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ABSTRACT. We consider the numerical homogenization of a class of fractal elliptic interface
problems inspired by related mechanical contact problems from the geosciences. A partic-
ular feature is that the solution space depends on the actual fractal geometry. Our main
results concern the construction of projection operators with suitable stability and approx-
imation properties. The existence of such projections then allows for the application of
existing concepts from localized orthogonal decomposition (LOD) and successive subspace
correction to construct first multiscale discretizations and iterative algebraic solvers with
scale-independent convergence behavior for this class of problems.
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1. INTRODUCTION

Classical homogenization aims at deriving computationally feasible, effective mathematical
descriptions of multiscale phenomena by capturing the fine scales in terms of local cell prob-
lems. Starting from elliptic problems with oscillating coefficients [2, 3| and its random coun-
terparts [25, 50] (stochastic) homogenization has become a flourishing field of research and
a well-established, powerful tool in mathematical modeling with multiple scales. An enor-
mous variety of applications include multiscale materials, featuring irregular or even fractal
boundaries, transmission conditions across fractal interfaces, or long, thin fibers [17, 29, 31|,
biological materials like lung tissue [4, 9], or polycrystals giving rise to multiscale interface
problems with jump conditions across a fine scale network of interfaces [10, 12, 18]. Corre-
sponding stochastic variants have been studied in [20, 24].

Classical homogenization typically relies on scale separation and periodicity of fine scale be-
havior. To overcome these limitations in practical computations, numerical homogenization
aims at deriving multiscale discretizations and iterative algebraic solution methods that are
robust with respect to the inherent lack of smoothness of multiscale problems. A natural ap-
proach to multiscale discretization is to build all relevant fine scale features of a given problem
directly into the approximating ansatz space. Over more than two decades, this basic idea has
led to composite finite elements [19, 38|, variational multiscale methods [23|, heterogeneous
multiscale methods [1, 46|, and multiscale finite elements [13, 22]. A certain breakthrough in
the mathematical understanding of multiscale discretization methods for elliptic self-adjoint
problems with oscillating coefficients came with the seminal paper on localized orthogonal
decomposition (LOD) by Malqvist and Peterseim [30]. Starting from a projection IT: H - Sj,
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that maps the solution space H onto some given finite element space S, ¢ % c L? with mesh
size h and satisfies the following stability and approximation property

(1) IMvfw < clolw,  lo-Tv|z <Chlvly  VoeH,

they observed that the a-orthogonal complement W of the kernel of II (the orthogonal com-
plement with respect to the underlying energy scalar product) has the same dimension as
Sy, and, without any additional assumptions on periodicity or scale separation, provides an
approximation with optimal accuracy. Moreover, optimal accuracy is preserved under local-
ization of the a-orthogonalized nodal basis of WW. The actual computation of these localized
basis functions amounts to an approximate solution of local problems, utilizing a much larger
finite element space & that resolves all fine scale features of the given problem.

An alternative to multiscale discretization methods is to use such a large finite element space
S directly for discretization and derive iterative algebraic solution methods that converge
independently both of the discretization parameters and of the regularity of the continuous
solution. The construction of such methods has been carried out successfully in the framework
of iterative subspace correction [28, 47, 48, 49|. Each iteration step typically requires the
solution of a set of fully decoupled local subproblems that capture the different frequencies
of the actual error. In particular, subspace correction methods can be applied to localization
in LOD [26] and are often merged with multiscale discretization techniques e.g., to enhance
convergence of multigrid methods by enrichment of coarse grid spaces [19, 27]. While the LOD
approach to the construction of multiscale discretizations makes explicit use of a projection
IT: H - S;, with stability and approximation property (1), such kind of projections play a
crucial role in the convergence analysis of subspace correction methods (see, e.g., [27| and the
references cited therein). The explicit construction and analysis of such operators for standard
Sobolev and finite element spaces has therefore quite a history with further applications in
finite element convergence theory and a posteriori error analysis |7, 8, 11, 14, 34, 45].

In this paper, we consider numerical homogenization of a class of elliptic fractal interface
problems without periodicity and scale separation that is motivated by geology. Experimental
studies suggest that grains in fractured rock are distributed in a fractal manner 32, 43|, an
observation which is also reflected by geophysical modeling of fragmentation due to tectonic
deformation [40]. All spatial scales ranging from grains and rocks even up to tectonic plates
are interacting in geophysical fault networks that play an essential role in the dynamics of
earthquake sources (see, e.g., [39] and the literature cited therein). Mathematical modeling of
stress accumulation and release in fault networks gives rise to continuum mechanical problems
with frictional contact along the interfaces (see, e.g. [36] and the literature cited therein).
Linearization of contact conditions leads to elliptic interface problems, where frictional motion
along interfaces is replaced by weighted jumps of displacement.

Scalar versions of such interface problems with fractal interface geometry have recently been
suggested and analyzed by Heida et al. [21]. More precisely, the fractal interface I" is the limit
of level-k interface networks T'®) for k — oo and a level-k interface network I'®) = U§:1 L;
consists of single faults I';. Here, the single faults I'; are ordered from "strong" to "weak" in
the sense that discontinuities of displacements along I'; are expected to decrease for increasing
k, because "more fractured" media are expected to show higher resistance [16, 33]. For each
fixed k, the level-k networks T'®) divide the computational domain € into a finite number
of cells representing, e.g., geological grains, rocks, and plates. For each k£ € N, we define a
Hilbert space Hj by completion of piecewise smooth functions in Q\F(k) with respect to a
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scalar product involving the broken H'-seminorm and weighted L?-norms of jumps across Iy,
4 =1,...k. The solution space H for interface problems on the limiting fractal geometry I' is
finally defined by completion of U;2; Hi. We consider self-adjoint elliptic variational problems
in H. Observe that the multiscale character of such problems goes beyond the usual lack of
smoothness, because the solution space H itself depends on the actual fractal geometry which
is not accessible by a fixed classical finite element space. This suggests multiscale modifications
of classical finite elements as ansatz spaces allowing for a priori discretization error estimates.

The main results of this paper concern the construction of projection operators Il : H — Sk
with the stability and approximation property (1) for spaces Sy of piecewise linear finite
elements with respect to a triangulation T %) resolving the level-k interface network %) keN.
These results allow for direct access to existing approaches to numerical homogenization, e.g.,
by LOD or subspace correction. Our construction consists of two steps. We first consider
projections Ily, : H — Hj and then Ils, : Hy — Sk, both with the desired properties (1).
As projections Ils, can be essentially taken from the literature [7, 8, 11, 14, 34, 45|, we
mainly concentrate on the construction and analysis of Ily;, by extending common concepts
based on local Poincaré inequalities |8, 45]. Here, the presence of jump terms creates various
technical difficulties. In particular, counterexamples show that it is not possible to bound
jumps of local averages by jumps of the original functions. Therefore, stability of IIy;, requires
strong assumptions on the locality of I" that rule out, e.g. the Cantor network [21, 43|. The
existence of suitable projections II; then opens the door to a variety of existing numerical
homogenization methods. We only consider two simple examples to fix ideas (see [37] for
more advanced applications). The application of LOD with cell-based localization by subspace
correction in the spirit of |26, 30] provides a multiscale discretization with optimal error
estimates. Using concepts from [28|, we also present continuous and discrete versions of a
two-level multigrid method with cell-based block Gauss-Seidel smoother and convergence rates
that are independent of mesh and scale parameters. In the concluding numerical experiments
with a highly localized fractal geometry, we found the theoretically predicted behavior of this
method. Moreover, application to a geologically inspired crystalline structure illustrates the
potential of our approach in future applications.

The paper is organized as follows. The first section contains the continuous problem formu-
lation. After a detailed description of the geometry of the multiscale network F(k), k e N,
together with some assumptions capturing its shape regularity and fractal character, we in-
troduce a fractal interface problem and state existence and uniqueness. In the next section,
we discuss convergence of its k-scale approximation associated with the subspaces Hj c H.
Then we introduce suitable piecewise linear finite element spaces S, c Hy for the approxi-
mation of these k-scale problems and state convergence. The ensuing Section 4 is the core
of the paper. It contains the construction and analysis of projections Il = Ils, oIl via
local Poincaré inequalities, a trace lemma, and quasi-interpolation. The next two sections are
devoted to first applications of these projections Il to construct and analyze a LOD-type
multiscale discretization with optimal error estimates and a mesh- and scale-independent sub-
space correction method. We finally report on some numerical experiments that illustrate our
theoretical findings and open a perspective to future practical applications.



2. FRACTAL INTERFACE PROBLEMS

2.1. Interface networks. Let Q ¢ R% d = 1,2,3, be a bounded domain with Lipschitz
boundary 92 that contains a countable set of mutually disjoint interfaces I';, j € N. We
assume that each interface I'; is piecewise affine with finite (d — 1)-dimensional Hausdorff

measure. We consider the k-scale interface networks I'*) and their fractal limit I', given by
k )
r®-Jr;, keN, r=Jry,
j=1 J=1

respectively. Since all interfaces I';, j € N, have Lebesgue measure zero in R?, their countable
union I' has Lebesgue measure zero as well. However, I' might have fractal (Hausdorff-)
dimension d - s for some s € (0,1) and infinite (d — 1)-dimensional measure.

For each fixed k € N, the set Q\F(k) consists of finitely many, mutually disjoint, open, and
simply connected cells G € Q(k), ie.
or®- | ¢
GeQ(k)
We assume that 0G = G (no slits) and that either G'n 99 has positive (d - 1)-dimensional
Hausdorff measure or G ndQ = @. We also assume that the cells G € Q) are star-shaped in

the sense that for each G € Q) there is a center pg € G of G and a continuous function PG
defined on the unit sphere S9! in R? with values in R, = {z ¢ R| 2 >0} such that

(2) GZ{pg+’l“S|S€Sd_1,0S’I“<pg(s)}.
Denoting

3 Rg = max s), 7Tg= min S

(3) ¢ = max pg(s), re= min pa(s)

we assume that the cell partitions (Q(k)) keN are shape regular in the sense that

(4) @S’y VG e Q™) VkeN
rae

holds with some constant v > 1.
Introducing the subset of invariant cells
Q) = {G cQ®| Geq vj> k}
we define the maximal size
(5) dy, = 2max { Rg| G e Q0B }
of cells G € Q) to be divided on higher levels. Hence, Rg < dj. for all G ¢ Q(k)\QS,f). Observe
that dj is monotonically decreasing in k € N. We assume
(6) dp, > 0 for k— oo.
Let |M] e Nu {+oo} stand for the number of elements of some set M. Denoting
(z,y) ={z+s(y—z)[s€(0,1)},
we also assume that for each fixed k € N and all j € N with j > k we have

(7) sup esssup |[(z,y) NG Ty =Cy; < oo.
GeQ(F)  z,yed
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FiGure 1. Highly localized interface network in d = 2 space dimensions:
M =1y (red) and T'®) with Ty, (red) for k = 2,3, 4.

Weset C1=1,C;=C14,7=2,..., and
(8) rkzsup%, keN.
j>k C1j
We finally assume that
(9) r,CL < Co VkeN
holds with some constant Cy which is typically the case for self-similar networks.

As an example, we consider a highly localized interface network in d = 2 space dimensions.
Let ©Q = (0,1)? be the unit square and {ej, ez} denote the canonical basis in R?. Then the
interface networks I'®) | k e N, are inductively constructed as follows. Let

T =Ty = {Leg+(0,e2)} u{dea+ (0,e1)}u{der+ (0, ea)} u{dea+ (0, 1er)).
For given %) k> 1, we define
o1 =T U {eg +TMY U {eg + TR
and set I'y;q = }lf‘kﬂ\F(k). See Figure 1 for an illustration. The resulting interface network
is self-similar by construction which can be directly extended to d = 3 space dimensions. We

have dj, = V247, C} = 2F and Cri=Clps1, 1>k =2,.... Thus ry = 21°% and (9) holds with
Co=2.

2.2. Fractal function spaces. For each fixed k € N, we introduce the space of piecewise
smooth functions

Cho(Q) = {v O\r® SR \ g € CHG) VG € Q™) and v)pq = o}
on Q\F(k). Let j=1,...,k. AsT; is piecewise affine, there is a normal v¢ to I'; at almost all
¢ € I'j and we fix the orientation of v¢ such that vg-e,, > 0 withm =min{i =1,...,d| ve-e; # 0},
and {ey,...,eq} denotes the canonical basis of R%. For ¢ ¢ %) such that ve exists and for

z #y € R? such that (z - y) - ve # 0, the jump of v € C’;O(Q) across I'; at ¢ in the direction
y — x is defined by

[0]ay(8) =lim (v (€ +s(y —2)) —v (€~ s(y - 2))).
Up to the sign, [v];4(§) is equal to the normal jump of v € C’,iO(Q)
Hvﬂ(f) = [['U}]E,V§’5+V§ (E)
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For some fixed material constant ¢ > 0, that, e.g., determines the growth of resistance to
jumps with increasing fracturing, and the geometrical constant C; = Cy ; taken from (7), we
introduce the scalar product

k .
(10) (v, w)k:/ Vv - Vw d:v+2(1+c)]C'j/ [v][w] dTj, v, w e CLy(Q),
Q\r(k) j=1 r; ’

with the associated norm |vl|, = (v, v>]1€/2_ Observe that (1 + c¢)/ generates an exponential

scaling of the resistance to jumps across I';.
Standard completion of C,i 0(€2) leads to a hierarchy of k-scale Hilbert spaces
HICHQC"'CHIW :ICEN,

with the scalar products (-,-); and dense subspaces Cli,o(Q) c Hi, k € N. A limiting fractal
Hilbert space H with scalar product

(11) (v, w):/ Vv-deerZ(lJrc)jCj/ [v][w] dTj, wv,weH,
O\l j=1 T
and associated norm |- = (-,-)1/? is obtained by completion of Ugeny Hp. We recall the main

properties of H for later use and refer to [21] for details.

The smooth subspaces (Cj ;(£2))ken, and thus the finite-scale spaces (Hy,)ez, are dense in H
in the sense that for any v,w € H there are sequences (vg)gen, (Wk)keN C (CéO(Q))keN, ie.,
with vy, wy, € C;O(Q) for all k € N, such that

(12) lo=vkl| =0,  (vk,wk)k ~ (v,w) for k — oo.
Observe that -
O\l =0n (JT;)C co\r®
j=1
is Lebesgue measurable so that the space L?(Q\I') implicitly appearing in (11) is well-defined.
For the definition of generalized jumps [v], v € H, also appearing in (11), we introduce the
sequence space (L?(T';)) jeN equipped with the weighted norm

1
o0 2
|2]r = (2(1 +¢)’'Cj Zj||§,pj) . 2= (z)jen € (LX(T))) e,

j=1
with | - ||0,Fj denoting the usual norm in L?(T';). Then, for each v € H and each sequence
(Vg ) keny With vy € Hy, the limits

Vv = klim vop in L2(Q\I') and [v] = klim [vr] in (L2(Th)) ke

exist and are called weak gradient Vv and generalized jump [v] of v, respectively. We have
the Green’s formula

(13) /vV-cpdx:—/ Vu-pdr+Y [ [v]e-v;dl Vo e O (RY)?
Q o\r

J=1JT;
and the Poincaré-type inequality
1/2
2
O,Fj)

(14) lvlo0<Cp (Iv T+ > (L+e) Cj o]
j=1



7

where [v]; o\p = [ [V] g o\r and the constant C' is bounded in terms of (1 + 1)diam(€).

Moreover, the continuous embedding H ¢ H*(R2), s € [0, %), into Sobolev-Slobodeckij spaces
H?(Q) (see, e.g. [41, 42]) allows to identify H with a subspace of Nsefo,2) H*(Q).
’2

2.3. Fractal interface problem. We consider the fractal interface problem

(15) ueH: a(u,v) = (f,v) VveH

with f e L2(Q), the usual scalar product (-,-) in L?(Q), and the bilinear form

(16) a(v,w):/ AVU-dex+Z(1+c)jCj/ Blv][w] dI';, v,we™H,
O\l j=1 I

involving the functions A : Q\I' > R and B: T = U7, T'j = R. We assume that A(z) € Rxd
is symmetric for all x € Q\I' and has the properties

(17) aol¢? < A(x)€ - ¢, |A(z)& | < aq|€]ln, VEmeR?  VaeQ\D
with positive constants ag, a; € R. We also assume that B satisfies
(18) 0<pBo<B(z)<pr Veel

with constants 5y, 1 € R. The assumptions (17) and (18) imply that a(-,-) is symmetric and
elliptic in the sense that

(19) aof* <a(v,0),  la(v,w)| <A |w] Vo,weH

holds with a = min{ay, Bp} and 2 = min{«ay,B1}. Hence, a(-,-) is a scalar product in H and
the associated energy norm |-, = a(-,-)/? is equivalent to |-|.

Note that we have (f,-) € ™! due to the continuous embedding (14) of H into L?(Q2). Hence,
well-posedness follows directly from the Lax-Milgram lemma.

Proposition 2.1. The fractal interface problem (15) admits a unique solution u € H satisfying
the stability estimate

(20) lul < 3 Cplflogq-

We now focus on the numerical approximation of the solution u of the fractal interface problem
(15).

3. FINITE-SCALE DISCRETIZATION

3.1. Finite scales. As H is characterized by limiting properties of the k-scale spaces Hy,
k € N, it is natural to consider the interface problems

(21) uy, € Hy : a(uy,,v) = (f,v) Vv eHy

on finite scales k € N. Note that

k .
(22)  a(v,w) = ax(v,w) =/ Avo-Vwdz+ ) (1+¢)’C; [ Blv][w] dl'j, v,weHy.
o\r j=1 T
While the Lax-Milgram lemma implies existence and uniqueness, a straightforward error esti-
mate follows from Céa’s lemma.
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Proposition 3.1. For each k € N the k-scale interface problem (21) admits a unique solution
uy, € Hy satisfying the error estimate

— < DI — .
(23) Ju=us, | <3 inf Ju-v|

In the light of (12), this directly implies convergence
(24) u—uy,| -0 for k — oo.

In the case A(z) = I and (quite restrictive) shape regularity conditions on G € Q¥ ke N,
there are even exponential error estimates of the form

(25) lu =z, | < Clflloqt(L+e) "D

with C' depending only on the space dimension d, the Poincaré-type constant in (14), and
shape regularity [21, Theorem 4.2].

3.2. Finite elements on finite scales. Let 7(9) be a partition of Q into simplices with
maximal diameter hg > 0, which is regular in the sense that the intersection of two different
simplices T, T € T is either a common n-simplex for some n = 0,...,d — 1 or empty.
The shape regularity o > 0, i.e., the maximal ratio of the radii of the circumscribed and the
inscribed ball of T € T is preserved under uniform regular refinement [5, 6]. We assume
that the sequence of partitions resulting from successive uniform regular refinement of 7
resolves the interface network in the sense that for each fixed k € N there is a partition 7,
as obtained by a finite number of refinement steps, such that the interfaces I';, j = 1,...,k,

can be represented by faces of simplices T ¢ T i.e.

(26) r®- |y E
BegPcg®)

holds with a suitable subset 51(,’“) of the set €®) of faces of simplices T € T In particular,
this implies that for all G € Q) the set Ték) ={T eT® | T c G} is a local partition of G and
that the maximal diameter hy of T € T is bounded by the maximal diameter dj, of G € Q.

We additionally assume that Q) is not over-resolved in the sense that dj, can be uniformly
bounded by hyg, i.e., that

(27) O0dp < hp <dg, keN,

holds with a constant § > 0 independent of k € N. Let /\/ék) denote the set of vertices of
T e Ték) that are not located on the boundary 92. Observe that each vertex located on an
interface I'; with two (or more) adjacent cells G, G’ € Q) gives rise to two (or more) different
nodes p € Nék) and p’ € Ngf) For each G € Q) we introduce the local finite element space
Sik(G) of piecewise affine functions with respect to TG(k) that are vanishing on G n 9€2. The

space Si(G) is spanned by the standard nodal basis )\gk), peN ék). Extending these functions
by zero from G to €2, we define the broken finite element space

Sk:span{)\ék) |pe/\/(k)}, N = U ./\fék).
GeQ(k)



The discretization of the k-scale interface problem (21) with respect to S is given by
(28) us, €Sk ag(us,,v) = (fiv)  VoeS.

with ag(-,-) taken from (22). Existence and uniqueness of the resulting finite element approx-
imation us, of uy, € Hj follows from the Lax-Milgram lemma. Convergence is implied by
Céa’s lemma together with inf,cs, ||u—v| - 0 for k - oo and (24).

Proposition 3.2. The finite element approzimations (us, )gen converge to the solution u of
(15) in the sense that for each £ > 0 there is a sufficiently large k € N such that

(29) lu-us, | <e and  |uy, —us,| <e.
A priori estimates for the discretization error |u — us, | are difficult to obtain, because multiple
scales are incorporated into the solution space H directly by the exponential growth of the

weights (1 +¢)/C; of the jumps [u - ug, ] across I'; in combination with the fractal character
of the interfaces I';.

4. PROJECTIONS

This section is devoted to the construction of stable, surjective projections
i : H- S, keN,

satisfying an approximation property. To this end, we extend well-known arguments (8, 11, 45]
to the present situation.

4.1. Local Poincaré-type inequalities. This subsection is devoted to local Poincaré-type
inequalities on (subsets of) the cells G c Q(k)\ng), which, in contrast to cells from lej), have
non-empty intersection with I'; for j > k. We will frequently use the notation

B(G,R) = {pg+rs] seSlo<r< R}
for G € Q) and some R > 0.
Differences can be expressed in terms of derivatives and intermediate jumps.

Lemma 4.1.
Let k e N, G e QMY 2.y € G with (z,y) c G,
have

(x,y) mI‘(K)‘ < oo, and K > k. Then we

0 2
(@) — o) < (1+ 1) e - yf? ( [ 1vvsity-o) dt)

K .
H(1+2) Y Aoy Y PO VueCio(9),

j=k+1 &e(,y)nT;

where Vv (z +t(y - x)) is understood to be zero, if x +t(y — ) e D),
Proof. The assertion follows by application of [21, Lemma 3.5]|. O

The following lemma provides upper bounds for gradients that are well-known from classical
proofs of the Poincaré inequality on balls, see, e.g., [15, Section 4.5.2]
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Lemma 4.2. Let ke N, B = B(G,r¢) c G e QON\QE) | and K > k. Then

1
(30) /B/ch—yf/o V0 (x + t(y - @) dt dw dy < c|Bl 3 1o g Vo € Cheol()

holds with a positive constant ¢ only depending on the space dimension d.

Proof. Let v eCj o(R2). As stated, e.g., in the proof of Lemma 4.1 in [15, Section 4.5.2|, the
estimate

1
(31) / o — y|2/ Vv (2 + £y - 2))° dt d < e 1! / o) | -y da
B 0 B\T(K)

holds for all y € B with a constant ¢ only depending on the space dimension d. The assertion
follows by integrating over y € B. O

The next lemma provides corresponding estimates of jumps across the interfaces I';.

Lemma 4.3. Let ke N, B=B(G,r¢) c Ge Q\QWY  and K >j>k. Then

2
(32) /B o I @ dedy s il /

F]'ﬂ

[v]*dl;  VveCko(Q)
B
holds with a constant C' only depending on the space dimension d.

Proof. We use a similar approach as in the proof of [21, Theorem 3.6]. First, transformation
of variables (z,y) = V(x,n) = (z,x +n) leads to

33 25 di du = 25 o
( ) /B BEE(x%:)ij[[U]] ( ) T ay /{|77|52TG} /M(n) £€(x’§7)mrjﬂvﬂ ( ) x dn

with M(n) = {x € B|x+ne B}. Next, choose n € B(0,2rg) arbitrary but fixed and consider
the integral over M (n). As the interfaces are piecewise affine, I'j = U;e; I';; can be represented
as a countable union of its affine components I';;, i € I ¢ N. We proceed by estimating the
jump contributions across the individual affine components I'; ;. For almost all 2 € M (n), the
set (z,z+mn)nT; is finite and

> P = Y wila),

Ee(w,x+n)nl; el
where
pi(x) = [0]*(€), if (m,x+n)nTj;=¢eR?
and ¢;(z) = 0if (z,x+n)nl;; = @. Extending ¢; by zero to R? and choosing a transformation

®, that rotates the canonical basis ey, ...,eq of R? such that ®(ey) = e1, where e, = /||,
leads to

(34) / @i(m)dazz/ /goi(m,x')dxl dm’:/ /gpi(i)(:cn,x’))dxndx’.
M(n) Ra-1 JR R-1 JR

Introducing the set U; = {z' e R*! | 3z, e R: ®(z,,2") € j,n M (1)}, let us note that if Uj is
empty or I'; ; is normal to U;, i.e. Uj; is a singleton, then the integral in (34) vanishes. Other-
wise, there is an explicit parameterization ~; : U; - T'j; of T';; given by ~;(z") = ®(hs(z"),2"),
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where h; : U; - R is a suitable smooth function. By definition, ¢; is piecewise constant in
n-direction and bounded according to

0 <pi(@(xg,2")) < [v]*(na(e)), o eUs.

Hence, integration over x, and substitution of these bounds yields
[ [ et do,as < [ i i) o
Rd-1 JR U-L'

As T';; is the graph of h;, its first fundamental form satisfies g7 (z') = 1 + IVhi(z)]> > 1 and
thus

/ il (0] (ia’)) da’ < | / [P (e )WaT de’ = ] / [w]2dr;;.
U; U; Iy ;nM(n)

For the entirety of I';, summing over ¢ € I leads to
(35) [ 2 wP@a-Y [ a@deshl[ [Py
M(n) ge(x,z+n)nl; iel J M(n) I;nB
and inserting (35) into (33) concludes the proof. O
We are now ready to prove a Poincaré inequality on balls B = B(G,rg) c G € Q(k)\ng). We
will use the notation )
][ vdr = —/ vdr
M (M| Jm
with suitable subsets M c G.
Proposition 4.4. Let ke N and B = B(G,r¢) c G e Q0N\QW¥ | Then

v—][vd:n
B

holds for all v e H with a constant C' depending only on the space dimension d.

2
(36)

< (1 + %) Crg (T‘G |U|§,B\F + Z (1+ C)j_k Crj I[v] ”(2),1"]-03(6‘,1'(;))

0,B J=k+1

Proof. As {v € C3((Q) | K € N} is dense in H and the quantities in (36) are depending
continuously on v, it is sufficient to prove the assertion for v € Ci ,(2). Let v € Cj 4(©2) with
arbitrary K > k and note that the triangle inequality and Fubini’s theorem imply

U—]iv sz =/B‘]iv(x)—v(y)dy2 dxg]i/Bw(x)—u(y)F dz dy.

Lemma 4.1 and the Cauchy-Schwarz inequality provide
1
@) =o)Ll [ vot -l d

K )
+(1+Y) S avol o, Y [wRe).

j=k+1 &e(x,y)nTy

(37)

Integration and application of Lemma 4.2 to the gradient term in this estimate leads to

1
(38) ]{B /B |z - y|? /0 (Vo (z+t(y - ) dt do dy < ¢ rd, |U|?,B\F<K>
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and application of Lemma 4.3 to the jump term provides

(39) / > [w]P(€) dy dr < crg / [v]? dT;

B J B ge(z,y)nT; IynB
with constant ¢, ¢’ depending only on d. Finally, inserting (38) and (39) into (37) concludes
the proof. 0

One obtains trace analogues of (38) and (39) by integrating over spheres 0B instead of balls
B and treating gradient and jump terms in the same way as in the proofs of Lemma 4.2 and
4.3, respectively. Utilizing these analogues, the proof of Proposition 4.4 carries over to its
following trace analogue on spheres. We refer to [37, Lemma 3.2.5] for details.

Lemma 4.5. Let ke N, B =B(G,r¢) c G e Q\QWY | and K > k. Then

v—][vda;
B

holds with a constant C' depending only on the space dimension d.

2

K .
< (1 + %) C (rG |v|iB\F(K) + Z (1+ C)]_k Crj | [[UHHgIJnB) Vue C}(,O(Q)

0,08 j=k+1

The following lemmata prepare the extension of the Poincaré inequality from balls to cells
Ge Q(k)\ng). We start by controlling intermediate jumps in G\B(G,rg).

Lemma 4.6. Let ke N, B =B(G,r¢) c G e QN\Q® M =G\B(G,r¢) <G, and K > j > k.
Then we have

/M 5 [[v]]2(§)dyg%130/ Py voeCh(@)

§e(pg,y)nlynM ¥

Proof. Assume pg = 0 without loss of generality and let v € C}(O(Q) with arbitrary K > j > k.
As the interfaces are piecewise affine, I'; = U;ey I'j; can be ref)resented as a countable union
of its affine components I';;, i € I ¢ N. For almost all y € M, the set (0,y) nT'; n M is finite
and we set

(40) > PO =X ey
&e(0,y)nI';nM iel
denoting
pi(y) = [V]*(€), if (0,y)nTy;nM=¢eR?,

and ¢;(y) = 0, if there is no intersection of (0,y) with I'; ; in M. We extend ¢; by zero to the
ball B(G, Rg) > G > M. This leads to

Rg
(41) /%(y)dy=/ cpi(y)dy:/ / 0i(¥(r,s))r¢drds,
M B(G,Rc)\B(G.rc) si1 ) rg

where W stands for the transformation from d-dimensional spherical to Cartesian coordinates.
We introduce the section S; = {s € S*! | (0, Rgs)nT'j;n M # @} of directions that contribute
to the integral in (41), and 0B; = {Rgs | s € S;} is the corresponding subset of the boundary
0B(G, Rg) of B(G,Rg). If these sets are empty or if I';; is normal to 0B;, i.e., 0B; is a
singleton, then the integral in (41) vanishes. Otherwise, there is an explicit parameterization
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£(s) = ¥(gi(s)Rga,s) of I'j; n M over B; with a smooth function g; : 0B; — (0,1] and, by
definition,

0<pi(¥(r,s)) < [vﬂQ (&(s)), s€S;.

Therefore, integration over r and substitution yields

Rg
(42) /Sd—l /TG goi(\lf(r,s))rdfl drds < éRG /Si[{v}]z(g(s))Rél ds < éRG /E)Bi[[v]]Q(g(s))ds.

The area element of I';; is given by

a0 = g8 ()\/92(5) + [V.gi () PR ds.

Now g¢;(s)Rg > rg, s €S;, together with shape regularity Rg < yrg implies

1<7gi(s) <7 Lgd 1 (s) <7 Lgd2(s)\ 92 (5) + [V ga(s) PR

which in turn leads to

(43) /(33.[[11}]2(5(5))(13Svd_l/an[[v}]Q(ﬁ(s))gg_Q\/gf+|Vgi|2Réds=’yd_1/ [v]?dT.

Fj’iﬂM

In light of (40), (41), (42), and (43), summation over i € I finally leads to

/M > WP©dy =Y soz-(y)dy

£e(0,y)nlnM i€l

d-1
[v]2dr;; = 5" Re / [o]? dT;.
el Fj’iﬂM FjﬁM

The next lemma is an analogue of Lemma 4.1 in [45].

Lemma 4.7. Let ke N, G ¢ QON\QE | and K > k. Then

2 2 2
lvlg.q < v, l0.08(Gra)

+(1+1)CRg (RG [of? G\ * Z (1+¢) ™" Croj V]G 1, iN(G\B(G, rG)))
J=k+1

holds for all v € C}(,O(Q) with a constant C depending only on the dimension d and shape
regularity v of Q).

Proof. Utilizing

)+ 1008 e\B(Gre)

[l = vl

we have to derive a suitable bound for HUHO,G\B(G,TG)' We set M = G\B(G,r¢) for nota-
tional convenience and assume pg = 0 without loss of generality. Transformation to spherical
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coordinates then yields the splitting

pa(s)
Pliae= [, [ e e drds

pc(s) 4 5
= / / rd-1 lv(rs) —v(rgs) +v(rgs)|” drds
gd-1

pa(s)
<2/ / ro(rs) - v(rgs)? drds+2/ / rT u(rgs))? drds.
gd-1

= =y

We will provide suitable bounds for these two parts and first consider I;. Lemma 4.1 leads to

pa(s) T 2
L< 2(1+ %)/ / rd-1 ( |Vo(zs)| dz) drds
Sd-1 TG rag

G (s) 4
+2(1+%)/ /p AT Oy Y [P drds
Sd-1 Jrq

j=k+1 &e(rgs,rs)nl’y

(44)

By the Cauchy-Schwarz inequality and straightforward computations, as in the proof of |45,
Lemma 4.1], the gradient term in (44) can be bounded according to

pa(s)
/ / it ‘/ Vou(zs)dz
Sd-1 T
(45) pa(s) ¢ a(s) .
< / (/ 247 Vo (z8) dz) (/ ’I“d_l/ 7174 dzdr) ds
Sd-1 QTG rG rG

CRQG |U|1,M\F(K)

2
drds

IA

with a constant ¢ depending only on the dimension d and shape regularity v > If—g of Q%) n

order to bound the jump contributions in (44) in terms of integrals along interfaces, we apply
Lemma 4.6 to obtain

pc(s)
[ N SR (i O Y R B M GG L
(46) S4-1 Jrg &e(rgs,rs)nl’; M ge(0,y)nl;nM
I Re [ [ulr;-

FjﬂM

Inserting M = G\B(G,r¢) c G, the estimates (45) and (46) provide

47)  Li<2(1+4%) (CR%; [olf o + L YR Z 1+ Y™ Chs 101G ry (e, rg)))
J=k+1

Straightforward calculation leads to

pc(s) pc(s) d—1
/ / r" u(ras)|? drds =2 / gt \v(rcs)|2/ (%) drds
( Sd-1 Jrqg re
-1 2r (s) R 2
'2/5d lu(rgs)| c((ng ) )dsg ((_c) _1)7«G||UHO7QB(G,TG).

Together with (47) this concludes the proof. O
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As a direct extension of Lemma 4.3 in [45], we are now ready to state a local Poincaré inequality

on cells G € Qk\Qc(,f)

Proposition 4.8.
For every k e N and every cell G € Q(k)\ﬂgf), the local Poincaré inequality

v—][vdx
G

holds for all v e H with a constant C depending only on the dimension d and shape reqularity
v of Q).

2
(49)

0,G

<C(1+1)dy (dk W+ Y (L+¢) ™ Crjllv] arjnc)
j=k+1

Proof. Tt is sufficient to show (49) for v € C}(’O(Q) with arbitrary K > k, and then use a density

argument. Observe that f, v dz minimizes the functional [v - - H(Q),G. Denoting B = B(G,rqg),
we conclude from Lemma 4.7

2 2

v—][vdx < U—j[’l)d.’E
e 0,G B 0,G
2 2
< v—][vda: + CRg v—][vd:n
B 0,B B 0,0B

K 4
+CRe (1+1) (RG o} e + Y (1+ <)’ Chj | [[Uﬂ||g,rjm(c\3)) :
j=k+1

Now the assertion follows from the Poincaré inequality on balls stated in Proposition 4.4
together with its trace analogue for spheres Lemma 4.5. g

4.2. A trace lemma. In order to control the jump contributions in the stability estimates
below, we provide some estimates of traces on the interfaces I'; of functions v € C}(’O(Q) with
arbitrary K e N. For this purpose, we follow the approach by Verfiirth [45] and utilize the
triangulations 7 introduced in Subsection 3.2. The following lemma is a direct extension of
[45, Lemma 3.2] and can be shown along the same lines of proof. Since the simplices 7" € T
are convex, the additionally arising jump contributions can be controlled in a similar way as
in Lemma 4.3, see also |21, Theorem 3.6]. We refer to |37, Lemma 3.2.12| for details.

Lemma 4.9. Let ke N, T e T® and E ¢ E® be a face of T. Then
K
2 - 2 2 i~k 2
lolo,p <c(l+¢) (hkl lvllo.r + P [oly oo + ; (L+¢)) 7 Cy | HUH||O,anT)
J=k+1

holds for all v € C}(?O(Q) with K > k and a constant ¢ depending only on the space dimension
d and shape reqularity o of T*).

Now we are ready to state the desired trace lemma.

Lemma 4.10.
Let keN and G e QON\Q® andi=1,....k. Then

K
2 —1 9,912 2 ik 2
lv6,r006 <€ (1 + %) (dk lvllo,¢: + dic [v LG\r) + >, (L+e) Oyl [[Uﬂ”o,r]-m(;)
J=k+1
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holds for all v e Hg with K > k and a constant C depending only on the space dimension d
and the shape reqularity v of Q).

Proof. The shape regularity of the cell partitions Q%) k € N, implies that there is an associated
sequence of triangulations with shape regularity o depending only on « that also satisfies
condition (27) with some § > 0. We assume without loss of generality that (7)) is such
a sequence.

By a density argument, it is sufficient to consider v € C}CO(Q). Let G ¢ Q(k)\lej) and recall

that 'TG(k) c T®) is a local partition of Sék) c €M), Denoting the set of faces of simplices
Te Tcgk) by & (k), select the subset of faces Eélg c Sék) such that
o0G= |J E.
Eeé‘ékc)

Note that for each FE ¢ Sélé) there is a simplex T € 7'C§k) with face F and a simplex T € 7'C§k)

can contribute at most all of its d + 1 faces to Egg. Utilizing the trace Lemma 4.9 and (27),
we get

2 2
lolo,rnoc < 2. Ivloe

Eegly)
K
- 2 2 -k 2
< C(l + %) Z (hkl HUHO,TE + hy, ’U’LTE\F(K) + Z (1+¢) Crjl [[Uﬂ\|o,rjmTE)
Eegékc) J=k+1

K

—1 02 2 i~k 2

<c(d+1)(1+¢) X (hkrl [vlo,7 + P vli oo + Z (L+¢) ™ Cryl[v] o,rjnT)
TETék) ]=k+1

K
-1 2 2 i—k 2
sC(1+%)(dk lolo.g + dilolf rpaey + 3 (1+€)) 7 C II[[vﬂllo,rjmc)
j=k+1

with a constant C' depending only on the space dimension d, shape regularity o of T7®) | and
the constant § in (27). O

4.3. Projections on finite-scale spaces Hy.

Definition 4.11. For every k € N, we define the linear projection Ily, : H — Hy, by setting

arg min{|v — vgly v | [ov-vp dr =0}, Ge Q(k)\ng)
(50) Iy, vlg =1 weHY(G)
vl Genl®

for all G € Q®) and v e H.
The operator 1y, is well-defined. Indeed, for every G € Q(k)\ng) its local contribution vy

is the unique solution of a quadratic minimization problem on the affine space fG vdr+ W,
W ={weH"(G)| [,wdz =0}, which is characterized by the variational equality

(51) (Vug, Vw) = (Vo, Vw) YweW.
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Lemma 4.12. For every k € N the linear projection Ily, satisfies

(52) ][ v-Ilyvdr=0 and [Iyv]; o <[v] Vo eH.
G k) )

Proof. Setting vy, = Ily, v|q, the first equality follows by definition (50) and after testing with
W=V — fG v dz in (51), the remaining local stability of ITy;, follows from the Cauchy-Schwarz
inequality. g
We now state an approximation property of the projections Ily;, v, k € N.

Theorem 4.13. Assume that the condition

(53) re(1+¢)F < dp,

on the geometry of the interface network I' is satisfied. Then the projections 11y, : H — Hy,
k e N, have the approximation property

(54) Jv =T, o5 <c(1+1)dR [o]? YoeH

with a constant ¢ depending only on the space dimension d and shape reqularity v of Q).

Proof. Let G € Q(k)\QS,f) and v € H. As v - Ily, v has mean-value zero and IIy, v does not
jump across I'; for [ > k + 1, the local Poincaré inequality stated in Proposition 4.8 yields

2 2 = i 2
(55) v - HHkUHOG < c(l + %) dy, (dk lv - HHWH,@\F + ; (1+¢) ka,j [[v] O,ijG)
J=k+1

with a constant ¢ depending only on the dimension d and shape regularity v of QF) . Assump-
tion (53) and the definition (8) of ry imply

(56) (1+ C)_ka,j <rp(l+ C)_ij < diCj, j>k.

Now we insert these estimates into (55) and make use of the Cauchy-Schwarz inequality and
of the local stability (52) to obtain

2 2 2 — j 2
v - HHkU”(LG < 0(1 + %) dy, (2 |U|1,G\F + Z (1+¢) G| [[Uﬂ”o,rjmc;) :
j=k+1

As v -1y, v|, o =0 for all G e Q% summation over G e Q(k)\ng) completes the proof. O

For each fixed k € N, boundedness of 113, follows from the closed graph theorem.

Lemma 4.14. For every k € N, the linear projection Ily, is bounded, i.e., it holds
(57) Mol < o] VoeH

with a constant pg > 0.

Proof. Note, that the image imIly, = H;, of Il is a complete subspace of H and thus closed.
We show that the kernel ker Iy, c H is also closed, which would imply that II3;, is continuous
and thus bounded by the closed graph theorem.

Let (vn)nen be a sequence in kerIly, converging to v € H. By the definition (50), it holds

vnlg = (Il vn)|g = 0 for all G € Q%) and n e N which implies vlg = (ITy,v)|e = 0. For all
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G e Q(k)\ng) and n € N, (I, v,)|g = 0 implies [, v, dz = 0 and, according to (51), the
property

/ Vo, - Vw dr =0 VweW:{weHl(G)|/wdw:O}.
G\l e
Therefore, as n — oo, we conclude va dxr =0 and

/ Vu-Vwdxr=0 YweW
G\l

by the continuous embedding H c L?(2) ¢ L'(Q). By definition, the projection vy, = (I, v)|a
is characterized by the variational problem

/vk—vdx:/vkdxzo, / Vvk~de3::/ Vu-Vwdr =0 YweW
G G G\l G\I'

with the unique solution v; = 0. Hence, (IIy,v)|¢ = 0 holds for all G « Q®) and thus
v € ker Iy, . O

In order to identify sufficient conditions for uniform stability of I3, , we want to further clarify
the dependence of up on k € N. To this end, the following lemma provides a bound for the
jump contributions to |z, v| in terms of |v].

Lemma 4.15. Let k € N and assume that conditions (27) and (53) are satisfied. Then

k 9 k
21+ G- ool < € 1+ 1) (l21<1+c>lcl) ol

holds for all v € C}(,O(Q) with K > k and a constant C' depending only on the space dimension d
and the shape regularity v of Q).

Proof. Let ke N and v € C}(’O(Q) with K > k. Note that

I[o - Ty 0115 ((v =Ty 0)l6 = (v =Ty, 0)|e)* dTy

G GIGQ(k) /Fm@Gﬁ@G’
GG’

2
4 lv =T34, v 5 rm06 » l=1,... k.
GeQ(k)

IN

By Definition 4.11 we have Iy, v|¢ = v|¢ and thus [v -y, 0|, (g =0 for G e Q% Hence,

let G e Q(k)\lej). Inserting (56) (a consequence of assumption (53)) into the local approxi-
mation property (55), we get

K
2 2 j 2
(58) lo =Ty vlg e <c(l+1)dy (Iv ~ Il vly gyrao + S (L+¢) Gy [{v}]llo,rjnc)-
J=k+1
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As [Iy,v] = 0 on T'j for j > k, application of the trace Lemma 4.10, together with (58),
Lemma 4.12, and (56) lead to

2
v - H?—LkUHo,rlmaG

K
_ 2 2 -k 2
< (1 + %) (dkl HU - H?—lkao,G +dy, |U - HHkvh,G\F(K) + 4;1 (1+ c)s C/w ” [[Uﬂ |0,F]-nG)
j=k+

K
5 .
<C’ (1 + %) dy, (|U|iG\F(K) + ‘;1 (1+ C)J Cj [ [[M]”?),l}-nG)
j=k+

with constants ¢/, C’ depending on the space dimension d and the shape regularity ~ of Q)
Summation over G € Q%) yields

2 2 2
Jvo =Ty vl p, < C(1+ 1) di o]

and the assertion follows. O

We are ready to state stability of the projections Il3;, , k € N.

Theorem 4.16. Assume that conditions (27) and (53) are satisfied. Then the projections
Iy, : H — Hy, k €N, are stable in the sense that

k
(59) \Hykv230(1+(1+%)3dk(2(1+c)l6’l))\|v”2 VoeH
=1

holds for each k € N with a constant ¢ depending only on the space dimension d and the shape
reqularity v of Q)

Proof. As C}(O(Q), K €N, is dense in ‘H and Ily, is continuous for each fixed k € N, it is
sufficient to prove (59) for v e C}(,o(Q) with arbitrary K > k. In light of
Mg v] < o =Tl o] + o]

it is sufficient to derive a corresponding bound for |v — Iy, v|. Utilizing that, by construction,
I3, v does not jump across I';, [ > k, and boundedness of Il3, with respect to |- |, o\r, cf.
Lemma 4.12, we obtain

fo-Thgl? = o= ol g+ (14 1) 3 (14 G~ T ol
< 90 gy # Moo )+ (14 1) lkf @+ Gy,
+(1+ %)2(1 +¢) Cr | [v -y ][5 1,
< 4P+ (1+1) i (1+¢)' Cr[[[v =Ty, 0] 3 p, -
Now the assertion follows from Lemma 4.1l5:).1 U

Uniform stability of Ily, is obtained under an additional condition on the geometry of the
interface network I'.



20

Corollary 4.17. Assume that conditions (27) and (53) are satisfied and that the additional
condition

k
(60) dy (Z(1+C)l0l) <Cr, keN,
=1

holds with a constant Cr independent of k. Then the projections Ily, , k € N, are uniformly
stable, i.e.,

(61) Mg v <clof  YoeH

holds for each k € N with a constant ¢ depending only on the space dimension d, the shape
reqularity v of QF) | and the material constant c.

The additional condition (60) reflects the fact that the jump contributions to Iy, v| cannot
be bounded by the jump contributions to |v| (see [37, Remark 3.2.26] for a simple counterex-
ample). Relating the material constant ¢ to the geometry of the interface network, it implies
that the interfaces I*) are highly localized for feasible ¢ > 0 and thus excludes, e.g., the Cantor
network [21, 43, 44]. For example, the highly localized network described in Subsection 2.1
above satisfies condition (60) for ¢ < 1.

4.4. Quasi-interpolation on finite element spaces S;. We now construct and analyze
suitable projections Ils, : Hj, — Sk, utilizing well-known concepts from finite element analysis.

Definition 4.18. For every k € N, we define the Clément-type quasi-interpolation
ILs, : Hi — Si by setting

(62) Is,v=Y (Iv) AP
peN (k)
with 11, : Hy, — R defined by
(63) v = ][ vdz, wp = Supp /\ék), pe NK),
wp
for veHy.

For v € Hy, k € N, the restrictions v|g € H(G) to the cells G € Q*) are functions from
standard Sobolev spaces. Hence, Ils, possesses local approximation and stability properties
as established in the literature |8, 45].

Lemma 4.19. Let ke N, G € QF) T ¢ Ték) cT®  and E € E®) such that E ¢ G. The
projection Ils, defined in (62) satisfies the local approximation properties

2 2 2
(64) lv-Tsolgp <chi >3 i,
pETﬂNék)
(65) / ola - Ts,olaP dE<c 3 hefolal,,
E pENE
and local stability property
2 2
(66) ‘HSk”h,G s C‘U|1,G

for all v e Hy with constants ¢ depending only on the dimension d and shape reqularity o of

TH).
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Proof. The approximation properties (64) and (65) are stated in |45, Proposition 2.1], while
the stability estimate (66) can be found in |8, Theorem 2.4 (c)|. O

Proposition 4.20. Let k € N and G € Q%) Then the projection Ils, defined in (62) has the
local approximation property

(67) |lv-TIls.v]g g < chi vl ¢ Vv e Hy

with a constant ¢ depending only on the dimension d and shape reqularity o of TH),

Proof. Exploiting shape regularity, the assertion follows by summation of (64) over T € TG(k).
O

Proposition 4.21. The projections lls, , k € N, defined in (62) are stable in the sense that
k

(68) |TLs, v| gc(1+dk (Z(1+C)ZC’1)||U”) Yo e Hy
=1

holds with a constant ¢ depending only on the dimension d and shape regularity o of T®).
Proof. Let v € Hj and observe that
k
2 2 2 I 2
(69) [T, o)™ < 2 [o]” + s, vl g\pa + 2;(1 +¢) G |[v-Ts, 0],

follows from the triangle inequality and the Cauchy-Schwarz inequality. Using local stability
(66) on the cells G € Q) it holds

2 2 2 2 2
(70) TP gpe = 3 Mselg<e 3 ofe=clhlgom <clol
GeQ(k) GeQ(k)

with a constant ¢ depending only on shape regularity o of T®) and the space dimension d.
We now derive a corresponding bound for the jump terms occurring in (69). As T*) resolves
the interface network I'®) according to (26), there are subsets El(k) c £®) such that
= U E, I=1,... .k
Eegl(k>

Now let E c EEJ néE,g cI'y with Gg; € Q(k), i=1,2, and we set v; = U|GE,“ 1=1,2. Then
the Cauchy-Schwarz inequality in R? yields

(71) |lv-Tsollgr = > / [v-Ts o] dE<2 Y / o1 = Ts, w1 [ + [vg = T, vol* dE.
’ Eegl(k) E Eegl(k) E
The local approximation property (65) leads to

2
Lwp

(72) / i ~Osvil? dE<c > hylvi
E PQNE,i

i=1,2,

with Ng, = E r‘n/\fgg denoting the vertices of E located in G ;, and a constant ¢ depending

only on shape regularity o of 7*) and the space dimension d. After inserting this bound into
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(71), summation over [ = 1,..., k, and shape regularity of T®) provide
k k
>(1+/Ci |0~ Ts, o1l < (lzu ; cm) o2 ey
=1 =1
with ¢ only depending on o and d and the assertion follows from (27). O

Note that uniform stability of IIs, , k € N, is obtained under the additional assumption (60).

Definition 4.22. For every k € N, we define the projection

(73) II = s, oIy, : H - Sp.

Theorem 4.23. Assume that the conditions (27), (53), (60) hold. Then the projections
Iy : H — Sk, k €N, defined in (73) have the approximation property

(74) v —IIxv| < chy v VveH

with a constant ¢ depending only on the space dimension d, shape reqularity v of Q¥ shape

reqularity o of T, the constant § in (27), the constant Cr in (60), and the material con-
stant c.

Proof. The assertion is an immediate consequence of the triangle inequality
|v=gvlg < v =Tl vl + [T v - Ils, (g, 0),
Theorem 4.13, Proposition 4.20, and Corollary 4.17. O

Uniform stability of the projections Il is an immediate consequence of Corollary 4.17 and
Proposition 4.21.

Theorem 4.24. Assume that the conditions (27), (53), (60) hold. Then the projections
I : H - Sk, k€N, defined in (73) are uniformly stable in the sense that

(75) Mol <clo]  VoeH

holds with a constant ¢ depending only on the space dimension d, shape regularity v of Q)
shape regularity o of T®), the constant & in (27), the constant Cp in (60), and the material
constant c.

5. MULTISCALE FINITE ELEMENT DISCRETIZATION

For some fixed k € N, we now construct novel multiscale finite element spaces with the
same dimension as Sp that provide discretization errors of order hg. Utilizing the projec-
tion Iy : H — S defined in (73), we can readily apply local orthogonal decomposition (LOD)
as introduced by Malqvist & Peterseim [30] with localization by subspace decomposition as
suggested in [26].

Let Vi = ker Il ¢ ‘H denote the kernel of II; and Cj : H — V) the orthogonal projection of
H onto Vj, with respect to the scalar product a(-,-) in H. Then the multiscale finite element
space

(76) Wi ={v-Crv|veH}={v-Ckv|veSk}=span{(I - Ck))\}(,k) | peNg}
is isomorphic to 8. We consider the multiscale discretization
(77) ug € Wy a(ug,v) = (f,v) Vv e Wg.
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The following error analysis is due to Peterseim [35] and Malqvist & Peterseim [30] (see

also |26, 35]).

Theorem 5.1. The unique solution uy, of the discrete problem (77) is given by
(78) ug = (I = Cy)xu.

The discretization error has the representation u — ug = Cyu and the error estimate
(79) Ju = el < Chi £l

holds under the conditions (27), (53), (60) with C depending only on the constant occurring
in the approzimation property (74) stated in Theorem 4.23 and the ellipticity constant a from
(19).

Proof. As u — Il u is contained in the kernel of II;, we have

(80) u—ug = (I -Cx)u— (I-Cx)xu+Cru = Ciu.

By definition (76), the functions in W, are a-orthogonal to the functions in the range of Cj
and thus to u — uy = Cxu. Hence, uy solves (77) and uniqueness follows from ellipticity (19).

The following estimate is a consequence of ellipticity (19), the representation (80), the a-
orthogonality of C; mapping to the kernel of II;, and the Cauchy-Schwarz inequality

au—ug|® < |Crull; = a(u, Cru~T0Cru) = (f,Cru - Collyu) < | flo |Chu = CTlyully

Now the desired error estimate follows from the approximation property (74) of IT; as stated
in Theorem 4.23. U

We emphasize that the discretization error estimate (79) comes without any further regularity
assumptions on the exact solution wu.

In spite of these desired properties, the space W is problematic, because its multiscale basis
functions (I - Ck))\gg), p € Ny, in general have global support. We therefore consider (in-

tentionally local) approximations C,E,V) :H - H, veN, of Cp giving rise to the approximate
subspaces

W,gy) =span{ ([ - C}gu)))\}()k) | peNL}
and corresponding Galerkin discretizations
(81) WWew® a0y = (fu) Yoew™.

The following discretization error estimate is taken from [26].

Theorem 5.2. Assume that the approximations Clgl’) tH —>H, veN, of C, are convergent in
the sense that

(52) e -], <a’ el ven

holds for all v € H with some convergence rate q < 1. Then we have the discretization error
estimate

(83) Hu - u,(:)

<+ q") B fu-w + " E u-Tu|,  veN.
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Proof. Exploiting (I —Clgu))Hku € W,EV) and (78), we obtain
H (v)

u—uk

< H’LL - (I —CIEV)) HkuHa = H(u - uk) - (Ckau —C’gy)ﬂku)Ha .

a

Convergence (82) together with identity (78) provides
et - | < q” ICyTeull, < g (lu =gl + u=Tgul,).

Now the assertion follows from the triangle inequality and the norm equivalence (19). ([l

We now concentrate on the construction of convergent local approximations C,gu) T H - H,
v € N, by local subspace correction. Here, we make heavy use of the fact that the kernel V
of I, is high-frequency. Locality (50), (62) of the projection IIj = Ils, o IIy, motivates the
direct splitting

(84) Vi= ), Va
GeQ (k)
into the subspaces
Vo ={(I-T)v|g|veH}c Vg, Ge®,

Here, v|g is defined by v|g(x) = v(z) for x € G and v|g(x) = 0 otherwise. Note that the linear
mapping H 3 v — v|q € H is uniformly bounded in H for all G € Q) and each fixed k € N as
a consequence of the trace Lemma 4.10 and the continuous embedding of H into L?(€2). The
subspaces Vg are closed, because convergence of a sequence (v;)eny € Vg € Vi to some v € H
implies v € Vi, i.e., ITzv =0, as Vj is closed, v = v|g, as supp v; ¢ G for all i € N, and therefore
v = (I —T)v|g € Vg. Utilizing the splitting (84), each v € Vi can be uniquely decomposed
into its local components

(85) va=I-vlgeVe, GeQ®,
The following lemma is the main result of this section.

Lemma 5.3. The splitting (84) is stable in the sense that for each v € Vi the decomposition
(85) satisfies
(86) > lvels < Kol
GeQ(k)
with a constant K1 depending only on the constants appearing in Theorems 4.23, 4.24, and

the ellipticity constants a, 2 from (19).

Assume that for all k € N and each G in Q¥ the number of neighboring cells of G from
Q) s uniformly bounded by cy € R. Then the splitting (84) is bounded in the sense that the
decomposition (85) satisfies

(87) [vle <Ko 3 lvel
GeQk)
with a constant Ko depending only on cy.

Proof. Boundedness (87) with a constant Ky depending only on the maximal number of neigh-
bors of each cell G is a direct consequence of the Cauchy-Schwarz inequality.
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Let G ¢ Qf,f) and v € Vy. Then IIiv|g = s, oIy, v|g = IIs, v|g by the definition (50) of Iy, .
Utilizing local boundedness (70) and the approximation property (72) of Ils, together with
the geometric condition (60), this leads to

k
2 2 j 2 2
(88) lval” = v -Ts,vli g + 3 (1 +¢)'Cj v - Ts, 05 p noe < clvlig
j=1

with a constant ¢ depending only on the shape regularity o, the space dimension d, and the
constant Ct from (60).

Now assume G € Q(k)\Qf,f). By a density argument, it is sufficient to consider v € Vy N Hg
with arbitrary K > k. Exploiting the locality of Iy, i.e., (I - IIx)(vlg) = ((I -IIx)v) |g, we
have

k K
2 2 j 2 j 2
(89) lval” = v = xvfy gypao + Z;(l + )/ Cj v =Tk |g o + ; 1+ G5l lo]lorne -
i= jok+1
As a consequence of the Cauchy-Schwarz inequality, Lemma 4.12 and the local bounded-
ness (70) of Ils, , we have
2 2
(90) v =TIkl gypao < CPolY cypao

with a constant C' depending only on the space dimension d and shape regularity o of 7).
After utilizing the trace Lemma 4.10, we apply (90), (56), the geometric condition (60), and
(27) to obtain

k K
j 2 -2 2 2 j 2
zx1+du%U_HMWMyMGSCVO%|W_IMMMG+WhmﬁKﬂ'E:(1+0%%”MMQQMJ
j=1 J=k+1

with O’ additionally depending on the material constant ¢, the constant ¢ in (27), and the
constant Ct appearing in (60). Now we insert the above estimates in (89) to obtain

K
2 - 2 2 j 2
(91) lve| £<7"(hk2hf—fhwaa*ﬁvlﬁamx>+ >, (1+¢)Cy[v] mea)
J=k+1

where C"" = max{C,C"}. Summation of (88) for G « Q¥ and (91) for G € Q(k)\Q(of) finally
leads to
> Jvl® <" (hi? o - Tho[g + [o]?).

GeQ(k)
Now the approximation property stated in Theorem 4.23 together with the norm equiva-
lence (19) concludes the proof. O

Let Pg:H — Vg, G € Q¥) | denote the a-orthogonal Ritz projections defined by
(92) Pow e Vg : a(Pgw,v) = a(w,v) Vv e Vg

for w e H and
T= > Pg
GeQ (k)
the resulting preconditioner. Lemma 5.3 implies (see, e.g., [28, Lemma 3.1|, [47, Theorem
4.1] or [49, Theorem 8.1|))

(93) 1/Kya(v,v) < a(Tv,v) < Kea(v,v) Yo e V.



26

As T is self-adjoint with respect to a(-,-), this provides the bound x < K7 K of the condition
number x = |T, HT‘lHa of T restricted to V. We consider the straightforward damped
Richardson iteration

(94) ¢ -cwri-c), ¢ -o,

with a suitable damping factor w. Note that C,gy)fu € Vi, v € N, holds for any v € H. Now
convergence of (94) follows by well-known arguments.

Theorem 5.4. Assume that for all k € N and each G € Q) the number of neighboring cells

of G from Q) is uniformly bounded by cy € R. Then the approzimations C,E,V), veN, of Cy
defined in (94) are convergent for w < 2/Ks in the sense of (82), and we have the convergence
rate ¢ = (K1 Ko — 1)/(K1 K2 + 1) for the optimal damping factor w = 2/(1/K; + Ka) with K,
K> depending only on the constants appearing in Theorems 4.23, 4.24, the geometric constant
Co in (9), cn, and the ellipticity constants a, A from (19).

More sophisticated iterative schemes with better convergence rates are discussed, e.g., in [26].
Utilizing Theorems 5.1 and 5.2, the desired discretization error estimate

Hu - ul(:) =O(hg)

is obtained by choosing v € N such that the stopping criterion q”% |u—Txul = O(hy) is
fulfilled.

Note that the support of the first iterate (I — C,gl)))\](,k) =(I- wT))\z()k) is contained in G, if p
is located in G and contained in Gu G’, if pe GnT}, NG’ so that the support grows at most
by one layer of cells. By the same argument, the support of the approximate multiscale basis
functions (I - C,gy)))\z(,k) =(I- wT)")\Z(;k), p € N, spreads at most by one layer of cells in each
iteration step and therefore depends logarithmically on the prescribed accuracy of order hy.

The construction of W,gy) requires the successive solution of local problems (92) in the infinite
dimensional function spaces Vg. In order to derive a computationally feasible analogue of
the multiscale finite element discretization (81), we start from a typically very large, maybe
computationally inaccessible finite element space S associated with a very strong refinement
T of T that resolves all fine scale features of the multiscale interface problem as necessary
to provide the desired accuracy of order hi. Proceeding literally as above with H replaced by
S, we obtain discrete versions of Theorems 5.1, 5.2, and 5.4, where the iteration (94) takes
the form of a damped block Jacobi iteration.

6. ITERATIVE SUBSPACE CORRECTION

We now consider the construction and convergence analysis of subspace correction methods
for the fractal interface problem (15) together with computationally feasible discrete versions
for k-scale finite element approximations (28). Their convergence rates neither depend on the
scales k € N nor on the mesh size hy.

The starting point is the two-level splitting

(95) H=Vy+ Z Vo
GeQ (k)
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with Vy = Sy for some fixed £ > 1, some fixed k > ¢, and
Vo={vlg|lveH}, Ge Q)
In particular, each v € H can be decomposed into its local components
vp = Iv e Sy, v = (v=Tw)|g € Vg, G e,
which is useful for proving stability

2 2
(96) loela+ > lvela < Kifol,  VoeH
GeQ(k)
of the splitting (95). Indeed, utilizing the stability and approximation properties of the projec-
tions Iy : H — Sy, stability and boundedness of the splitting (95) with corresponding constants
K{ and K, follows by similar arguments as in the proof of Lemma 5.3.

Therefore, the corresponding preconditioner
T=P+ Z Pq
GeQ(k)

with Ritz projections Py : H — Vy and Pg : H - Vg, G ¢ Q) respectively, admits the
bound k < KjKs of the condition number x of T': H — H. This property directly entails
corresponding bounds for the convergence rates of preconditioned linear and nonlinear iterative
schemes like Richardson or conjugate gradient methods.

In order to describe a sequential subspace correction method induced by the splitting (95), we

introduce a numbering {G1,...,G,} = Q) of the cells and of the corresponding subspaces
V; = Vg, and Ritz projections P; = Py,, i =1,...,m. We now consider the linear iteration
(97) wo=u®,  wi = w;+ Phoi(u-w;), i=0,...,m, u D = w1,

for v = 0,1,... with arbitrary given iterate u(®) € #. Stability (96) of the decomposition
and a Cauchy-Schwarz-type inequality as stated in the following lemma are the two classical
conditions for convergence estimates of sequential subspace correction methods such as (97)
(see, e.g., [47, Section 4.1] [49, Section 5]).

Lemma 6.1. Assume that for all k € N and each G in Q¥ the number of neighboring cells
of G from Q%) is uniformly bounded by cy € R. Then the Cauchy-Schwarz-type inequality

N - v 1/2
Za(viij)SK?)(Za(Uz‘avi)) (Za(wj’wj))

i,j=0 i=0 3=0

holds for all v; € V;, w; € V;, 4,5 =0,...,m, with a constant K3 depending only on cn.
Proof. For some fixed G € Q") we introduce the local scalar product

k .
ag(v,w) = Avv-Vwdz+3 Y (1+c)’ Cj/ Blv][w] drI';
G\I' j=1 I;noG

+ (1+c)jCj/ B[v][w] dr';, v,weH,
j:k;+1 F]‘I'WG
with the property

(98) Y ag(v,w) = a(v,w), v,weH.
GeQ(k)
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As the common support of v; € V; and w; € V; is contained in G; m@- for i,7 =1,...,m, the
Cauchy-Schwarz inequality and Gershgorin’s theorem lead to

1/2

m m 12 fm
Z ag(vi,wj)é(cG+l) (ZGG(Uiavi)) (;aG(wﬁwj))

i,j=0 i=0

with c¢g denoting the number of neighboring cells of G from Q") After summation over
G € Q) the Cauchy-Schwarz inequality in R™*! together with (98) complete the proof. [

The following convergence result is based on the error propagation
(99) w—u* = (I = Py)-(I-Pp)(u-u®).
Its proof can be taken literally, e.g., from [28, Theorem 5.2|.

Theorem 6.2. Assume that for all k € N and each G in Q) the number of neighboring cells
of G from Q) is uniformly bounded by cn € R. Then the iterative scheme (97) is convergent
with respect to the energy norm, and

(v+1)

u-w
a

- (1 N KllKg) Hu—u(”)

holds for any initial iterate w9 € H with K1, K3 depending only on the constants appearing
in Theorems 4.23, 4.24, the geometric constant Cy in (9), ey and the ellipticity constants a,
2 from (19).

We emphasize that the two-level iteration (97) is just a simple illustrative example for a
subspace correction method that can be analyzed using the projection operators suggested
in Section 4. More efficient methods can be constructed in a similar way. For example, a
symmetric variant of (97) that can be accelerated by conjugate gradients, is obtained by
augmenting each iteration step by additional corrections P;(u—wm,+1+i) taken in reverse order
i=1,...,m. For detailed investigations, we refer to [37].

The linear iteration (97) takes place in H and thus requires the successive evaluation of Ritz
projections P; to infinite dimensional subspaces V; ¢ ‘H, i = 1,...,m. However, replacing H
by a finite element space Sk with some K > k > ¢, the above considerations and convergence
results literally translate to corresponding subspace correction methods for the finite element
discretization (28) with respect to Sk. In particular, the discrete analogue of (97) leads to
a two-grid iteration with block Gauf-Seidel smoother on the fine grid 7*) that is globally
converging with convergence rate independent of the level K and corresponding mesh size hg
of the discrete solution space Sk .

7. NUMERICAL EXPERIMENTS

In our two numerical experiments, we consider the finite element discretization (28) of the
fractal interface problem (15) with k= K =1,..., Kyax, © = (0,1)% ¢ R?, ¢ = 1, the identity
matrix A =1 eR%? B =1 and two different kinds of fractal interface networks.
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In order to illustrate the theoretical findings of Section 6, we consider the discrete analogue of
the linear iteration (97) in function space, i.e., the two-grid method with block Gauf-Seidel
smoother as induced by the two-level splitting

SkZSz-i- Z V(;, VG:{U|G|v€Sk}=Sk(G)
GeQ(k)

with coarse space Sy = §1. The fine grid level k = K is selected to coincide with the level of
the underlying discrete solution space Si. We always use the initial iterate u® = us,, i.e.,
the finite element approximation on the coarse grid T,

In light of the hierarchical lower bound

lusin —usg | < |u—us,|

of the discretization error, the algebraic error is reduced up to discretization accuracy once
the computationally feasible criterion

(100) HUSK - UESZ;()H < Hu5}<+1 —USk ”

is fulfilled. We will use (100) (after precomputing us, and us,,, up to machine accuracy)
to determine the minimal number of iteration steps as required to reduce the algebraic error
below discretization accuracy. Of course, more efficient local a posteriori error estimators, both
for the iterative and the discretization error, should be applied in practical computations.

7.1. Highly localized interface network. In our first numerical experiment, we consider
the highly localized fractal interface network as depicted in Figure 1. In this case, we have
dr =2 47% Cy, = 2%, and ry, = 217%. Hence, conditions (6), (9) hold true and the conditions
(53), (60) are satisfied for ¢ = 1.

Starting with the triangulation 7! as obtained by two uniform regular refinements of the
partition 7(°) consisting of two congruent triangles, the triangulation 7*) results from two
uniform regular refinement steps applied to TE=1) for k=2,3,.... We have hy = V2 47% so
that (27) holds with 6 = 1. For all k € N and each G in Q) the number of neighboring cells
of G from Q) is uniformly bounded by ¢y = 6. As a consequence, the conditions for uniform
stability and approximation property of the projections Iy, k € N, as stated in Theorem 4.23
and Theorem 4.24, respectively, and for the uniform convergence result in Theorem 6.2 are
satisfied in this case.

Table 1 displays the error reduction factors

lus, - ul|
%’):K—(f_l(l)7 1/217...,9,
Jus, —ug "

together with their geometric mean pg for the levels K =1,..., Kinax = 5. We observe that the
error reduction factors nicely converge to the convergence rates on each level K and appear
to saturate at 0.266 with increasing K. According to the criterion (100) the discretization
accuracy is already reached after 3 steps.
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K=2 K=3 K=4 K=5
0.208 0.247 0.252 0.252
0.221 0.259 0.263 0.263
0.223 0.261 0.265 0.265
0.224 0.261 0.266 0.266
0.224 0.261 0.266 0.266
0.224 0.261 0.266 0.266
0.224 0.261 0.266 0.266
0.224 0.261 0.266 0.266
0.224 0.261 0.266 0.266
px  0.222 0.259 0.264 0.264

© 00 O O Wi R

TABLE 1. Highly localized interface network:
Error reduction factors and geometric mean pg of two-level subspace correction
method

7.2. Geologically inspired interface network. In our second numerical experiment, we
consider an interface network mimicking a fractal crystalline structure. The triangulation 71
is obtained by four uniform regular refinement steps applied to the partition 7(°) consisting of
two congruent triangles, and the triangulation 7(**1) results from uniform regular refinement
of T for k=1,2,.... The level-k interfaces are inductively constructed as follows.

Let G = Q denote the initial cell with center ¢ = (0.5,0.5)7 and midpoints 1,¢,7,b € R? of its
left, top, right, and bottom boundary. The level-1 interface I'1, as shown in the left picture
of Figure 2, then consists of four connected paths of edges in £ ) starting with [,¢,7,b and
ending with ¢. These four paths must not self-intersect and must meet in and only in ¢. With
these constraints, the actual selection of edges is made randomly with strong bias towards the
straight line connecting the corresponding start and end points. Once I'™) = Ty is constructed,
centers ¢; = (ciyl,ci,g)T of the four resulting cells G; € QW i =1,...,4, are determined in a
similar way as described above. Each cell G; € Q1) is either refined now or never. The decision

about refinement or G; € Qg) is made randomly according to the probability P(min{c; 1,¢i2})
with density p(¢) =2(1-¢), £ € (0,1), i.e., with a linear bias towards the left and the lower
boundary of €. In case of refinement, G; is split into four subcells by four paths of edges in
£@) starting with midpoints of its left, top, right, and bottom boundary and ending with ¢;
in analogy to the splitting of the initial cell Gy. The union of all these paths constitutes the
level-2 interface I'y. This procedure is repeated inductively to construct the interface networks
Tk, k=2,...,6 (see Figure 2).

Apparently, the resulting interface network does not satisfy the locality condition (60) and the
other conditions stated in Theorems 4.23, 4.24 that are finally sufficient for the convergence
result in Theorem 6.2 are also unclear.

Nevertheless, the error reduction factors as displayed Table 2 only moderately deteriorate in
comparison with the highly localized case and even seem to saturate with increasing level K.
According to the criterion (100) the discretization accuracy is already reached after 5 steps.
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FIGURE 2. Geologically inspired interface network in d = 2 space dimensions:

M =Ty (red) and I'®) with Ty, (red) for k = 3,5,6.

v K=2 K=3 K=4 K=5 K=6
1 0624 0696 0.732 0.744 0.748
2 0675 0.735 0.766 0.775 0.777
3 0711 0.758 0.781 0.788 0.790
4 0733 0773 0.791 0.796 0.798
5 0.746 0.785 0.798 0.803 0.804
6 0.753 0.792 0.804 0.808 0.809
7 0.758 0.798 0.809 0.812 0.813
8 0.761 0.802 0.813 0.816 0.816
9 0.763 0.805 0.816 0.818 0.819
prx 0723 0771 0.790 0.795 0.797

TABLE 2. Geologically inspired interface network:
Error reduction factors and geometric mean pg of two-level subspace correction
method
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