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1 Introduction

Consider the motion of a compressible viscous and heat conducting fluid confined between two par-
allel plates. For simplicity, we suppose the motion is space—periodic with respect to the horizontal
variable. Consequently, the spatial domain €2 may be identified with

2
Q=T2x (0.1), T2 = —11’ .
O (A

The time evolution of the fluid mass density ¢ = o(t, z), the absolute temperature ¥ = 9(t, x), and
the velocity u = u(t, x) is governed by the Navier—-Stokes—Fourier (NSF) system:

00 + div,(pu) = 0, (1.1)
1 1
Oi(pou) + div,(ou @ u) + gvxp(g, V) = div, S0, V,u) + ;ngG, (1.2)
9, V0 1 9, V1) - V0
Oi(0s(0,0)) + div,(os(o, ¥)u) + div, (W) =3 <£2S :V,u— a ’vxﬁ) Ve ) , (1.3)

supplemented with the Dirichlet boundary conditions

u‘ag = 0, (1.4)
Voo = Up. (1.5)

The viscous stress tensor is given by Newton’s rheological law
2
S(¥, V,u) = u(9) (qu +Viu— gdivxuﬂ) + A(V)div,ul, (1.6)
and the internal energy flux by Fourier’s law

a(¥, V1) = —k(9)V,0. (1.7)

The quantity s = s(p,?) in (1.3) is the entropy of the system, related to the pressure p = p(p, 1)
and the internal energy e = e(p, ) through Gibbs’ equation

1
¥Ds = De + pD (—) . (1.8)
0

The potential G represents the effect of gravitation. The Mach number Ma = ¢ and the Froude
number Fr = ¢ are both proportional to a small parameter. If € > 0 is small, the fluid is almost
incompressible and strongly stratified, cf. Klein et al. [11]. Our goal is to identify the limit problem
for e — 0.



1.1 Asymptotic limit

In accordance with the scaling of (1.2), (1.3), the zero-th order terms in the asymptotic limit are
determined by the stationary (static) problem

Vap(o,9) = oV.G. (1.9)
Applying curl operator to identity (1.9), we successively deduce
V.ox V.G =0,

and

Wled)G G o 5.6 = V.9 x V.6 =0,
do oY
where we have anticipated that the pressure also depends non-trivially on the temperature ¢ and
is such that % # 0. Thus for the static problem (1.9) to be solvable, both V0 and V¢ must
be parallel to V,G. This fact imposes certain restrictions on the distribution of the boundary
temperature ¥p. In particular, the motion in an inclined layer studied by Daniels et al. [5] does

not admit any static solution. Accordingly, we focus on the particular case

. . @up if T3 = 1,
G =97 V5 = { Opot if 3 = 0,
where g > 0, O, > 0, Opey > 0 are constant. (1.10)

Fixing the temperature profile 95 = O(z3) to comply with the boundary conditions (1.10), we
may recover ¢ = r(x3) as a solution of the ODE

Op(r, ©)

90 Oy

+ ———0,,0 = —1rg. (1.11)

Needless to say, such a problem may admit infinitely many solutions.

To simplify, we focus on the case Oy = Oy, > 0. Accordingly, we consider the reference
temperature profile © = Oy, = Oy - a positive constant. Then it follows from (1.11) that the
static density profile r = r(z3) must be non—constant as long as g # 0. Anticipating the asymptotic
limit

0e — 1, . — O, u. — U (in some sense)

we deduce from the equation of continuity (1.1)
div, (rU) = 0. (1.12)
Applying (formally) the same argument to the entropy balance (1.3) we get

div,(rs(r,©)U) = 0. (1.13)
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Equations (1.12), (1.13) are compatible only if
V.r-U=0.
As r depends only on the vertical x3-variable, this yields
Us = 0. (1.14)

In view of the previous arguments, the limit fluid motion exhibits the “stack of pancakes
structure” described in Chapter 6 of Majda’s book [14]. Specifically, U = [Uy, 0], and

op(r,©
%83537“ = —rg, (1.15)
dthUh == 0, (116)
r(@tUh + Uh : VhUh) + VhH = ,LL(@)A}LUh -+ /L(@)@iS@SUh. (117)

Here and hereafter, the subscript h refers to the horizontal variable z;, = (21, x2), Vi, = [Os,, O, ),
divpyv = Vv, Ay = div, V). The fluid motion is purely horizontal, the coupling between different
layers only through the vertical component of the viscous stress.

To the best of our knowledge, there is no rigorous justification of the system (1.15)—(1.17)
available in the literature except the inviscid case discussed in [7]. It is worth noting that a similar
problem for the barotropic Navier—Stokes system gives rise to a different limit, namely the so—
called anelastic approximation, see Masmoudi [15] or Feireisl et al. [8]. Furthermore, as observed
in [3], the related case of a low stratification with Ma = ¢ and Fr = /¢ leads to a limiting system
of Oberbeck-Boussinesq type with non-local boundary conditions for the temperature.

1.2 The strategy of the convergence proof

We start with the concept of weak solutions for the NSF system with Dirichlet boundary conditions
introduced in [4]. In particular, we recall the ballistic energy and the associated relative energy
inequality in Section 2. Next, we introduce the concept of strong solutions to Majda’s system in
Section 3. In Section 4, we state our main result.

The strategy is of type “weak” — “strong”, meaning the strong solution of the target system
is used as a “test function” in the relative energy inequality associated to the primitive system.
In Section 5, we derive the basic energy estimates that control the amplitude of the fluid velocity
as well as the distance of the density and temperature profiles from their limit values independent
of the scaling parameter . In Section 6, we show convergence to the target system (1.15)-
(1.17) anticipating the latter admits a regular solution. This formal argument is made rigorous
in Section 7, where global existence for Majda’s model is established. The last result may be of
independent interest.



2 Weak solutions to the primitive NSF system

Our analysis is based on the concept of weak solutions to the NSF system introduced in [4], cf. also
[10].

Definition 2.1 (Weak solution to the NSF system). We say that a trio (g, ¥, u) is a weak
solution of the NSF system (1.1)—(1.7), with the initial data

Q(Oa ) = 0o, QLI(O, ) = OoUy, QS(Ov ) = Q08<Q07190)7
if the following holds:
e The solution belongs to the regularity class:

o€ L>(0,7T; L7(R2)) for some v > 1, p >0 a.a. in (0,7) x €,
u e L*(0,T; Wy(Q; RY)),
9572 log(¥) € L*(0,T; WH?()) for some > 2, ¥ > 0 a.a. in (0,T) x €,
(0 — V) € L*(0,T; W, *(Q)), (2.1)

where ¥p is an extension of the boundary data to the whole (2.

e The equation of continuity (1.1) is satisfied in the sense of distributions,

/OT/Q [Qaﬂp + ou - VI@] drdt = — /Q 0(0)9(0,-) dx (2.2)
for any ¢ € C}([0,T) x Q).

e The momentum equation (1.2) is satisfied in the sense of distributions,

T 1
/ / [Qu cOpt+ou®u: Vo + ;p(g, ﬁ)divxcp} dx dt
0o Ja

T 1
= / / {S(ﬁ, V.u): Vyp — 8—2ng6’ : cp] drdt — / oot - (0,) dx (2.3)
0o Jo Q
for any ¢ € CL([0,T) x ©; R%).
e The entropy balance (1.3) is replaced by the inequality

T ¥, V0
—/ / {QS(Q, V)0 + 05(0,V)u - Vi + % : szo} dx dt
0 Q

T )
2/ / % {828(19, V.u) : Dyu — q, V.) vxﬁ] dr dt + / 008(00, Y0) (0, -) dz
o Ja Q

9
(2.4)

for any ¢ € CX([0,T) x ), ¢ > 0, where D,u = 1(V,u + Viu) is the symmetric gradient.
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e The ballistic energy balance
T 1 ~
—/ (M}/ {52§Q|U|2+Q€(Qﬂ9) — Jos(e, 19)} dz di
0 Q

T 9 .
+/ 1/1/% {628(ﬁ, V.u): Du— q, V) Vﬂ?] dx dt
0 Q

9
T
< / q/;/ [gu V.G — 05(0,0)00 — 0s(0, ) - Vi — W V0| dzdt
0 Q
1 ~
+ 1/1(0)/ [55290|u0|2 + 00e( 00, ¥o) — (0, ')QOS<Q0>19O>} dx (2.5)
Q

holds for any 1 € C1([0,T)), ¢ > 0, and any 9 € C'([0,T) x Q),
1§ > 0, Q§|ag = Up.

2.1 Relative energy inequality
In addition to Gibbs’ equation (1.8), we impose the hypothesis of thermodynamic stability written

in the form op(o. ) De(0.9)
P\O, €lo,
—_— 7 — for all . 2.
D0 > 0, 50 > 0 for all o,9 >0 (2.6)

Next, following [4], we introduce the scaled relative energy

E, <Q, U, u

5.9, ﬁ)

oo = (05— 05(2.9)) ~ (e(a.9) — ds(a. ) + & Ne- - teta é)] -

Lol — a2+
29 g2

Now, the hypothesis of thermodynamic stability (2.6) can be equivalently rephrased as (strict)
convexity of the total energy expressed with respect to the conservative entropy variables

EE(Q>S = QS(Q7 ﬁ)am = QU) =-—+ €_2Q€(Q7 S)a

whereas the relative energy can be written as

E€ <Q7 S7m éa S7ﬁ1> = E&‘(Qa Sv m) - <aQ,S,mE€(é7 §’ ﬁjl)) (Q_ 575 - gam - ﬁ1)> - Eg(é,S,ﬁ:l)

Finally, as observed in [4], any weak solution in the sense of Definition 2.1 satisfies the relative
energy inequality

UQ E. (g,ﬁ,u‘@,&,ﬁ) dx}

t=1

t=0



(S(f}, V,u):Du+ —————"— ) dxdt

< —% /Q o(s — 5(3,0))0:0 + o(s — s(3,9))u - V0 — <W) ~sz§> do dt

_ /0 / [Q(u @)@ u—1) + 61—2p(g, NI — S0, vﬁu)] D, dedt

Q
+ /Q lVG 8u—(1~1-Vm)ﬁ} (u—1u) dedt
Q

+2 /T/ [(1 - ‘) ap(8,9) — —u Vap(0, 19)] dz dt

for a.a. 7 > 0 and any trio of continuously differentiable functions (9,9, @) satisfying

6>0,0>0, Upg=10p, blsg=0.

2.2 Constitutive relations

The existence theory developed in [4] is conditioned by certain restrictions imposed on the consti-
tutive relations (state equations) similar to those introduced in the monograph [9, Chapters 1,2].

Specifically, the equation of state reads

p(0,7) = pm(0, V) + Praa(V),

where p,, is the pressure of a general monoatomic gas,

2
Pm(0, V) = g@em(@, ),

enhanced by the radiation pressure
a
Praa(V) = 5194, a > 0.
Accordingly, the internal energy reads

e(0,9) = em(0,9) + eraa(0, ), eralo,?) = %94_

Moreover, using several physical principles it was shown in [9, Chapter 1]:

e Gibbs’ relation together with (2.9) yield
Pm(0,9) =92 P (%)

for a certain P € C'[0, 00). Consequently,

p(o,9) = 93P <19%) + 9194, e(0,9) = °Tp (%) + 5194, a > 0.

(2.9)

(2.10)



e Hypothesis of thermodynamic stability (2.6) expressed in terms of P gives rise to
gP(Z) - P(Z2)Z

P(0)=0, P(Z)>0for Z>0, 0< <cfor Z > 0. (2.11)

In particular, the function Z — P(Z)/Z 3 is decreasing, and we suppose

. P(2)
Zlgrgo e = Poo > 0. (2.12)

e Accordingly, the associated entropy takes the form

0 4a,93
S(Qv 79) = Sm(Q, 19) + Srad(.Q, 19)7 Sm(Q, 19) =S E ’ Srad(g, 79) - ?E’ <213>
where 2P(Z P(Z\Z
S(z) =33 () - P2z _, (2.14)

2 7
In addition, we impose the Third law of thermodynamics, cf. Belgiorno [1], [2], requiring
the entropy to vanish when the absolute temperature approaches zero,

lim 5(2) =0. (2.15)

Finally, we suppose the transport coefficients are continuously differentiable functions satisfying
0 < p(1+9) < p(9), W) <7

0 < n() <7l +7),

0 < k(1+9°) < k(@) <R +9°%), where 8 > 6. (2.16)

As a consequence of the above hypotheses, we get the following estimates:
Q% +9' X pe(0,9) ¥ 1+ Q% + 94, (2.17)
sm(0,9) ~ (14 |log(o)| + [log(9)]"), (2.18)
see [9, Chapter 3, Section 3.2].

3 Strong solutions to Majda’s system
Problem (1.16)—(1.17) shares many common features with the 2d—incompressible Navier—Stokes

system solved in the celebrated work by Ladyzenskaja [12], [13]. Indeed we show that problem
(1.16)—(1.17), endowed with the boundary conditions

2
Uplon =0, @ =T2x (0,1), T2 = ([—1, 1]‘{1 1}) , (3.1)

is globally well posed in the framework of Sobolev spaces WP with p > 1 large enough. We report
the following result that may be of independent interest.



Theorem 3.1 (Global existence for Majda’s system). Let © > 0 be given. Suppose that
r e C([0,1]), 0 <r < r(xs) for all x5 € [0, 1]. (3.2)

Let the initial data Ugy, belong to the class
Uy, € W N W% R?), divy,Ugy, =0 (3.3)

foralll < g < .
Then the system (1.16)—(1.17), with the boundary conditions (3.1) and the initial condition
(3.3), admits a strong solution Uy, in (0,T) x 2, unique in the class

0,Uy, € LP(0,T; LP(Q%; R?)), (U, V,Uy) € LP(0, T; WP(Q; R?) x W?P(Q; R**?))  (3.4)

for any 1 <p < 0.

L

Remark 3.2. To avoid any misunderstanding we emphasize that by
Up, € W3 W, 4Q; R?), div,Ugy =0
for all 1 < g < co we mean

Uy, € (YW W59 R?), divyUpy, = 0.

g1
Similarly,
0, U, € LP(0,T; LP(Q; R?)), (U, VL, Uy) € LP(0, T; W3P(Q; R?*) x W2P(Q; R**?))
for all finite 1 < p < co means

0/Uy € () LP(0,T; L (; R?)), (Uy, Vi Up) € () LP(0, T WP(Q; R?) x W2P(Q; R*?)).

p=>1 p=>1

The proof of Theorem 3.1 is postponed to Section 7.

4 Main result

Having collected the necessary preliminary material, we are ready to state our main result.



Theorem 4.1 (Singular limit). Let the thermodynamic functions p, e, and s as well as the
transport coefficients i, X, and k comply with the structural hypotheses specified in Section 2.2.
Let

G = —gTs3, g > 07 @up = 9bott =0 > 07 (41)
and let i 6
reC([0,1]), 0<r <, p(%Q)axsr = —rg. (4.2)

Let (0c,U:,0c)es0 be a family of weak solutions of the scaled NSF system in the sense of
Definition 2.1 emanating from the initial data

Qa(oa ) = 00, Qeua(oa ) = 00,eU0,¢, 053(05,795)(07 ) = 90,53(00,57 190,5)a

where
/ E. (goﬁ, Yoe,Woe | 7,0, [Ugp, 0]) dr — 0 ase—0, (4.3)
Q
and Uy, belongs to the class (3.3).
Then
ess sup / E. (5)5,195,uE r, 0, [Uh,OD (1,-) dr = 0 ase — 0, (4.4)
re(0,1) Jo

where Uy, is the unique solution of Majda’s system, the existence of which is guaranteed by
Theorem 3.1.

. J

Hypothesis (4.3) corresponds to well-prepared initial data. In view of the coercivity properties
of the relative energy stated in (5.1), (5.2) below, relation (4.4) implies, in particular,

0c —> T in L>°(0,T; Lg(Q)),
9. — O in L°°(0,T; L*(%2)),
o-u. — 7[Uy, 0] in L®(0,T; L'(Q; RY))

as € — 0.
The next two sections are devoted to the proof of Theorem 4.1.
5 Uniform bounds

In order to perform the singular limit in the NSF system we need the associated sequence of
weak solutions (p., ¥, u.)e>0 to be bounded at least in the energy space. First, we introduce the
notation of [9] to distinguish between the “essential” and “residual” range of the thermostatic
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variables (p,1). Specifically, given a compact set

K C {(9,19) € R?

Q>0,19>0}

we introduce
Jess = g]l(g,ﬁ)EKv Gres = G — Jess — g]l(g,ﬁ)ERZ\K-

As shown in [9, Chapter 5, Lemma 5.1], the relative energy enjoys the following coercivity prop-
erties:

. e
@,19,11) zc(” o, | - ’+\u—ﬁ\2> (5.1)

L F . 1 1 1
50.8) 205+ Soelo0) + Sols(o )]+ o)

res

(5.2)

whenever (g,v) € int[K], where the constant C' depends on K and the distance
dist [(@, D) 8[(} .

5.1 Energy estimates for ill-prepared data

We examine a slightly more general situation than in Theorem 4.1. Let © > 0 be constant and r

the solution of the static problem
Op(r, ©)

do

Next, we consider a family (o, V., u.).>o emanating from ill-prepared data (0o, Jo.c, Uoe)e0,

/ EE (QO,Ea 790,57 uO,s
Q

The relative energy inequality (2.7) yields

|:/ Ee (Qayﬁaue
Q t=0

T 1 2
+ / 9 (S(ﬁa,vxua) :D,u, + —2%> dx dt
0 Q Q95 €

r, 0, O) dz X 1 independently of € — 0. (5.4)

t=1

r, O, 0) dm]

Ve

1 [7 -
= —2/ /Q—(TVxG—pr(r, ©)) - u. dzdt. (5.5)
e Jo JarT
Moreover, in view of (4.1) and (4.2), we deduce the stationary equation

V.p(r,0) =rV.,G,; (5.6)

11



hence (5.5) reduces to

t=1
[ / E. (0-, 9,01, ©,0) dx]
Q t=0
. 2
+/ /9 <S(795,V$u6) :D$u5+lw) dzdt < 0. (5.7)
0 9195 e 195

5.2 Conclusion, uniform bounds for ill-prepared data

In view of the estimates obtained in the previous section, we deduce from (5.7) for ill-prepared
initial data satisfying (5.4) the following bounds independent of the scaling parameter & — 0:

ess sup /E,E (Qa,ﬁa,ug 7’,@,0) de X1, (5.8)
te(0,7) JQ
r <
2
/ e [fy2 0, sy A ~ 1, (5.9)
0

e 2 212 <

% [ (1921000 B + 1902 B ) %1 (5.10)
0

Next, it follows from (5.8) that the measure of the residual set shrinks to zero, specifically

1
—ess sup /[1]res dz ~ 1. (5.11)
€ te(0,T) JQ
In addition, we get from (5.8):
2 <
ess sup /ge|u5| dz ~ 1,
te(0,T) JQ
|:Q5 - 7“:| <
ess sup ~ 1,
te(0,1) = essll12(Q)
|:/l98 - 61 <
ess sup ~ 1,
t€(0,1) € essl L2(Q)
iess sup ||[oe] ||g —|—iess sup ||[02]ves|| 2oy ~ 1 (5.12)
207 oy e ) T 2T Loy el '
Combining (5.10), (5.11), and (5.12), we conclude
T 2 T 2
log(¥.) — log(© v, — O
/ 0g(Ve) — 105(6) dt+/ dt <1, (5.13)
0 € W2(Q) 0 € llwree)

12



Finally, we claim the bound on the entropy flux

/T [mwa] V.-

. €
k(Ue)|  Vaie

ﬁg res €
where the former term on the right-hand side is controlled via (5.13). As for the latter, we deduce
from (5.10) that

q

dt ~ 1 for some ¢ > 1. (5.14)
La(;R3)

Indeed we have

Y

1 1 B B
N - IV, log(d.)| + - ‘ {03 vwé}

res

1 8
H—Vﬂ; SBF
€ L2((0,T)x$2;R3)
hence it is enough to check
g <
V2 ~ 1 for some r > 2. (5.15)
res I L7((0,T)x£2)
To see (5.15) first observe that
ess sup ||[Ve]res| e S, (5.16)
te(0,7)
and, in view of (5.10) and Poincaré inequality,
8
‘ 92 <1
L2(0,T;L5(9))

Consequently, (5.15) follows by interpolation.
Of course, the above uniform bound remain valid also for the well-prepared initial data consid-
ered in Theorem 4.1.

6 Convergence to the target system

We show convergence to the regular solution Uj, in Majda’s system claimed in Theorem 4.1. To
get a lean notation, we will identify the two-dimensional velocity U, with its three-dimensional

counterpart [Uy,0]. The ansatz (9,9, 0) = (r,0, Uy) in the relative energy inequality (2.7) yields

l/ EE <Q€719€a U,
Q t=0

T [0 1 k(9.)| V0.2
Z (s, Vou.) : Dyu, + — TN VeVl ) g0 g
+o/9195(( V.u.) u—l—82 I x

t=1

r e, Uh> dx]

T 1
<_ / / (0.~ U ® (u. — Uy) + (0 0T~ 8(0., V)] DU, dads
0 Q

13



T 1 T
+/ / 0: [0,Up + (U - V,)Uy] - (Up — ) dadt — ?/ / 0:V.G - Uy dxdt,
0o Ja 0o Jo
where we have used the stationary equation
V.p(r,0) =rV.G.

Next, seeing that
diVth = O, VxG . Uh = 0,
we deduce

t=1

r, 0O, Uh> dx}

|:/ Ea (quﬁsaua
Q t=0

T e 1 k(9.)| V0.2
a 195, zUg) ! ]D)x € Y — dx dt
+0/§2195(S( Vll) u—|—€2 9. T

< —/ / [Qa(ug —Up) ® (u. — Uy) —S(ﬁeavxua)} D, U, dedt
0 Q
+/ /gs [0:Un + (Uy - Vo) Uy - (Up — u.) dedt.
0 Q

Now, in view of the uniform bounds (5.9), (5.12),

/Or /Q 0. [0:Uy + (U - V,)Uy] - (Uy, —u.) dzdt
— // r[0,Un + (Up - Vo)Up] - (Up — u.) dzdt + Q(e),
0 Q

where Q(e) denotes a generic function with the property Q(e) — 0 as ¢ — 0.
Next, in view of (5.9), (5.12), we may assume

0. — rin L®(0,T; L3 (Q)), u. — u weakly in L2(0, T: Wo2(Q)),

up to a suitable subsequence, where
div,(ru) = 0.

(6.1)

(6.2)

(6.3)

Similarly, using the bounds (5.12), (5.13) we may perform the limit in the entropy inequality (2.4)

obtaining

div,(rs(r,©)u) > 0.

However, thanks to the no—slip boundary conditions,

/divx(rs(r,@)u) dz = 0;
0

14



therefore
div,(rs(r,©)u) = 0.

Combining (6.3), (6.4) we may infer
Js(r, ©)

ra—Qer -u=0.

As entropy is given by the constitutive equation (2.13), (2.14),

0s(r, ©)
do

< 0,

and we conclude
ug = 0, divyu = 0.

Now,
/OT /Q 0 [0Up + (Up - Vo) Up] - (Up —ue) dadt
— /OT/QT[@UH (Up - Vo) Usl - (U — ) dzdt + Q(e).
In addition, since Uy, u satisfy (1.17), (6.5), respectively, we obtain
/OT /Q r[00Un + (Up - Vo) Up] - (U — 1) dadt
- /oT /g w(©) [AwUL + 07, ., U] - (Uy, —u) dadt
T /OT/QS(@7 V.Uyp) : D, (Up —u) dedt.

Going back to (6.2), we deduce

|:/ Es (Qe;ﬁeaus
Q t=0

NG 1 k(0.)| Va0, ]?
2 (s.,Vou.) : Dyu, + — NVl ) g gt
+o/9195(( V.u.) u—l—g2 5. x

t=1

r, O, Uh) dx}

< /O/Q [Qs(ue UL ® (0. — Uy — S(@,Vru)] . D, U, dzdt

_/OT/QS(@,vah) :D2(Up —u) dadi+ Q(e).
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(6.5)

(6.6)

(6.7)



Finally, exploiting weak lower semi—continuity of convex functions, we conclude

[/ Ee (ge,ﬁe,us

Q
+ / (S(@, qu) - S(@, vah) : (ID)wu - DIUh) dz dt
0 JQ

t=1

r, 0, Uh> dx}

t=0

< /O ' /Q [o-(u. U ® (u. — Uy)] - DU, drdt + Q(e), (6.8)

which, applying the standard Gronwall argument, yields the desired convergence as well as u = Ujy,.
We have proved Theorem 4.1.

7 Global existence for Majda’s problem

Our ultimate goal is to show global existence of strong solutions to Majda’s model claimed in
Theorem 3.1. To this end, it is more convenient to consider the (horizontal) vorticity formulation
of (1.16), (1.17). With a slight abuse of notation in the definition of Uy, this formulation reads

Ow + Uy, - Vow = vAw, (7.1)
U, = [Vi A, w], 0], (7.2)
v =v(x3), (7.3)
with the boundary conditions
w‘ag = O, (74)
and the initial condition
w(0, ) = wo. (7.5)
Here, v = “(r@), and
w = curl, Uy, curly[v] = 0p,v9 — 01,01. (7.6)

For given w, the velocity field Uj, can be recovered via Biot-Savart law:
U, = [ViA, ' w], 0], Vi = [~04,, 0. (7.7)
Remark 7.1. Strictly speaking, the velocity Uy, is determined by (7.7) up to its horizontal average

ﬁh = Uh dﬂ?h

’]TQ

that can be recovered as the unique solution of the parabolic problem
r0; Uy, = u(0)02. ..Uy in (0,T) x (0,1),

3,23
Uh|r3:0,1 = Oa

ﬁh(o, ) - / UO,h dLL’h.
T2
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7.1 Construction via a fixed point argument

The desired solution w to (7.1)—(7.5) can be constructed via a simple fixed point argument. Con-
sider the set

Xy = {& € C(0,7) x Q) | Blon = 0, 3(0,) = cwrly U, llcorpna < M} -

As the initial velocity Uy, belongs to the class (3.3), the set Xy is a bounded closed convex subset
of the Banach space C([0,T] x ). Moreover, X, is non-empty as long as M is large enough to
accommodate the initial condition.

We define a mapping 7 [w] = w, where w is the unique solution of the problem

Opw + bL(fjh) Vaw = vAw, (7.8)
Uy = [Vird, (@), 0] (7.9)

wlaq = 0, (7.10)

w(0,-) = curl,Ug, (7.11)

for some cut—off function b;. Specifically,
b.(Un) = [b(U3), bu(U7), 0],

where

by € L*(R)NC*(R), b (Z) = Z whenever |Z| < L.

7.1.1 Maximum principle

Applying the standard maximum principle, we deduce

- <
sup [|T[0)(t, Me@ = sup lwt, )lle@ = w0 )lle@) ~ [Uonllwea@:re) as long as ¢ > 3.
te[0,T] (0,7

(7.12)

Note carefully that the bound (7.12) depends solely on the initial data. In particular, it is inde-
pendent of the specific form of the cut—off function by,.

7.1.2 Maximal L? — L7 regularity

In view of hypothesis (4.2),
Ve Cl([()? 1])7 O<r< 1/(5133) for any x3 € [0, 1].

Consequently, we can apply the maximal L — L9 regularity estimates, see, e.g., Denk, Hieber, and
Priiss [6], to obtain

18:ll o 0,7:29(00) + Wl o0, 7:w20(0)) < (P, 0) (HW((L Mwzaawga) + 102(Un) - vwaLp(o,T;Lq(Q») )
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1 <p,q< oo (7.13)

Here
<
1w (0, Mlwzanma@y ~ IUonllwsasre),

while, by interpolation and (7.12),

Ib2(Un) - Vawllza@) < LIVawlza@irs) < Lllwllizao)l@llzag
< Le()[[Uopllypaa o, pe) 9 liv2a(@ys ¢ € (0,7)

for some 0 < A < 1. Consequently, it follows from (7.13) and our hypotheses imposed on the initial
data that

10, T @] o oriza)) + I T 1@ ooriwzaey) < ¢ (0 ¢ [ Uonllwsayrz)) (14 L) (7.14)

for all finite p, q.

7.2 Fixed point

It follows from the estimates (7.12), (7.14) that 7 is a compact (continuous) mapping of X, into
Xy provided M is large enough, therefore, by means of Tikhonov-Schauder fixed point Theorem,
there is a fixed point w € X, satisfying

Ow + b, (Up,) - Vyw = vA,w,
Uy, = [V A, W], 0]
wlaa = 0,
w(0, ) = curl,Ugp,.

Finally, as Uy, is given by the Biot—Savart law, we get

sup || VaUplpa(r2;r2x2) < ¢(q)||w(0, -)|| oo () uniformly for ¢ € (0, 7)) for any 1 < ¢ < oo,
x3€(0,1)

in particular
||Uh”Loo((07T)><Q;R2) fi Hw(O, )HLOO(Q) fi ||U0’h||W2,q(Q;R2) as soon as q > 3

Since this bound is independent of L, we may choose L large enough so that b, (U,) = U, to get
the desired conclusion

Ow + Uy - Vow = vAw,
Uy, = [Vi Ay [w], 0]

wlaa =0,

18



w(0, ) = curl,Ug .

Finally, it is easy to check that the solution is unique in the regularity class (3.4). As a matter

of fact, a more general weak—strong uniqueness holds that could be shown adapting the above
arguments based on the relative energy inequality.

We have proved Theorem 3.1.
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