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Abstract

The ensemble Kalman inversion is widely used in practice to estimate unknown
parameters from noisy measurement data. Its low computational costs,
straightforward implementation, and non-intrusive nature makes the method
appealing in various areas of application. We present a complete analysis
of the ensemble Kalman inversion with perturbed observations for a fixed
ensemble size when applied to linear inverse problems. The well-posedness
and convergence results are based on the continuous time scaling limits of the
method. The resulting coupled system of stochastic differential equations allows
one to derive estimates on the long-time behaviour and provides insights into
the convergence properties of the ensemble Kalman inversion. We view the
method as a derivative free optimization method for the least-squares misfit
functional, which opens up the perspective to use the method in various areas of
applications such as imaging, groundwater flow problems, biological problems
as well as in the context of the training of neural networks.

Keywords: Bayesian inverse problems, ensemble Kalman inversion,
optimization, well-posedness and accuracy

(Some figures may appear in colour only in the online journal)

1. Introduction

Inverse problems arise in various fields of sciences and engineering. Methods to efficiently
incorporate data into models are needed to reduce the overall uncertainty and to ensure the reli-
ability of the simulations under real world conditions. The Bayesian approach to inverse prob-
lems provides a rigorous framework for the incorporation and quantification of uncertainties

1361-6420/19/085007+32$33.00 © 2019 IOP Publishing Ltd Printed in the UK 1


https://orcid.org/0000-0001-8718-4313
https://orcid.org/0000-0002-5111-6658
mailto:dirk.bloemker@math.uni-augsburg.de
mailto:c.schillings@uni-mannheim.de
mailto:phkwacker@gmail.com
mailto:sweissma@mail.uni-mannheim.de
http://crossmark.crossref.org/dialog/?doi=10.1088/1361-6420/ab149c&domain=pdf&date_stamp=2019-07-30
publisher-id
doi
https://doi.org/10.1088/1361-6420/ab149c

Inverse Problems 35 (2019) 085007 D Blémker et al

in measurements, parameters and models. However, in computationally intense applications,
the approximation of the solution of the Bayesian inverse problem, the posterior, might be
prohibitively expensive; see [36]. In such settings, the ensemble Kalman filter (EnKF), origi-
nally introduced by Evensen [1] for data assimilation, has been reported to produce reliable
estimates of the unknown parameters with low computational cost, making the method very
appealing for large scale problems. Areas of applications include, among others, groundwater
flow problems [2], climate models [3], biological problems [4], image reconstruction [5] and
building [6] and material sciences [7]. Most recent directions involve the use of the ensemble
Kalman inversion as a derivative free optimization method, in particular in the context of
the training of neural networks [8]. Despite its documented success, the ensemble Kalman
inversion is underpinned by limited theoretical understanding. The goal of our work is to give
useful insights into properties of the method and provide tools for a systematic development
and improvement.

For linear dynamical systems and Gaussian initial conditions, analysis of the large ensem-
ble size limit has been done, for example in [9, 10]. Convergence to the mean-field Kalman
filter for nonlinear systems can be found in [11]. Multilevel extensions are proposed, e.g. in
[12, 13]. In [14-16], the authors present an analysis of the long-time behaviour and ergodicity
of the ensemble Kalman filter with arbitrary ensemble size establishing time uniform bounds
to control the filter divergence with variance inflation techniques and ensuring in addition the
existence of an invariant measure. Accuracy results have been recently established for a fixed
ensemble size in the linear Gaussian setting, see [17, 18] and for ensemble Kalman—Bucy
filters applied to continuous-time filtering problems, see [19, 20].

For inverse problems, the large ensemble size limit has been investigated in [21]. It has
been shown that the ensemble Kalman inversion (EKI) is not consistent with the Bayesian
perspective in the nonlinear setting, but can be interpreted as a point estimator of the unknown
parameters. We will adopt this viewpoint throughout the paper and analyze the behavior of the
EKI as an optimization method of the least-squares misfit functional. However, to motivate
the algorithm, we will shortly introduce the Bayesian setting and derive the ensemble Kalman
filter for inverse problems. In [22], it was demonstrated that the continuous time limit of the
EKI algorithm is an interacting set of gradient flows, see also [23—25] for the continuous time
limit of the EnKF in the data assimilation context. In the discrete setting, the connection to
deterministic regularisation techniques is established in [26, 27]. In the following, we will
interpret the EKI method as a numerical discrete approximation of a stochastic differential
equation, see [28] and show well-posedness and asymptotic behaviour of the stochastic differ-
ential equation. Our work will extend the results from [22, 29] to the inversion with perturbed
observations. Though both methods, i.e. the limit of the EKI with perturbed observations
and the deterministic limit from [22], can be analysed from an optimization perspective, the
EKI variant with perturbed observation is shown to be second order accurate, whereas the
deterministic limit underestimates the covariance in the linear, Gaussian setting, see e.g. [1].
In addition, in the nonlinear setting, methods that add noise to data are reported to be more
robust to assumptions about linearity and normality, see e.g. [30] and the references therein.
We therefore believe that the EKI with perturbed observations is a good starting point for
methods (also of higher accuracy) in the nonlinear, non-Gaussian setting and that the analysis
presented here provides valuable insights for the development of these methods.

Our contribution consists of providing a complete analysis of the ensemble Kalman inver-
sion with perturbed observations for linear forward operators. The presented results hold true
for arbitrary prior distributions on the unknown parameters, i.e. no Gaussian assumption is
invoked. We want to stress that we analyze the algorithm in practical regimes by focusing on
results for a fixed ensemble size. We study the continuous time limit of the ensemble Kalman
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inversion, which allows one to establish well-posedness and accuracy results by exploiting the
underlying structure of the limiting coupled stochastic differential equations for the particles.
In particular, we make the following main contributions:

e We prove the existence and uniqueness of solutions of the limiting system of stochastic
differential equations, thus well-posedness of the algorithm.

e We quantify the ensemble collapse in the observation as well as in the parameter space.
The ensemble collapse is characterized in terms of moments and almost sure convergence
with given rate.

e In case of exact data, we establish convergence results to the truth using variance infla-
tion. The convergence is characterized in terms of second moments and almost sure
convergence with given rate. Under additional assumptions on the forward operator, the
results in the data space can be transferred to the parameter space.

e We provide numerical experiments which illustrate the theoretical results studied in this

paper.

We do not show strong convergence of the discrete EnKF iteration to continuous paths of the
corresponding SDE. This would be interesting and there are preliminary results [28], but this
is still ongoing research.

The remainder of the article is structured as follows. At the end of this section, we form-
ulate the inverse problem and the Bayesian approach to it. Section 2 is devoted to the ensemble
Kalman inversion with perturbed observations. In section 3 we formulate the continuous time
limit of the algorithm, introduce the assumptions on the forward problem and prove the well-
posedness of the method, i.e. we show the existence and uniqueness of strong solutions of the
limit. Section 4 presents the results on the ensemble collapse, in the data and parameter space.
In section 5, we show convergence to the truth using variance inflation techniques. Numerical
experiments illustrating the theoretical findings are given in section 6. Finally, in section 7, we
conclude with a short summary of the main results and discussion of future work. In appendix
A auxiliary results are presented and and appendix B contains the proof on the higher-order
ensemble collapse.

Let G € C(X,RX) denote the forward response operator mapping the unknown parameters
u € X to the data space RX, where X is a separable Hilbert space and K € N denotes the
number of observations. We consider the inverse problem of recovering unknown parameters
u € X from noisy observation y € RX given by

y=G(u) +mn,

where 7 ~ N(0,T") is a Gaussian with mean zero and covariance matrix I', which models the
noise in the observations and in the model.

Following the Bayesian approach, for fixed y € RX we introduce the least-squares func-
tional ®(-;y) : X — Rby

D) = 31— G

with | - |p := [T~2 - | denoting the weighted Euclidean norm in RX. The unknown parameter
u is modeled as a X'-valued random variable with prior distribution . Thus, the pair (u,y)
is a jointly varying random variable on X x RX, We assume for the observational noise that
n ~ N(0,T") is independent of u ~ pi.
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By Bayes’ theorem, the solution to the inverse problem is the X'-valued random variable
u |y ~ p where the law p is given by

pi(du) = %exp(—q)(u;y))uo(du),

with the normalization constant Z, where

Zz:/XeXp(—‘I’(u;y))uo(du)-

Note that evaluation of the posterior requires evaluation of the forward model via ®(u; y).

2. The EnKF for inverse problems

The Ensemble Kalman methodology consists of choosing an ensemble of ‘particles’ by draw-
ing from the prior which are then transformed to a new set of particles via a linear Gaussian
update. A good idea (see [22, 27] for details) is to do this not in one big leap but in an iteration
of steps. This amounts to interpolating the step from prior i to the posterior u by choosing an
artificial time index n and defining a sequence of measures pi, ti1, ft2, - - - , iy Where g is the
prior and py = p is the posterior, i.e.

1
Lot (du) = 7 exp(—h®(u;y)) pia(du), n=0,...,N—1,
n

with h = N and Z, = [ exp(—h®(u))p.(du). The iterative form of the Ensemble Kalman
methodology iterates the initial ensemble of particles through this set of intermediate mea-
sures. This is the setting we will constrain ourselves. Note again that any ‘time’ n or (later) ¢
is entirely artificial (transformation) time and independent of any physical time which may be

present in the data.

From now on, the set {u(()j ) }; denotes the initial ensemble of particles with each particle liv-
ing in parameter space: u(()j ) € X. The iteration of particles consists of the set {u,(ﬂ ) }in where
J is the ensemble index and n the artificial time index. Each particle again is an element of
parameter space: u,(,j) € X. The measures u, will be approximated by an equally weighted
sum of Dirac measures

J
1 .
DI (1)
J=1

via the ensemble of particles. The initial ensemble is constructed based on the prior distribu-
tion and then mapped to the next iteration via a Gaussian approximation, i.e. given {u,(/ ) Yins
the transformed ensemble {uiﬂzl}j,n satisfies

Upg1 = Uy + Ky(y — g(“n)) Cunt1) = C(un) — K, C"" (uy)

with K, = C* (u,)(C??(u) + +T')~". The operators C’?, C*” and C" are the empirical covari-
ances defined on X7 by
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where u is short for the multiindex vector (u(/)) ; € X7 and ® denotes the tensor product (or
rank one operator) given by

21 ®2: Ho — Hy withh = 2y @ 20(h) := (22, W), - 21

for Hilbert spaces (H1, (-, )2, ), (Ha, (-, -}, ) and z1 € H1, 22 € Ha. The empirical means are
given by

~I =

J J
_— %Z”(j)’ T=12% g,
j=1

The transformation of the ensemble from iteration n to n 4+ 1 is not uniquely determined via
the Kalman update formula. For the EKI with perturbed observations, the update formula is
shown to be satisfied in the mean, see e.g. [1].

Although we consider a Gaussian approximation for the measures p,, for our theoretical
results we do not require any assumption on Gaussian prior distributions.

For a given artificial step-size & > 0 and J > 2 particles, the EnKF iteration for the jth
particle is given by

uly = D+ CP () (C7 () + ™' T) T 6, = G, =10,

2)

where the initial particles u(()] ), j=1,...,J are draws from the prior distribution. In each step,
we consider artificially perturbed data

whi=y+ el

where the perturbations E,EQ], with respect to both j and n, are i.i.d. random variables distrib-
uted according to N (0, h_'F). For a derivation of the EnKF for inverse problems, we refer

to [31].

3. Continuous time limit

The continuous time limit of the discrete EnKF inversion (2) is formally a time discretization
of the following SDE:

du? = C(u)T " (v — G(u”)) dt + C (u)T =72 a2, 3)
Using the definition of the empirical covariance, (3) can be formulated equivalently as
J
. 1 _ . i B
dul? = 2> (6) =Gy = G dr+ VI aw) (w — ),

J k=1

“
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with (-,-)p = (I'"2.,~z.), where (-,-) denotes the standard Euclidean inner-product on
RX. The processes WY are independent Brownian motions on RX. We further denote by
F; = o(us, s < 1) the filtration introduced by the particle dynamics. Most of the time we will
write u, or u(#) to emphasize the dependence on time . If the time dependence is clear from
the context, we simplify the notation to u.

The formulation (4) reveals that solutions satisfy a generalization of the subspace property
of [31, theorem 2.1] to continuous time.

Lemma 3.1. Assume that G is locally Lipschitz and let S be the linear span of {u(()j) }szl,
then u?) € S for all (t,j) € [0,00) x {1,...,J} almost surely.

We do not give all the technical details of the proof. First one needs to show that the ini-
tial value problem related to (4) has a unique X'-valued solution, which is assured by a local
Lipschitz-property of the drift and diffusion. As the vector field on the right hand side of (4)
maps S in S, we can show by the same argument that there is also a unique S-valued solution.
Thus by the uniqueness in any X’ both solutions coincide, and all solution must be S-valued.
The subspace property reveals the regularization effect of the ensemble of particles in the
inverse setting. Due to lemma 3.1, the EKI estimate lies in the subspace spanned by the initial
ensemble, which is usually a much smaller space than the original parameter X'. Thus, the
discretization via the ensemble of particles can be interpreted as a regularization or stabiliza-
tion of the inverse problem.

3.1. The linear problem

For the whole paper, we will assume that the forward response operator is linear, i.e. G(-) = A-
with A € L(X,RX). Then the continuous time limit (4) reads as

J
. 1 B . . B
du” = ;:1: (A —7). )yt + VTaw ) @ —7).  (5)

We simplify notation by defining the empirical covariance operator

1

C(u) = i Z(u(k) —7) @ (u® —7). (6)

k=1

Thus equation (5) can be rewritten in the form

dut” = C(u)A Ty — Aul”) dt + C(u,)A* T~/ dw?), )

3.2. Well-posedness of the EnKF inversion

This section is devoted to proving the existence and uniqueness of global solutions of the set
of coupled SDEs (7). Again, the local existence and uniqueness of X’-valued local solutions
to (7) is straightforward by the local Lipschitz-property of the drift and diffusion on the right-
hand side. Thus we rely on the subspace property of lemma 3.1, and first show that we can
reduce the X' -valued setting without loss of generality to a finite-dimensional setting.

Lemma 3.2. Without loss of generality we assume that the initial ensemble (u(()j) )ie{1....0}
is linearly independent almost surely and spans a J-dimensional vector space S.
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Then there exists a linear operator A : R — RX such that equation (7) restricted to S is
equivalent to

J
o1 . , .
dv,(]) =5 ,;:] <Av,( ) _ Av, (y— Av(])) dr+ 1 dW,(])>F (v,(k) — V) (8)
Sfor v, @ e R, V=g Zk . vt(k), in the following sense: for u Zk 1( )k u(()k) one has

that u, is a S-valued solution of (7) if and only if v, is a solution of (8).

Proof. By lemma 3.1, any S- valued process u(#) can be uniquely expanded as a lin-
ear combination u(/)(r) = S77_ v ( ) - u)(0) for every j € {1,...,J}, t >0 and coordi-

nates v\

(f) € R. Let 7! : R/ — S denote the basis isomorphism, i.e. ® : S — R’ with
u=S"1_ vu(0) % (v1,...,v;)T. Since @ is a linear isomorphism, (7) can be equivalently
transformed to

At (1)) = &(du'? (1))

J
— ST AWO @) — ), (v — A (0) dr + T W) (@@ (1) — ().
k=1

&

Thus, with A = A®~!, we obtain

J
Z (k) (t))’ (y - A(I)(u(j) (t))) dr + 1“% dW,(j)>F
k=1

(@ (1) — @@(n)).

dd (J)

&\'—‘

The assertion follows with v(/) := & (u(/). O

Remark 3.3. By the previous lemma solving equation (7) is equivalent to solving the finite
dimensional equation (8). Thus, to simplify notation we will assume without loss of general-
ity that X = R/, I €N, I <J.In the case of linearly independent initial ensemble we can
assume [ = J.

For the study of the dynamical behavior of the ensemble, we will sometimes require the
following assumption for results in the parameters space:

The linear operator A defined above is one-to-one. )

Note that assumption (9) seems to be a rather strict assumption: it requires that the forward
operator ‘sees everything’ and secondly, this means that (Afb(u(()] ))) je(1....0} € RX is linearly
independent. This implies the restriction on the number of particles J < K. However, note
that this assumption is on the operator ;\, i.e. we do not assume that A is one-to-one. The dis-
cretization of the parameter space via the ensemble of particles acts as a regularization of the
inverse problem in this setting. We will need assumption (9) only when we want to prove dy-
namical properties in parameter space. This makes sense as we cannot hope for convergence
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to the true parameter if the forward operator is indifferent with respect to some components of
this parameter value. Our convergence results in the observation space hold without assump-
tion (9).

In order to prove the existence and uniqueness of global solutions we rewrite the set of
coupled SDEs (7) as a single SDE of the following form:

du; = F(u,) dt + G(u,) dW,,

with u, = (ut(j))je{l,...,l} € RHXI, W, = (Wt(j))je{l,...,l} € RJZXl and
F(x) = (Co)A T (y — AxD))jc . gy € RV,
Glx) = diag(CO)AT™2)e...y € R,

where x = (x);cqy sy € RVX! and diag(B;)jcq1,. sy is a diagonal block matrix with
matrices (B))jeq1,....s on the diagonal. For a given matrix B = (b;); € R™™, m,n € N, the
Frobenius norm ||B|  is defined by ||B||7 = traceB™ B = ", bj; > ||B||3.

We will now formulate and prove the main result of this section on the well-posedness of
the EnKF inversion.

Theorem 3.4. Let ug = (u(()j))je{l,mJ} be Fo-measurable maps u(()j) : Q — X which are
linearly independent almost surely. Then for all T > O there exists a unique strong solution
(1)se0,1) (up to P-indistinguishability) of the set of coupled SDEs (7).

Proof. For the proof we will assume without loss of generality that X = R for I sufficiently
large, as discussed before. The proof of existence and uniqueness of local strong solutions for
(7) (up to a stopping-time) is standard, due to the local Lipschitz property of the drift F' and
the diffusion G. Note that both are polynomials.

The global existence of a strong solution is based on stochastic Lyapunov theory. See for
example theorem 4.1 of [32]. We only need to construct a function V € C?(X; R,) such that
for some constant ¢ > 0

LV(x):=VV(x) - F(x) + %trace(GT(x)Hess[V] (x)G(x)) < cV(x) (10)
and

‘ilr;fRV(x)—)ooasR%oo (11)
hold true.

We can uniquely decompose y € RK as y = y; + y,, with y; € R(I'"24)and y, € R(I'"24)+,
where R(F_%A) denotes the image of I ~2A. We fix it € R’ such that I~ 2A# = y, and define
the Lyapunov function

J
1 i -
V() = Valw) + V() = 5 5 Ju? — il + =l
j=1

Obviously, (11) is satisfied.
The generator L applied to V is given by LV = LV, + LV, with
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LA R S S S S S S
LVl(u):—Ji3 WV —u,u" —u) (T 2AWY — %), T72Au"Y) —n))
ji=1
2 J
LVa(u) = =5 S @ - a,u? — @AW — 7). DTIA®E - @)

=1

J
1 A
7 } : D — 7,0 — a2 AW — @), T2 AW — 7)),

where we used (I'"2A(u® — %), y,) = 0 for all [ € {1,...,J} wich is true by construction.
Thus, as A*I'"!A is a symmetric non-negative matrix by lemma A.2 the nonnegativity of the
generator follows:

LV(u) = _§ S (@ — i u® — @) (T AW —7), DA — )
1=1
- 712 ST —au® — (AW - 7), 1AW - 7))
jl=1
<0.
Thus (10) holds true, for all ¢ > 0. O

4. Quantification of the ensemble collapse

The dynamics of the ensemble Kalman filter as presented here can be decomposed into two
parts:

e Ensemble collapse. This means convergence of all ensemble members to their joint mean
(‘The estimator becomes more confident’).

e Convergence of the ensemble mean. This means that the ensemble mean will tend to a
parameter value which is consistent with the data.

Those two notions are totally different in concept but also strongly intertwined in the dynam-
ics of the EnKF (see also the discussion at the beginning of section 5).

We start by quantifying the ensemble collapse. We will present results in the data (or obser-
vation) space as well as in the parameter space.

For the further analysis, we introduce the centered quantities

D =y _m D) =)yt

where e¥) denotes difference of each particles to the mean and 7 denotes the residuals. Here,
the data y is the perturbed image of a truth ut € X’ under A, i.e. y = Au’ + 1. The quantities
satisfy the following equations (note that C(u) = C(e) as the mean of the " vanishes):

de') = —C(e)A*T'Ae dt + C(e) A T2 d(WY — W), (12)

dr? = du? = C(u)A T (y — Aul) dt + C(u)A T~/ aw?, (13)
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with W, := 1 Zle w(). The dynamical behavior of the empirical mean is given by

J

1 _
ar, = 5 S" ) —m)Aw® — ). (v - Awi) dr + T2 dW,)p.
k=1

To simplify notation, we also introduce the transformed quantities
¢ =12 4,0, ¢ =140 = (D) _

denoting the residuals in observation space and the mapped difference of each particle to the
empirical mean.

We will now make a first step towards proving ensemble collapse. As we work with SDEs,
any dynamical property can only hold in some probabilistic sense. The following lemma
shows that we have ensemble collapse in the L” sense, with the upper bound for valid param-
eters p being dependent on the number of particles J.

Lemma 4.1. Let pe2,J+3) and uoz(u(()j))je{lw,,,} be Fo-measurable maps

; J ;
ug” Q= X such that E[L Y [e{|7] < oc. Then
j=1

€[0,00) = |le/]

J
1 ,
gyorn =E |- Z |7
=1

is monotonically decreasing in t. Furthermore there exists a constant C > 0 such that for all
t>0

J

t
1 .
/O]E jZ|e_§f>|P+2 ds < C.

j=1

Proof. We will prove the assertion in the case p = 2, in order to give the key ideas. The
case p > 2 is very similar, but much more technical. We postpone all details in that case to
the appendix.

Applying T 2A to %) implies that the quantity ¢(/) satisfies (see (12) and (6))

e = —C(e ) D dt + Ce) d(WY — W,)
Ze(k) e, , J) ydt+ = Ze e, ,d 4)—Wt)>.

1td’s formula gives

d|2,(j)|2 _ < (J) de,(j)> + <d2,(j),d€,(j)>

2 2 . N
-2 <e,<f>,e,<">> dr + 2e97C(e)) AW — W,)
k=1
1 J
k k j e ] j o
oy < C} > <e§ ) AW W)> <e§ ) w9 — W)>’

k=1

10
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and with lemma A.1 to evaluate the Itd correction we get

J
. 2 N — J—1
dlefP = -3 § () dr 4 26T C(e) dW W)+ == (e e a,
k=1 k=1

Summing over all particles leads to

J J

1 ' J+1 _

d jZ|e,(])|2 :—%Z<,(]),e,(k)> dr+ - Ze(])T (e) d(WY — W)
Jj=1 Jik=1
J

J+1
- _% 3 < f’),e,(k)> gt 2 Zeuw yaw®,

jk=1

The last step follows from Z ¢(/) = 0. This yields

J
Z\ Z le§”?

j 1

J+1

@2 gr 4 2 /Zet/)T (e)) AW,

(14)

jkl

Now we cannot simply take the expectation, as we do not know that the stochastic integral
is a martingale. We need a localization. Set ¢, s > 0 and let (7,),en With 7, A oo as. bea
sequence of deterministically bounded stopping times, such that

s+(tATh)
/ e DT C(es) AW

is a martingale for every j € {1,---,J}. This is possible by definition of local martingales,
with any stochastic integral being one. For example we can take for 7,, the minimum of » and
the first exit time of ¢, at radius n. Then, for all n € N, from (14) (after rebasing the integration
interval from [0, 7] to [s, s + #]) we obtain

J J ; J
1 i 1 ) s+ (tATy) J+1 )
33k P B |G| =B | [T TR St ey
=1 j=1 s

k=1

As 7, — 00, applying Fatou’s lemma on the left hand side and applying the monotone conv-
ergence theorem on the right hand side gives

1 J S+IJ+1 J
§ el B {5 D 1P| < B / (e )| <0, (15)
=1 s

Jk=1

which implies that E[ Zle |e,(j ) |?] is monotonically decreasing in z.

1
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Finally,

S A RN S ey
[ St s we [o | S| s [ Se),

j=1 Jk=1

where the first inequality is trivial by inserting non-negative terms in the sum and the second
inequality is (15) with s = 0. This proves the second claim.
Let us finally remark that 7, — oo necessarily holds. If we assume that 7,, — 7 then the
. . . . . J i
previous argument with s = 0 and arbitrary 7' > 0 gives E[% Zj: . |el(/f\)n ] < oo-Thus ¢ < 7
for our choice of stopping time. [

The main obstacle in quantifying the ensemble collapse is proving that the stochastic int-
egral in (14) is actually a true martingale. See lemma A .4 for details.

Theorem 4.2. Letuy = (u(()j) )ie{1.....;}y be Fo-measurable random variables u(()j) Q=X
such that Cy 1= JE[} Zle |e(()j ) 2] < co. Then, the ensemble collapse is quantified by

J
1 )2 1

— < -

72l P (16)

Proof. By lemma A.4 we can directly take expectations in (14) to obtain

1<~ 1<~ J+1 |
jzkmz _E 7Z|e(<]1)|z _T/E S (e, 2 | as.
j=1 j=1 0 k=1

Note that by dropping the non-negative mixed terms j # k and by using Jensen’s and
Young’s inequality

J

J+1 ; J—l— l
1B | (e > Z| f>|2

k=1

Thus setting 7+ h(z) := E[} Zle |e,(j)|2] we can write

h(t) = h(0) — 2 ;1 /0 R (s)ds — /0 p(s)ds

for a non-negative function p > 0. Hence, we can differentiate to obtain the differential in-
equality

J+1

7

H< -

from which by a comparison argument for scalar ODE it follows that

12
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J
1 ; 1
W) =E| ;> 1a"F| < gr——r
=1 RO

O

Corollary 4.3. Under the same assumptions as in theorem 4.2 and under assumption (9)
it holds true that

E 15 ep| <L
! = . J+1 1°
J =1 Omin 72 t+ Co

where omin is the smallest eigenvalue of the positive definite operator A*T1A.

Proof. The assertion follows directly from the inequality
leD)2 = D 246D )2 = (D), A T Ae)) > apinle|,
since A*I' 1A is positive definite. O

Remark 4.4. Note that the bound in (16) deteriorates with growing number of particles J,
i.e. the result does not quantify the ensemble collapse in the large ensemble size limit. How-
ever, the presented analysis is tailored for fixed ensemble size and we will demonstrate in
the numerical experiments that the derived bound (16) can be efficiently used to quantify the
collapse in this setting.

4.1. Higher-order ensemble collapse

Here we state the result for higher moments and postpone the proof to the appendix, as they
are very similar to but technically more involved than the case p = 2.

.....

ul Q= X such thar E[L I eDp < 00. Then it holds true that
0 7 24j=11%

1 ) J
B> le1r) <
j=1 gc( JKig 1=2 DE 1 ! ) p
2 D, ) rJ Trt+ | K2 _]2|e0 ‘
J=

(ST

]
— 2

2
P

with C(p,J) := & (1 — @200 p22)

Proof. The proof based on It6’s formula and a comparison principle for ODEs is very simi-
lar to the case p = 2. Details can be found in the appendix. O

Remark 4.6. Note that a larger ensemble seems to regularize the dynamics. The higher
the ensemble number J, the larger is the highest moment of ensemble collapse we can bound.

13
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The restriction 2p < J 4 3 comes from the fact that we need the martingale property of the
stochastic integral, which we obtain from the bounds in lemma 4.1.

Corollary 4.7. Under the same assumptions as in theorem 4.5 and under assumption (9) it
holds true that

J

1 )(p J

jZ'et | < 2
=1

J . o
amm-;CUMUK_iﬂ_h4—<KPE ;z%pgnpj
P=

where 0y is the smallest eigenvalue of the positive definite operator A*T' 1A and C(p,J) is
defined in theorem 4.5.

s

[N

4.2. Almost sure ensemble collapse

We have proven conditions for ensemble collapse in pth moments, but a stronger measure of
stochastic convergence is almost sure convergence. This is the focus of this section.

Theorem 4.8. Let ug= (u(()j))je{l,_“,,} be JFo-measurable maps u(()j) Q= X and
v: Ry = Ry a positive, monotonically increasing and differentiable function such that
IS 7 ()
0 (s

ds < oo. Then the trivial solution of

49 = —Cle)ePar + Cle)dW? — W) an

is almost surely asymptotically stable with rate function p(f) = (v(¢))™ 2. In particular,
(e ,(J) )j=1.....s converges to zero almost surely as t — oo.

For examples of 7 see the remark below.

Proof. The idea of this proof is based on theorem 4.6.2 in [33]. We define the stochastic
Lyapunov function

J

V(o) =05 3 leOP

J=1

The generator applied to V fulfills

v J+1§:@mem>
jk:l
] —‘r 1
We can maximize this w.r.t. ([e(V|2,.. ., [e¢)]?) and get the following bound for LV:
Va1 P
LV (e, t) < — =:n(t).
e0<Jaarer "0

14
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Since fo t) dr < oo, with theorem 4.6.2 of [33] the trivial solution of (17) is almost surely
asymptotlcally stable with rate function p(z) = (y(r)) 2. O

Corollary 4.9. Under the same assumptions as in theorem 4.8 and assumption (9) it

holds true that (e{);—,
_1

p(t) = (v(1)) "=

Remark 4.10. Let us give two examples of admissible ~(7):

j converges to zero almost surely as t — oo with rate function

.....

o y(t) = (t+¢)* for a € (0,1) and € > O sufficiently small to obtain the rate function

1
plt) = —-
(t4¢€)2
e y(f) = (t +¢)log(t +&)~* for arbitrarily small o > 1 and € >0 to obtain the rate
a
. 1 2
function p(r) = M.
(t+ 6)E

4.3. Ensemble collapse in the parameter space

The following result holds true without the strong assumption (9). It only shows a monotone
decrease, but not the collapse, where we need (9). See also corollaries 4.7 and 4.9.

Proposition 4.11. Leruy = (u(()j) )ie{1.....} be Fo- measurable maps u(]) Q — X such that
J.

E[; > \e(()’) [*] < oo. Then it holds true that t IE[7 E |etf)| ]% is monotonically decreasing
: P

J=1
fort > 0.

Proof. It0’s formula leads to

d|et(/)|2 _ < () ,de (J)> <d (/) de(1)>
J
Z e, ,e 2Ae,(k),F_%Ae,(j)>dt
k 1

(e, e®V =1 ae® d(WD — W)

+
~IN
1M\

J—1 I i
N <e,(k) , et(l) ) <I‘*7Ae,(k) , FifAe,(I)) dt

M&

1
e

~

=1

and taking the mean over all particles j € {1,...,J} gives

1 ! J+1 ! | i
. B e
d(j E |e,(1)\2) == E <et( ),e,(l)>(1“ er,( T 2Ae,(’)> dr
j=1

k=1

J
2 A N
+ 5 > @) ad aw —w)).
kj=1
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Again, we do not know whether the stochastic integral is a martingale, and we need again a
localization. Consider as in lemma 4.1 a sequence of stopping times (7,),en With 7, — 00
a.s., such that

AT, 2 J . 1 ‘ o
[ % S et agwd - w)
kj=1

is a martingale. We obtain for alln € N

J J AT, J
1 i 1 i nJ+1 ; 1 1 ;
E[; e F1=E[5 Y ley” ]~ El / T 2 (e e (A T2 A0 ds]
j=1 j=1 Jk=1

and hence, as we have the positivity of the integrand by lemma A.2, we obtain that
E[} Zf:l |et(//\)7 |?] is monotonically decreasing and bounded. Analogously to the proof of

lemma 4.1, we can pass to the limit n — oo by Fatou’s lemma and the monotone convergence
theorem. This implies fort > s > 0

1, 1 HI+1 < N LG
E[; >l SE[; D 1]~ El / T 2 (e eI A T ) dr.
J=1 J=1 jk=1
. . J i . . .
In particular, it follows that IE[} > |et(’) 2] is monotonically decreasing. O
j=1

5. Convergence to ground truth

Under the assumption that y is the image of a truth u € X under A, we are interested now in
the analysis of the convergence to the truth. Recall the equation

dt,(j) = —C(t,)t,(j) dr + C(v,) dW,(j).

The following properties can be shown for the residuals.

Proposition 5.1. Let y be the image of a truth u' € X under A and uy = (u(()j))je{l

,,,,,

Fo-measurable maps u(()j) : Q — X such that E[} ZJLI |t(()j)|2] < co. Then E[} ZJLI |tl(j)|2]%

is monotonically decreasing.

Proof. The assertions follow by arguments similar to the proof of proposition 4.11. O

The main issue in showing convergence of the residuals t(/) to zero is, seemingly para-
doxically, the fact of ensemble collapse. Now obviously, convergence cannot happen without
ensemble collapse (as the particles cannot converge on the same point if their distance to their
joint mean does not vanish) but ensemble collapse itself actually delays convergence. To see
this, consider the following toy model. It is deterministic, but the same effects can be observed
by straightforward extension to an SDE setting:

w'(1) = —w(r)’
Z(t) = —w(1)? - z(1).

16
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Now this system of ODEs can be solved explicitly by separation of variables and it can be seen
that for any w(0) # 0, both w and z will converge to 0 for r — oo. It makes sense to try and

apply Lyapunov theory with a straightforward Lyapunov functional V(w,z) = %(W2 + 2%).
Then

V(w.2) = (w(t) - (=w(0)?) +2(r) - (=w(1)? - 2(1) = —w(1)* - V(w(2), 2(0)).

But V(w, z) is not negatively definite in any neighborhood of (0, 0) (the problem being the
manifold w = 0). This means we cannot prove that 0 is an asymptotically stable equilibrium.
It actually is not asymptotically stable: if w(#) happens to become 0 at any time ¢, the whole
dynamics will stop there and will not approach (0, 0) any further. The origin is rather ‘asymp-
totically stable if bounded away from w = 0’ in a double-cone-like manner.

In a similar way, the solution of the ODE y'(r) = —t~“y(z) will only converge to 0 if
a < 1, i.e. if the rate function does not converge to 0 too fast.

The EnKF dynamics works like this toy model: if the ensemble collapse (played by w in the
first model and the rate function =~ in the second model) happens too fast, we cannot expect
convergence. We suspect that it is possible to prove that the ensemble collapse can be bounded
from below (in contrast to also being bounded from above by virtue of theorem 4.5) and this
is the subject of ongoing work. However, the numerical experiments suggest that the collapse
happens too fast. In order to circumvent this issue of ‘too quick ensemble collapse’ we use
artificial inflation of the covariance operator by addition of a positively definite operator (but
this is gradually reduced with a certain rate). In addition to solving the problem of counter-
productive ensemble collapse, variance inflation stabilizes the convergence in a very suitable
manner and is used in practice for this reason, see e.g. [1, 34].

5.1. Variance inflation

In order to correct rank deficiencies of the empirical covariance operator C(t), we will use
variance inflation in the following sense. Let B € L(RX,RX) be a positive definite operator
(for example the identity) and consider the equation

det/) = — (C(c,) TR

B) e+ Clr)dw?, € (0,1),R > 0.

(18)
This modification gives convergence of the mapped residuals. For sufficiently small v, the
new term will dominate, and for « € (0, 1) we then expect convergence to 0 at a rate faster
than any polynomial. The question is now whether and when this asymptotic for small t; sets
in.

Theorem5.2. Assumethaty isthe image ofatruthu’ € X underA andletvy = (t(()j) )ie 1, ..}
be Fy-measurable maps t(()j) 1 O — RX such that IE[} Zle |t(()j) ’] < oo, Be L(RK,RX) a
positive definite operator and (t,(j))go‘j:l,__,] the solution of (18). Then for all 5 > 0 it holds
true that B[ Ej:l |t,(j) %] € O(t=P) and E[3 Z}:l |tt(j) 2] is monotonically decreasing.

Proof. Let B € L(RX,RX) be a positive definite operator, « € (0,1), R > 0 and assume,
that that the smallest eigenvalue of B is Ay, = ¢ > 0.

17
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We derive an equation for } Z! 1 |t;(j) 2 by using Itd’s formula:
=

. . 1 .
A2 = -2 <t§f>, (C(t,) TR RB> <f>> dr +2(e”, C(v,)dw)
1 —
+jz<t, — 7, C(t,)(r; k) _ )> dr.
j=l1

Taking the empirical mean over all particles yields

J
(N _ _~ () () ) ()
d- Z\t ? = Z<t, ,(C(t,) ta+R ) >dt+ Z ,C(t)dw)

~.

+ ¥ — %, (e — %)) dr.

i
M\

-~
Il

1

Thus, for all £, s > 0, it follows similarly to the proof of lemma 4.1 that

J J

1 . 2 s+t . .
Z\rffs <E|SROP| -7 [ RS cwd) | o
N

j=1 j=1

2 [ ) pe)
fj/s r‘”+R th Bty | dr

1 s+t . )
+ - / E Y @9 -5, C) (Y %)) | dr
5 j:l

J

J s+t
1 ; 1 . 1 .
§ (2] - = § (/) ()
7 P |tsj | J[ E <trj > (C(t") + e +RB) trj > dr,

=1
where we used lemma A.2 and the non-negativity of B. This yields the monotonicity, as both
the covariance C(t,) as well as B are non-negative matrices.
Now we will improve the estimate to obtain the asymptotic rate. Consider S() = } Zle
|tt(j) |2, then
d(®S(1)) = P~ S(r)dr + % ds(r).

Now we can use all the previous estimates for the terms in dS together with the non-negativity
of the covariance matrix C(t;) and B > Apin > 0 to obtain

! 2 [ min
’ES(1) < 5/ TPIES(1)dT — f/ ™ A ES(r)dr
0 0

J T+ R

! 2 Ami T
< B—1 - min E '
[ s

18
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There is a time 7 > 0 such that the integrand in the equation above is negative for all > T'and
thus using the monotonicity of ES(7) we obtain for all t > T

PES(r) < / s [5 _ Phuin }d ES(0),
NS A T 7 ot R T
which yields the asymptotic rate ¢~ for ES(z). O

Remark 5.3. In case of a positive semidefinite matrix B, the convergence of the residuals
will then take place in the image space of the matrix B. The proof can be straightforwardly
generalized to this setting by projections of the quantities to the corresponding subspace.

We can also verify almost sure convergence faster than any polynomial rate.

Theorem5.4. Assumethaty isthe image ofatruthu’ € X underAandletty = (t(() ))]e{l ,,,,, 7
be Fo-measurable maps t(J )0 >R and B € L(RK,RX) a positive definite operator. Then
the solution of (18) is almost surely asymptotically stable with rate function p(t) =1~ 5 forall

B > 0. In particular, (‘t,(J )j=1.....s converges to zero almost surely as t — <.

Proof. We define the Lyapunov function

J

1 .
—_ B (D)2
V(v,t) =t JE [e]

j=1

and obtain

_ J
V(e 1 ﬂtﬁ Z|t(1 Z< () <C(t) + -1|—RB> ),

=

Thus,
<3S r (- ) oot
tOf+R

There is a 7 > 0 such that the bracket above is non-positive for all + > 7. We obtain

f LV(v,t)dr < fo LV (¢, 1) dr. Moreover, by neglecting the negative term in the bracket for
< T we obtain

T J
E[/ LV(x.1) /ﬁs‘“ th’>|2ds < Z %) <
0 j=1

by using the monotonicity of the sum. Hence, fo LV (v, t) dr< oo and thus t; is almost surely
B

asymptotically stable with rate function p(t) = ¢~ 2. O
Remark 5.5. Note that the convergence rate is faster than any polynomial rate. However,

the proof reveals that the constant in the convergence result will grow w.r.t. the rate 8 and
€ (0,1), which is consistent with the numerical experiments presented in section 6.
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Our aim is to use variance inflation in the parameter space, such that we can apply theorem
5.2. We will use variance inflation in the finite dimensional system of SDEs of the coordinates
in the parameter space.

Let y € AS where AS is the linear span of {Auél), o ,Au(J )} and consider the equation

du? = (Cluw) + ———=B)AT (v — Au”) di + Cu)A'T~H aw?, (19)

*+R
j=1,...,J, for B positive definite, R > 0 and « € (0, 1). Since y € AS, the subspace prop-
erty still holds, i.e. ul” € S for all (t,7) € [0,00) x {1,...,J}. The following result transfers
the results of theorem 5.2 to the parameter space:

Corollary 5.6. Let y € AS and assume that y is the image of a truth u' € X under A, A* is

assumed to be one-to-one and let (u,(j))go‘j:lw.,] be the solution of (19). Then

.
(i) lim E[L 3 [eX2] = 0.
. A (D2
(ii) zl—lglo]Eb]; [e,”[?] = 0.
(iii) (t,(j)),>o converges almost surely to zero with rate function p(t) = fgfor all 5> 0.

Proof. LetR > 0and« € (0,1) and observe

&Y = —(C(x,) + I ABT 2 A)* ) dt + C(x,) dWD.

*+R
Since F_%AB(F_%A)* is positive definite the second and third assertion follow directly from
theorems 5.2 and 5.4. The proof of the first assertion is similar to the proof of theorem 4.2.[]
6. Numerical results

We consider the problem of recovering the unknown data u' from noise-free observations

v =Awh),
where p = A~ !(u) is the solution of the one-dimensional elliptic equation
d*p .
—@4—19:14 inD := (0,7), (20)
p=0 on OD.

The forward response operator is defined by

2
A=0o0 A" with A:—d—+id on D(A)=H*NH,

dx2
and with operator O observing the dynamical system at K = 2* — 1 equispaced observation
points x; = 2"—4, k=1,...,K. We approximate the forward-problem (20) numerically on a

uniform mesh with meshwidth 4 = 27 by a finite element method with continuous, piecewise
linear ansatz functions.

We choose the initial ensemble of particles based on the eigenvalue and eigenfunctions
{\j, z}jen of the covariance operator Co, defined by Cy = B(A — id)~! for 3 = 10.
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From the Bayesian perspective we may interpret this as prior distributed by py = N(0, Cp).
We set our j initial particle to u(/) (0) = /A;(jz; with ¢; ~ N(0, 1), i.e. we use the Karhunen—
Loeve expansion to generate draws from .

The EnKF continuous time limit

) = Cu)A T (y — Au) di + Clu)A"T~* W

is discretized by equation (2) for the following simulations.

6.1. Ensemble collapse

In the following we illustrate the results from section 4, in particular the bounds on the ensem-
ble collapse derived in theorems 4.2 and 4.5.

Figure 1 shows that the Monte Carlo approximation of the expected value E [% Zle |et(j) 2]
is bounded from above by (£5'7 + €)' with ¢ = (E[% 21:1 |e(()j) 2])~", as derived in theo-
rem 4.2.

Similarly figure 2 demonstrates that the approximated higher moments E[} 2]1:1 \et(j) 7] -3

p—1 »

are bounded by J? (%C(p,])]lﬂ%K*%t +C) 2with € = (K= E[} Zle |e(()j)|"])1%, compare
theorem 4.5.

In order to verify the almost sure ensemble collapse numerically, we have simulated
0O = 10 paths.

From theorem 4.8 we know, that e(¢) converges almost surely to zero with rate function
p(t) =t~ % for every a € (0, 1). Figure 3 illustrates this behavior, the expected convergence
rates can be observed in this example.

6.2. Convergence to ground truth

We compare simulations of the ensemble Kalman inversion without variance inflation with
simulations of the ensemble Kalman inversion with variance inflation. The variance inflation
is used in the following setting: we set o € {%, %} and R =1 in equation (19). The number
of particles is J = 15, i.e. the forward response operator is bijective as a mapping from the
subspace spanned by the initial ensemble to the data space.

Figure 4 shows the differences of the EnKF estimation in the parameter space as well as in
the observation space. We observe that the simulations with variance inflation giving a better
estimation in the observation space as well as in the parameter space. If we reduce the variance
inflation in time faster, i.e. we increase the parameter o from % to %, the effect of the variance
inflation decreases. The following figures demonstrate the effect on the ensemble collapse and
the residuals.

The idea of the variance inflation was to slow down the convergence of the particles to
the ensemble mean, i.e. to control the rate of the ensemble collapse, in order to ensure the
convergence of the residuals in the observation space. Figure 5 illustrates that we can ensure a
higher spread of the ensemble in the simulations with variance inflation in comparison to the
simulations without variance inflation in the observation space.
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Figure 1. E(} Z! . e (1)) with w.r. of time. Q = 1000 paths with J = 5 (left) and
=

J =15 (right) particles has been simulated.
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Figure 2. (1 S e ()[P)"r p=[75>] — 1, wr. of time. Q = 1000 paths with
J =5 (left) and J = 15 (right) particles has been simulated.
102 102
ilmms o mee et 10
10° \\\\‘-\\-\\ 10°
107! ¥ 107
102 Paths of [I'~% Ae,| 102  [—— Paths of |7 Ae,|
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Figure 3. Paths of |e(#)|> w.r. of time. Q = 10 paths with J = 5 (left) and J = 15 (right)
particles has been simulated.

Figure 6 points out that we end up with convergence of the residuals in the observation and
parameter space in case of variance inflation. Without variance inflation the simulations show
a slight increase of the residuals in the parameter space, suggesting that the convergence of the
residuals will slow down in the observation space as well.

To emphasize this result, we reduce the dimension of the example and we set & = 2* with

K = 3 equispaced observation points. Furthermore, we set again R = 1 and o = % and we use
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Figure 4. EnKF estimation without VI versus EnKF estimation with VI. J =15
particles and Q = 1000 paths has been simulated.
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Figure 6. Comparison of the residuals w.r. to time with VI and without VI.

J = 3 particles, such that the forward response operator is again bijective as mapping from the
subspace spanned by the initial ensemble to the observation space.

Figure 7 shows again the difference of the EnKF estimation with and without variance
inflation.

Figure 8 points out the effect of the variance inflation. While the residuals in the observa-
tion space without variance inflation diverge, we obtain convergence of the residuals in the
observation space using variance inflation. In addition, in figure 9 we can see that the ensem-
ble of particles still collapse in the parameter space as well as in the observation space.

23



Inverse Problems 35 (2019) 085007 D Blémker et al
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Figure 7. EnKF estimation without VI versus EnKF estimation with VI. J = 3 particles
and Q = 10000 paths has been simulated.
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Figure 8. Comparison of the residuals w.r. to time with VI and without VI.
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Figure 9. Comparison of the ensemble spread w.r. to time with VI and without VI.

7. Conclusions

Our analysis of the ensemble Kalman inversion shows the well-posedness and accuracy of the
method in the case of linear forward operators. The results are based on the continuous time
limit of the algorithm consisting of a coupled system of stochastic differential equations. Due
to the subspace property of the ensemble Kalman inversion, the theory of finite-dimensional
stochastic differential equations could be applied to establish existence and uniqueness of
solutions, i.e. to show the well-posedness of the method. The ensemble collapse has been
quantified in terms of moments as well as almost sure convergence of the particles to the
empirical mean. Furthermore, we suggest a time-adaptive variance inflation to stabilize the
convergence of the empirical mean to the truth in the noise free case. The inflation can be
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interpreted as model error delaying the ensemble collapse. The presented numerical experi-
ments confirm the theoretical results and indicate that the ensemble collapse can be bounded
from below for the original iteration scheme without variance inflation. However, the rate
seems to be too small to achieve convergence. This will be subject to future work. In addition,
the next steps include the generalization of the presented results to case of noisy observations
in the inverse problem and the development of appropriate stopping criteria in the noisy case.
Even though the presented analysis relies on the linearity of the forward operator, the state-
ments hold true for non-Gaussian priors and can guide the analysis of the nonlinear setting.
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Appendix A. Auxiliary results

In order to use It6’s formula we have to calculate the following quadratic covariation in many
cases:

LemmaA.1. Let (W(j) )j=1....s be independent Brownian motions in RX, u,v € RX and let
1#j€{l,....J} Thenwith W = 1571 _ wb),

(AW = W), AW = ) =

(u, v) dt,

(1, (W — W) (v, d(WD — W) = —%(u, ) dr.

Proof. Observe
J
Vo1 J—1_ .
W W= —— wh 4w,
J Z 7
k=1,k#j

Since W% are independent Brownian motions it follows

(u, d(WD — W) (v, d(W) —W)) = iz > ( dw®) (v, dw®)

k=1k#j

— 1) ) .
VDT awy e, awy
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Similarly,
J
N 1
(u, d(WD) = W) (v, d(Ww — 72 u, AWDY (v, dWR)) 4 (1, dWO) (v, dW DY)
k=

7
1
ﬁ Z u, AW D) (v, dW R
ik=1

1
= ——(u,v)de
/ O

Lemma A.2. Let M be a symmetric and nonnegative d x d-matrix, then for all choices of

vectors (Z(k))kzl’”_’J in R" we have

J

Z (20, 20z, MzD) > 0.

k=1

Proof. Let (v(’"))mzl ,,,,, « be an orthonormal basis of eigenvectors such that My(™ = \,,v(")
with A, > 0. Then z) = ¢ _
7 7 d
3 (2, 20 (), M) = Z 3 @000, Z A Z 2W0)2 > ¢,
=1 =1 1
m,n nm= D

k=1

z,(,f)v(’”) and thus

Lemma A.3. Let (x(D);_,. ; be vectors in R" and let C(x) denote the sample covariance

matrix

\\*—‘

S

&\'—‘

ZJ: (k) _ )?),
=1

Then it holds true that

W — 5, C(x)(x) —x)) Z D, c(x)x)
j=1

~

M\

j=1
By expanding the non-centered quadratic form we obtain

Z@‘(") % C(0) (D — ) = Z<x<f>, C(x)xDY — J(x, C(x)x),

J=1

Proof.

J=1

which yields the claim by the non-negativity of the covariance matrix

LemmaA.4. Forall je{l,...,J} the process

t
)0 = ( [ mceram?)

is a (global) martingale.
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Proof. The local martingale given by the stochastic integral is a true martingale by Ito-
isometry if we show that following second moment is finite (see [35, theorem 2.4])

1697 C(e) | anr = /He’)TC J2ds] = / E[[]e)7C(e,) 2] ds < oo

for all T > 0. For this, we first estimate the Frobenius norm by

J
. . . 1 . .
[e7Cles) [} = wacee DT C(e) (T ()T = 55 D7 (e, @) (e, ) (e, )
k=1

J
1 ‘
< = E ' e 2| |2]e®)2,

k=1

Thus, it holds true that

J

J J J
1 . 1 . 1 . 1 )
j§ :HQEJ)TC(QS)H% < 7 Z ‘2(1)|2‘e(1)|2‘e(1¢)|2 — (jE :‘6(1)|2)3 < jz \e(/)\ﬁ
j=1 j J=1 j=1

and with lemma 4.1 it follows

J

T
1 .
Zne“ < [ EG Y OFs<C

=
since p+2:=6<J+4. l

LemmaA.5. Forallk € {1,...,J} and p € (2,253) the process

' K J
)4
(M(1))150 = /O ﬁZ((ZMm Zea) (D) OT gy®
m=1 k=1 Jl=1

is a (global) martingale.

Proof. Similarly to the proof of lemma A.4 we estimate the Frobenius norm of the integrand

by
K J K J A
DO ”lze(” VTR < ) DO e P2 Y () ()10
m=1 k=1 =1 m=1 k=1 jl—l
5(J,K) Z‘e(k)ﬁ(p 2) Z le@*e)?
Jl=1
J

< G(LK) Y [P,
=1
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where we have used Jensen’s inequality and the fact |g,(nj) > < Zle |e,(lj) |> = |¢()]?. The as-

sertion follows by the bound (B.2) in the proof of theorem 4.5, which we obtained by localiza-
tion and Fatou’s lemma without martingale property. O

Appendix B. Higher-order ensemble collapse: proof of theorem 4.5

We will use the following auxiliary result in order to prove theorem 4.5. It is a well known
statement of the equivalence of norms, but we need the precise constants.

LemmaB.1. Fora,; e R m=1,....d, j=1,...,Jandp € N,

J d J
ZDam,,\ )2 <dP NN gl

j=1 m=1 m=1 j=1
and
d J d J
D2 langl” <73 () lansl)t
m=1 j=1 m=1 j=I

By symmetry we also have

d J d J J d
S lamg?)E <372 ZZW and >3 aw|” <dPT2S T Janl?)t

m=1 j=I1 m=1 j=1 m=1 j=1 j=1 m=1

SIS

Proof. We start with the first claim and write

with sz = (Zfln:1 |am;|*)?. We continue by expressing sz using the multinomial theorem and
Young’s inequality

e Y () e

ki+--+ks=p m=1
) d
2-km
— . -
> (o) II dawd
ki+-+kg=p m=1,k,, 70
d b1 d
2 - 2 —
S I )
=1 hteotlgmp—1 120t m=1

This means that

J d J d J d
ST i <d T ST Y Jang <d T30S Jamg
i j j=1 m=1
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which proves the first statement. For the second claim we can write by concavity of the square
root

i.e.

d J , d J )
ZZ lami? <TTN O lamgl?)?

Proof of theorem 4.5. Recall the equation of ¢/)
1< 1<
deW) = -5 Z e®(e® eU)ydr + ; Z e (™ d(wl) —W)).
=1 =1
And (recall that ¢/) € R¥) componentwise

J J
e = —3 S, e+ 3 3" e (e, AW —W))
=1 =1

We define the Lyapunov function (for equivalent notions of ‘p-norms’ of the ensemble, see
lemma B.1)

1 K J
jz Z|e(1)| )2
m=1 j=1

and according to Ito’s lemma it holds that

J
+, Z 3 delf) 3" OV,

m=1 j=1 m mm/ 1jj'=1 a ae /

Analogously to the proof of theorem 4.2 the expectation is given by

E[V,(est0)] =E[V)(es)]

s+r K K J
— C(p,D)E] / Sl Z eDR) ST ey
S om=1 k=l n=1 I=1 (B.1)
tp K J J
E[/o ﬁz Z|“(k)| lzem (1) g W(’)*;ZW“))M
m=1 k=1 Jl=1 r=1

by defining C(p,J) := & (1 — L=2EUZ0 o2y
Thus, similarly to lemma 4.1 we obtain by setting s = 0 and using Fatou’s lemma

K

. K J
E[V,(e0)] > C(p. J)E[ / O3 DI el
0 =1 k=

n=1 I[=1
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Note that

K J
E[/z Z\eﬁ? TS e e < c.

n=1 I[=1

Now we bound the integrand by below by

K K J
> Zle“‘ ETHQ_Q el = 3l P)
m=1

n=1 I=1 m=1 k=1
Thus, we also have
t
]E[/ Vyia(e))ds] < €
0

forallp < J+ 3.

= JVp+2(2).

(B.2)

Note, that with (B.2) one can prove similar to lemma A.4, that the stochastic integral

J
/ﬂz Z|e(k)| Z OROIXD (W(j)—%ZW(’)»)
m=1 r=1

is a martingale for all p € (2, Z£3). For details see lemma A.5.

2
By (B.1) we get that E[V,,(¢,)] is monotonically decreasing and it follows
t
B[V, (¢)] BV, = C(pd)J [ ElVyia(ed)]ds
0

By Jensen’s inequality it follows

K
1 ﬁi _2 2 pt2
Vpsale) = 3 S P PES > KT F (v (0))

m=1 j=1

o

and we obtain

pt2

Bl (e)] < ElVy(el] - o ik F [ B[V ()] 5 as.

Similarly to the proof of theorem 4.2 we get
< —C(p,J)J'"~ PKTih ,
by defining h(t) := E[V,(e,)], from which it follows that

P

h(e) < (gc(p,J)r%Jl*%;Jr (h(0))3)~%.
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Finally, we conclude with

J
11 :
> C(p,J)K_:%J]_%t—i—(KIZIIE[j E 1 7))yt
= =

TN

by using lemma B.1. O
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