the uniform error bound:

€= HE_I /m/)(x)p(x) d:EHZ. (B.16)

Hence the distance between ((1)) and the non-Gaussian subspace I is uni-
formly bounded as given by (B.16).
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Proof. (2.1) and the identity
Ve log [¢us(z)] = =27 (@ — p)
imply
[ o@) [V iog(p(@)]ple) do =
[ 6@ [V os(aTa))] o) da - / () [V log(65(2))] p(e) do =
-~ (@I @) dat [ @S e - p)ple) da

where ¢'(z) denotes the gradient of ¢(z). The vector 3(1)) with

BY) = —TT/¢ (Tz)pps(z) dr

obviously belongs to Z . Suppose now the condition (B.14) is fulfilled. Then it

holds that
[/w o= [t ]:0

Thus we know that ((¢)) € Z. Otherwise if the condition (B.14) is not fulfilled,
we it follows from from (B.17) that there is a § € Z such that

16@) =8l = [ [ - wu@pta) da,.  ©a7)
Let u € R%. Then it holds that
/w(az—i-u da;—/q/J plx —u) (B.18)

Using the regularity conditions on ¢ and p, we differentiate (B.18) with re-
spect to u and use the identity

Viog(p(x)) = [Vp(2)]p(z)

This yields:

[r@vet de = ~ [w@[908(p(2)]ole) d

From this consideration we get an equivalent expression for [3(v):

B) = / Vi(@))p(x) de
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B.1 Estimation accuracy

This section presents some upper bounds on the accuracy of approximating
the target non-Gaussian subspace Z by the vectors § which come out of our
algorithm.

By B; we denote the unit ball in R?. Let h(w,z) be a continuously differ-
entiable function of w € By and z € R? such that h(w,z), Vyh, V,h and
Vo Vh are uniformly continuous and bounded on By x R¢ and let some set
of unit vectors wi,...,wr and also a unit vector ¢ be given. Consider the
optimization problem

{a} = aHrglglrgaan - chﬁl||2 subject to HZ adll,=0 (B.19)
Cll1S l l

where ), means Zle in the sequel. We are interested to bound the distance

of § from the target space Z. This distance is naturally measured by the value
(14 — II7)S]|2 . Again Il means the orthogonal projector on 7.

Theorem 2. There is a constant Cy depending on function h and the dimen-
ston d only such that

E||(14 - Iz)B|l3 < C1/N .

Proof. For the proof we apply one result from the theory of empirical processes
given in Theorem 4 below in the appendix. Corollary (B.21) of this theorem
applied to every coordinate of the vectors 7; yields in the obvious way that

Emax |[% — l[3Co/N.
This yields for any ¢ € RV with ||c]j; <1
2
B[ am - | <cun.
;Cl’n ;Cl’ﬂ g = o/

Similarly
2
EHZC@—ZCZWHZ < Cy/N. (B.20)
l l

For the solution ¢ of (B.19) this yields in view of the constraint ), ¢y = 0
that

2
s3] <o
l

The result of Theorem 1 ensures that

2
EH(ld ~17)) @ mHz < Coll=7H.
I

This yields the result in view of (B.20). O
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B.2 Significance bound

Unfortunately the result of Theorem 2 only explains the distance from the
constructed vector [ from the target space and tells nothing about the
projection of (3 onto Z. In particular, if this projection is small then the
vector 3 is not informative.

Now we aim to present a result which gives some sufficient conditions for vector
B to be informative. Consider the couple of optimization problems

{a} = aﬁlgllnHﬁ - ch ml|, subject to HZ avll, =0,
Cll1S 1 ]

{a} = argminH{ — ZCH/?\IHQ subject to HZ a %H2 <e&,
llefl1<1 1 1

where €, > 0 is a relaxation parameter. The second problem can be viewed
as the empirical counterpart of the first one. Define also * = >, ¢/ n. By
Theorem 1 (* belongs to the non-Gaussian space Z. The vector (* is the
convex projection of & onto Z . It is natural to measure the significance of G*
by the value || —3*||2: 5* is significant if || — *||2 < 1—§ for some § which
is larger in order than e, . Alternatively, ||IIz(¢—/5%)||2 can be considered. Here
significance means that [[TIz{|ls > ¢ and [[TIz(§ — B%)[]2 < (1 —0)|[TIz{]l2 . The
next result shows that if 8* is significant, then [ is significant as well.

Theorem 3. Let A, be a random set on which

mlaX ”’W - '/y\l||2 < Er, leaX ||T]l — ';\]l||2 < g
Then
1€ =Bl < €= 82+ e,
[TIz(§ = B)llz2 < Hz(§ = B)[l2 + (1 + Cy)es.

Proof. Observe that on A, the solution ¢* = {¢/} of the “ideal” optimization
problem fulfills the constraint of the empirical one. Indeed,

i3, = [ G-, <=
IS aa), =S G-, <
! l
Therefore,
— 1 <’ — c*AH )
‘f lanQ_ 3 217712
l !
because ¢ is the minimizer of such norm. It remains to mention that on A,
e, e Xan, < [Cew-m], <
H§ ; | |13 ; 1|, < ; [ —m)||, < e
and hence, for B: Yo an

le = Bll, < [l = 8"l + e

and the first assertion follows. For second one use additionally that (14 —
I17)3* =0 and ||(14—1I7)5l2 < Cie, on A., , see the proof of Theorem 2. [
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B.3 Uniform error bound

Here we present one useful result from the empirical process theory and some its
corollaries. Similar statements under a bit different assumptions can be found
e.g. in [31].

Theorem 4. Let f(w,z) be a continuously differentiable function of w € By
and x € R? such that f(w,z) and V,f(w,z) are uniformly continuous and
bounded on By x R®. Define

((w) = NY{EyNf(w,X) - Ef(w,X)}

and ((w,w') = ((w) — (') . Then there are two constants ng >0 and \* > 0
such that for any w® € By and any >0, A < A\*

A
log E exp [— sup C(w,wo)} < ngA? + ¢4
H weB(uwe)

where B(p,w) = {w': |w—w'|l2 < p} and ¢q = 5o, 2 Flog(2kd) .

Before proving this result, we present some useful corollaries. As application
with ¢ = 1 and w® = 0 yields the bounded exponential moments for the
supremum of differences ((w,w®) over all w € By. This immediately implies
the result about the supremum of the ((w):

E| sup ¢(w)]” < Co (B.21)
weBy

for some fixed constant Cy .

Proof. Define for w,w’ € By

o) — )

o=l

With u = (w —w')/[|w — ||

1
§(w,w'):/ u' V¢(w + tu)dt.
0

The conditions of the theorem easily imply that there is some A; > 0 such that
for any A < A1 and any unit vectors v and w

g(Nsw,u) i=logEexp [ AuT (Vo f(w, X1) — BV f(w, X1}] < no?

where ng depends only on A; and on the upper bound of the gradient
Vo f(w,x). Indeed, it suffices to note that g(\;w,u) is analytic in A and sat-
isfies ¢g(0;w,u) = 0 and ¢} (0;w,u) = 0. Independence of the X;’s yields for
A< A N2

log E{exp )\UTVC(w)} = Ng(AN"Y2;0,u) < Nng (AN"Y2)2 = ngA2,
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Therefore, for A < Ay N1/2
1
log Eexp{2X{(w,w’)} = logEexp{)\/ u" V¢ (w + tu)dt}
0

1

< / log Eexp{Au' V((w + tu)dt} <mnpA?.  (B.22)
0

The rest of the proof is based on the standard chaining argument (see e.g., [31]).

For any integer k > 0, there exists a 2 %u-net Dy(u) in the ball B(u,w®)

having the cardinality N(27%u, 1) < 2* in the sense that

Bp,w?)c |J B *uw).
weDy (1)

Using the nets Dg(u) with k£ =1,..., K — 1, one can construct a chain con-
necting an arbitrary point w in Dg(p) and w®. It means that one can find
points wy, € Dy(u), k=1,..., K — 1, such that [jwp —wp_1l2 < 27%*'pu for

k=1,..., K. Here we denoted for wxg = w, and wy = w°. Notice that wy can
be constructed recurrently wy_1 = 7%x—1(wg), k= K,...,1, where
Tk_1(w) = argmin |lw — '[|2.
W' €Dy —1(p)

It obviously holds

((w,w?) = Z C(wgywi—1)-

k=1
In view of the definition of £(-,-)

C(whywi—1) = [Jwk — wi—1]|2 % §(wWk, wr—1) = 2pcEé (Wi, wr—1)

with ¢, = cp(w) = |lwp — wr—1l]2/(21) < 27%, thus resulting in

K
sp Cw’) < Y s (W)
wE€DK (1) =1 w €Dk (1)
K
< 2,11,2 sup (W)W, o1 (W) (B.23)
kzlwle‘Dk(ﬂ)

Next, we use the elementary inequality

K K
log E exp (Z )\kfk> <3 A log Ee® (B.24)
k=1 k=1

which holds for any r.v.’s & and any nonnegative coefficients A\; with A =
Zle Ap < 1. Tts proof is based on the convexity of e and concavity of 2/

=

K
Eexp [A% Z Ak (fk —log Eefk)} < Elexp [% Z Ak (§k — log Eeg’“)}
k=1 k=1

IN

1 A
[K Z AE exp(§k — logEegk)} =1.
k=1
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Combining (B.23) and (B.24) and (B.22) yields in view of Zle 27% <1 and
2Fcrp(w) <1

loglE exp [i S:glp( )C(vao)}
weDk (1

K
<logEexp[2AY" sup en(@)(W, e1(w)]
1w €Dk (1)

IN

2 % log [E sup exp{2Fcg(w') x 2)\§(w/,7k1(w’))}}
w' €Dy (1)

9~k log[ Z Eexp{chk(w’) X 2/\£(w',7k1(w'))}}

w' €Dy (1)

M M= I

IN

2_k{log N2 %, ) + no)\Q}.

M
1

These inequalities yield

A A
log E exp [— sup C(w,wo)}: lim logEexp [— sup C(w,wo)}
P weB(pwe) K—o0 wEDK (1)

< Z 27" {ng(A) +10g N2 11, 1)} < 1oA” + eg
k=1

where ¢g = > 22, 2 % log(2*?) which completes the proof of the theorem. [
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