World Scientific

Vol. 30, No. 9 (2020) 17651807 www.worldscientific.com

© World Scientific Publishing Company
DOI: 10.1142/50218202520500360

Mathematical Models and Methods in Applied Sciences \\’

Coarse-graining via EDP-convergence for linear
fast-slow reaction systems

Alexander Mielke

WeierstrafS-Institut fir Angewandte Analysis und Stochastik,
Mohrenstrafie 39, 10117 Berlin

and

Humboldt- Universitat zu Berlin, Institut fir Mathematik,
Unter den Linden 6, 10099 Berlin, Germany
alezander.mielke @Quias-berlin.de

Artur Stephan

WeierstrafS-Institut fir Angewandte Analysis und Stochastik,
Mohrenstrafie 39, 10117 Berlin, Germany
artur.stephan@Quwias-berlin.de

Received 13 November 2019
Revised 30 May 2020
Accepted 10 June 2020
Published 12 September 2020
Communicated by U. Stefanelli

We consider linear reaction systems with slow and fast reactions, which can be inter-
preted as master equations or Kolmogorov forward equations for Markov processes on
a finite state space. We investigate their limit behavior if the fast reaction rates tend
to infinity, which leads to a coarse-grained model where the fast reactions create micro-
scopically equilibrated clusters, while the exchange mass between the clusters occurs
on the slow time scale. Assuming detailed balance the reaction system can be written
as a gradient flow with respect to the relative entropy. Focusing on the physically rel-
evant cosh-type gradient structure we show how an effective limit gradient structure
can be rigorously derived and that the coarse-grained equation again has a cosh-type
gradient structure. We obtain the strongest version of convergence in the sense of the
Energy-Dissipation Principle (EDP), namely EDP-convergence with tilting.

Keywords: Markov process with detailed balance; entropic gradient structure; energy-
dissipation balance; EDP-convergence; coarse graining; reconstruction operators.

AMS Subject Classification 2020: 49505, 47D07, 47J30, 92E20, 60J20

1. Introduction

Considering I € N particles that interact linearly with each other with given rates
Ak, the evolution of the probability or concentration ¢; € [0,1] of a species i €
{1,...,I} =: T can be described by the master equation

¢ = Ac, (1.1)
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where A is the adjoint of the Markov generator £ : RY — R! of the underlying
Markov process, i.e. A = L*, see e.g. Refs. [0, B and [8 for more information. In
particular, this means Ag; > 0 for ¢ # k and Zi:l Ap; = 0 for all i € Z. We
interpret the master equation as a rate equation defined on the state space

I
Q = Prob(Z) := {c c[o,1]f ‘ Zci = 1} C R

i=1
In many applications, the number I of particles can be huge and the reaction
coeflicients A;; may vary in a huge range. In such cases, the analysis or the numer-
ical treatment of system (ILI)) is out of reach, and hence suitable simplifications
are necessary. One natural assumption is that reactions can happen with different
speeds. We will consider the case that the slow and fast reactions are distinguished,
the slow ones of order 1 and the fast ones of order 1/¢ for a small parameter £ — 0.
Hence, we decompose A = A° into A5 = AS + %AF, “§” for slow and “F” for fast

reactions. Our equation then is e-dependent and reads

= A = (AS + lAF> . (1.2)
g

The limit passage for € — 0 in linear and nonlinear slow-fast reaction systems is a
well-established field starting from pioneering work by Tikhonov4 and Fenichel 12
We refer to Refs. [4] 6] and [38| for modern approaches and to Ref. [19] for nonlinear
fast-slow reaction systems under the influence of stochastic fluctuations, see e.g.
Example 6.1 there for an mRNA-DNA system for I = 6 species with eight slow
reactions and two fast reactions.

While we repeat some of these arguments in Sec. [2] the main goal of this paper
is quite different. Our study is devoted to the associated gradient structures for
([C2) and their limiting behavior for ¢ — 0. Gradient structures exist under the
additional assumption that the detailed-balance condition holds, means that there
exists a positive equilibrium state w® = (wf);ez € Q such that

detailed-balance condition (DBC): Vi, keZ: Afw; = Aj,w;. (1.3)
Following Refs. 25] [34] and 27, a gradient structure for a rate equation ¢ = V.(c)
on the state space Q means that there exist a differentiable energy functional &,

and a dissipation potential R. such that the rate equation can be generated as the
associated gradient-flow equation, namely

¢ =V.(c) =D¢R%(c,—DE:(c)) or equivalently 0 = D¢R.(c,¢) + DE(c). (1.4)

Here R. is called a dissipation potential if R.(c,-) : T.Q — [0, 0c] is lower semicon-
tinuous and convex and satisfies R.(c,0) = 0. Then, R} is the (partial) Legendre—
Fenchel transform

R:(c,€) == sup {(£,v) — Re(c,v) |U € T.Q}.

For reaction systems of mass-action type (which includes all linear systems) sat-
isfying detailed balance, it was shown in Ref. [25 that an entropic gradient structure
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exists, i.e. & is the relative Boltzmann entropy &g, (c) := H(c|w®) of ¢ with respect
to w®, see Sec. However, this fact was used implicitly in earlier works, see
e.g. Eq. (113) in Ref. B2land Sec. VII in Ref. 42l For linear reaction systems, which
are master equations for Markov processes, a more general theory was developed
in Refs. 22l and [5l leading to a large class of possible gradient structures, see Sec. [
and Sec. 2.5 in Ref. 23|

Here, we use the physically most natural gradient structure that has its origin
in the theory of large deviation, see Refs. [30land 29. The dual dissipation potentials
Ri(e,-) : T.Q — R are not quadratic but rather exponential due to cosh terms,
namely

Ri(e, &) = %Z Kip/CicC (& — &) with C*(¢) = 4 cosh(¢/2) — 4 (1.5)
i<k
and k5, = A5 \/ws/wi. The gradient structure (Q,f,, RE) exactly generates the
gradient-flow evolution ([2]), and we call it simply the cosh gradient structure. Note
that the dissipation potential v — R.(c,v) is still superlinear, but grows only like
|[v]log(1 + |v]). In particular, R. does not induce a metric on Q.

This gradient structure is also in line with the first derivation of exponential
kinetic relations by Marcellin in 1915, see Ref. [24. Moreover, it arises as effective
gradient structure in EDP converging systems, see Refs. 20 and [14l In Ref. [15] it
is shown that the exponential function “cosh” arises due to the Boltzmann entropy
as inverse of the logarithm. For LP-type entropies, the dual dissipation functional
R* will have a growth like |¢|¢/(P—1),

Instead of passing to the limit ¢ — 0 in Eq. ([L2)), our goal is to perform the
limit passage in the gradient system (Q,&g,, RY) to obtain directly an effective
gradient system (Q, &, RYy) via the notion of EDP-convergence as introduced in
Refs. 20} [T and 28, Roughly spoken this convergence asked for the I'-convergence of
the energies, namely &5, 5 & on Q, and for the dissipation functionals ®. 5 Do
on L%([0,T); Q) with

D.(c) = /0 (R-(c,é) + Ri(c,—DE-(c)))dt  and

T
Do(c) = /0 (Ret(c,&) + Rialc, ~DEo(c)) dt.

The notion of EDP-convergence produces a unique limit gradient system, and we
may have R. LN Ro while Regr # Ro, see Refs. 20l and [7. As a trivial consequence of
EDP-convergence we then find that 0 = DR.g(c, ¢) + DEy(c) is the limit equation,
cf. Lemma [3.41

We emphasize that constructing the limit equation ¢ = V%(¢) for a family of
evolution equations ¢ = V¢(¢) depending on a small parameter ¢ — 0 is quite
different from our goal. In Fig. [l this would mean to concentrate on the two
downward arrows on the right only. In general, an evolution equation may have
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gradient systems gradient-flow eqn. solutions

@QERY ~ é=0R:(c,~DE()) =VE(e) ~ :[0,T]—Q
& ; ]

(Q &0, Reit) ~ ¢=0eR%(c,~DE(c)) = VO(c) ~ :[0,T] = Q

0«3

Fig. 1. EDP-convergence leads to a commuting diagram, in particular EDP-convergence gen-
erates the correct limit equation ¢ = V0(c) and (subsequences of) the solutions c® converge to
solutions ¢ of the limit equation. However, Reg provides information not contained in the limit
equation.

many gradient structures, and this is certainly true for the linear master equations
studied here. Thus, from knowing the limiting equation ¢ = V°(c) we cannot recover
a unique gradient structure (Q, &, Refr)-

Our philosophy is opposite: We consider the gradient structure (Q, &, R.) asso-
ciated to ¢ = V¢(c) as additional information that is not contained in the equation,
but of course they are compatible. Typically, the additional information is of ther-
modynamical nature and reflects the underlying microscopic properties of the model
that are no longer seen in the macroscopic model, see Refs. [30] and 29. In Ref. [35]
it is shown that the parabolic equation @ = u,, associates with different gradient
structures if one models diffusion or if one models heat transfer.

Thus, we turn around the usual limit analysis where one first works on the
gradient-flow equations (I4) and the solutions ¢® : [0,T7] — Q, and then studies
gradient structures for the limit equations. As indicated in Fig. [l EDP-convergence
works solely on the gradient systems and produces Reg as a nontrivial result, which
then gives the limit equation and the accumulation points c® : [0,7] — Q of the
solutions ¢© : [0,T] — Q.

The choice of gradient structure for a given family of equations ¢ = V¢(c)
may even be relevant for deriving the effective of limiting equation. Choosing the
gradient structures (Q, 55(1), Rgl)) and (Q, 55(1) , ’Rgl)) we may have EDP convergence
to effective limits (Q, c‘,’él), RS{)) and (Q, 5(()2) , ’Rgf)), such that the effective equations

e

¢=V5)(c) = DeR{Y" (¢, ~DEM (¢) and =V, = DR (¢, ~DES ()

give different dynamics. We refer to Sec. 3.3.5.2 in Ref. [27 for such a case.

In Sec. 3.3 in Ref. 20, an example of a simple linear reaction systems (with
I = 3) is considered, where it is shown that the cosh structure is distinguished by
the fact that it is the only one that is stable under EDP-convergence. It is one of our
major results that in our situation the same stability is true, i.e. EDP-convergence
yields a limit gradient structure of cosh-type again.

We now describe our results more precisely. We mainly work under the assump-
tion that our system (L2 satisfies the DBC ([3) for w® and assume that
w® — w’ €]0, 1[1, i.e. all components w? are positive. Then, clearly AL satisfies
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the DBC for w®. As is shown in Sec. @] the fast reactions encoded in A sepa-
rate Z = {1,...,I} into J < I clusters, and we define a coarse graining operator
M € R7*! and a reconstruction operator N € R’*Y satisfying

MAY =0eR7*, AFN=0e R/, and MN =idgs.

The coarse graining operator M satisfies M;; € {0, 1} indicating whether the species
1 belongs to the cluster j. The limit equation, which is derived in Theorem
independently of any EDP-convergence for clarity, then reads

Mé(t) = MASc(t) and AFe(t) =0. (1.6)

Although convergence of solutions of (I2)) is indeed well-known, we added a short
proof, as it shows similarities to the proof of EDP-convergence in using com-
plementary information to derive compactness. Using the coarse-grained states
é(t) = Mc(t) € Q € R7 with probabilities ¢;(t) for the cluster j € J one obtains
the coarse-grained linear reaction systems

é(t)=Aé(t) with A= MASN e R7%/, (1.7)

We refer to Sec. 2.4 for a detailed description and an interpretation of the coarse-
grained equation.

From the solutions ¢ we obtain all solutions of the limit equation (L6) via c(t) =
Neé(t). In fact, setting @ := Mw° € ]0, 1[J and defining the diagonal mappings
Dyo = diag(w?);ez and Dy = diag(;);es the reconstruction operator N is given
via N = Dy,oM *]D);Ul. The intrinsic definition of N becomes clear from duality
theory as D0 can be seen as a duality mapping from relative densities ¢ € (R)*
to concentrations ¢ € R,

Do
ce Rl —=— o€ (RN)* D M*(R7)*

In Sec. Bl we discuss general gradient systems and define different notions of
EDP-convergence as in Refs. [7land 28 while Sec. dlrecalls the different possible gra-
dient structures for linear reaction systems satisfying the DBC (L3]). In Sec. 4] we
address the important notion of tilting of Markov processes which means the change
of the equilibrium measure w into w"” = %(e_’”wi)iez. It is another remarkable
feature of the cosh gradient structure that it is invariant under tilting (see Propo-
sition A.I]). Thus, the strong notion of EDP-convergence with tilting introduced in
Refs. [7] and 28| can only be shown for the cosh gradient structure.

In Sec. Bl we present our main result on the EDP-convergence with tilting of

the cosh-gradient systems (Q, £g,, RE) defined via (I5]). While the I'-convergence

Eis LN &Y, follows trivially from w® — w®, the I'-convergence D. LN Do in
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L%([0,T],Q) is much more delicate. In fact, Theorem [5.3] even provides the Mosco-
convergence of D, M, Do, i.e. (i) the liminf estimate liminf. o D.(c®) > Do(c)
holds even under the weak convergence ¢ — ¢ in L%([0,T]; Q) and (ii) for each
¥ € L2([0,T); Q) there exists a recovery sequence ¢ — ¢” strongly(!) in L2([0, T]; Q)
such that limsup,_,o D (c®) < Do(c?).

The main point of the result is the exact characterization of Reg. Indeed, we
have

T
D0(c) /0 (Rcff(c, ¢) + Rig(e, fDE]%Z(c))) dt for c € WH1([0,1]; PQ),
olc) =

0 otherwise in L2([0,1]; Q),

where, for ¢ € PQ the effective dissipation potential Reg is given by

Reg(c,§) = Rs(c, &) + X7y~ (§) or equivalently

RCH(C, U) B ZG]RI:IJ\I}E:MU Rs (C, Z)
Here P = N M is the projection mapping general ¢ € Q into microscopically equi-
librated reactions ¢ = N¢ with ¢ = Me¢, and RY is the dual dissipation potential
defined as in (LO) but using only the slow reactions. Finally, the characteristic
function xz is 0 for £ € Z and oo else. The condition x=(—DEY,(c)) < oo is in fact
equivalent to ¢ € PQ, see Sec.

It is easy to see that the degenerate gradient system (Q,&3,,Rig) generates
exactly the limit equation ([6]). Moreover, using the bijective linear mapping M :
PQ— Q:={¢€[0,1]) &+ + &5 =1} C R’ with inverse N : Q - PQ C Rf
we can define the coarse-grained gradient system (Q,c‘:’ ,7@) for the coarse-grained
states ¢ = Mc via

£(&) =&, (Né), R(é,9) = Reg(Né,No), R (&E) =Rig(Né, M*E).

The construction and the explicit formula for R yield that (Q, & , 7@) is again a cosh
gradient structure and the associated gradient-flow equation is the coarse-grained
equation ([L.7)), see Proposition 5.7

This is indeed a rigorous coarse-graining in the sense of Sec. 6.1 in Ref. 23l
This paper is intended to be an easy-to-understand first approach to more general
results of EDP-convergence. In Ref. [31] we will cover nonlinear reaction systems,
for which the coarse-graining procedure based on Markov operators cannot work
and where the structure of the limiting equations will be more involved because of
nonlinear algebraic constraints. Moreover, reaction—diffusion systems are discussed
in Refs. [14] and (15l As already shown in Ref. 20, the cosh gradient structure may
appear automatically from quadratic diffusion models, and we expect that the cosh
gradient structure will also be stable in the more general situations in Ref. 39, where
also the reaction fluxes are coarse-grained and reconstructed.
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2. Fast-Slow Reaction Network

On Q := Prob(Z) := {c € [0,1)7| ¥,c7ci = 1} € X := R we consider the
Kolmogorov forward equation or master equation

¢=Ac with A e R

where A is the adjoint of a Markov generator, i.e.

I
A >0 foralliZk and VEe€Z:0=> Ay
i=1

Some comments on the notation are in order. Usually, in the theory of Markov
operators and stochastic processes the state space is the set of probability measures
which is a subset of the dual space of continuous functions. So it would be more
convenient to denote the space of interest by X™* and not X. Certainly, since we
are dealing with finite dimensional spaces, both are isomorphic and the notation
is just a question of manner. In that paper, the master equation is understood as
a rate equation of a gradient system in the sense of Sec. [Bl which is an equation in
X. Strictly speaking, the operator A is the adjoint of a Markov generator £ which
generates a semigroup of Markov operators et~ : X* — X*. By definition, a Markov
operator M* : X* — Y™ on a finite-dimensional state space maps positive vectors
on positive vectors and the constant one vector 1l x~ to a constant one vector ly«.
Its adjoint maps the set of probability vectors onto the set of probability vectors.

The linear reactions given by A, naturally define a graph or reaction network,
where edges e;;, from node x; to node xj correspond to the entries A;; > 0. The
graph is directed, i.e. edges e;; and ey; are different and have an orientation. We
assume that A is irreducible, which means that the corresponding graph is irre-
ducible, or in other words, that any two nodes are connected via a directed path.
This implies that there is a unique steady state w € Prob(Z) which is positive, i.e.
w; >0 for all j € Z, see e.g. Ref. [8

The crucial assumption for our systems is the following symmetry condition.
The Markov process is said to satisfy the detailed-balance condition (DBC) with
respect to its stationary measure w > 0, if A;pwy = Agw; for all i, k € Z. Assuming
detailed balance, the evolution equation ¢ = Ac, which is an equation on X, can
also be written in another form. Let us introduce the duality operator
X* - X

D!
and X>c—>pe X"
o —c=Dyo

D, = diag(w) : {
Hence, D,, maps the relative densities g to the concentrations c, i.e. ¢; = g;w;. The
linear master equation can now be written as
¢ = Bp with B = AD,,.

Because of the DBC, B = AD,, : X* — X is a symmetric operator on X, i.e.
B*=B.
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For our slow—fast systems, we introduce a scaling parameter 1/¢ for £ > 0 and
the rates A;;, on the right-hand side decompose into A = A° = A% + %AF , where
“S” stands for slow and “F” for fast reactions. Our equation is e-dependent and
reads

¢ = afc = (45 + 1aF) (2.1)
3

The aim of the paper is to investigate the system in the limit ¢ — 0. To do this,
some assumptions on the e-dependent reaction network are needed.

2.1. Assumptions on the e-dependency of the network

Our paper will be restricted to the case where the stationary measure w® € Q
converges to a positive limit measure w® — w® € 0, 1[1:

For all € > 0, the reaction graph defined by A® is connected.
Moreover, if there is a transition from state ¢ to k (i.e. Ag; > 0), (2.2a)
then there is also a transition backwards from k to <.

For all ¢ > 0 there is a unique and positive stationary measure

w® € Q, and the stationary measure converges w® — w", where w’ (2.2b)
is positive.

(DBC): For all € > 0 the detailed-balance condition with respect (2.2¢)
to w® holds, i.e. A5 w; = Af,w§ for all i,k € Z. ’

These three conditions are not independent of each other, but it is practical to state
them as above. In particular, if (Z2a)) and the DBC (2:2d) hold, then (2:2B) follow,
which is the content of the following results. See Ref. 37l and the references therein
for generalizations.

Proposition 2.1. Let the reaction network satisfy 2.2a) and (22d) and define,
for transitions according ([2Z2al), the transition quotients
B ARt AL
An AR+ éAgz
If there is a (universal) bound q* < oo such that for all transitions from i to k and

for all e > 0 the transition quotients ¢, satisfy 1/q¢* < ¢5, < ¢*, then w® converges
and its limit w® is positive, i.e. (2.2D)) holds.

g __
ik =

Proof. Using the DBC (2:2d), the stationary measure w® only depends on the
transition quotient ¢, . Hence, each ¢ — wf € [0, 1] is a rational polynomial in ¢
and thus converges to w? with w® € Q = Prob(Z) with polynomial dependency on
e > 0. Moreover, ¢5, = 1/q5, converges to ¢ € [1/¢*,¢*]. Since the limit w° again
depends only ¢Y, we conclude that it is positive. O

We now comment on the relevance of the above assumptions and give two non-
trivial examples.
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Remark 2.2. (a) In the chemical literature, our assumption (2.2al) is often called

(b)

(weak) reversibility. It implies already that the stationary measure w® for A¢
is unique and positive.

The assumptions in Proposition[2.1]say that the quotients q;; are bounded even
for ¢ — 0 and hence, they converge. In particular, this means that if there
is a fast reaction Af, # 0 then necessarily also the backward reaction is fast,
i.e. A\ =£ 0. So, the graph does not change its topology in the limit process
¢ — 0. Without this assumption the mass w$ may vanish for some species 4, see
Example[Z3|(b). This case is more delicate and will be considered in subsequent
work.

It was observed in Refs. [42] and 25| that reaction systems of mass-action type
have an entropic gradient structure, if the DBC holds. For linear reaction sys-
tems this was independently found in Refs. 22] and [5l. However, our work will
not use the quadratic gradient structure derived in the latter works, but will
rely on the cosh-type generalized gradient structure derived in Refs. [30 and [29]
see Sec. [l

Assuming (22a)), (Z2d), and additionally that the reaction quotients ¢5, scale
either with 1 or with 1/¢, i.e. AL #0= Ai = 0, then the transition quotients
q;;, are e-independent. In particular, the stationary measure w. as well as the
energy & (see Sec.[42) are independent of €.

Example 2.3. We discuss two cases highlighting the relevance of our assumptions.

(a)

(b)

A prototype example is the following, where four states are involved:

As in all reaction chains, this example satisfies the DBC ([Z2d).

We observe that the reaction rates AS, scale either with 1 or with 1/¢ and
hence, the reaction ratios as well as the stationary measure do not depend on €,
see Remark 22](d). Hence, the assumptions (Z2)) are satisfied. We expect that
in the limit ¢ — 0 a local equilibrium between the states 2 and 3 occurs, which
means that the system can be described by only three states.

In Ref. 20, the authors considered the following reaction chain:
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e>0

The DBC (Z2Zd) is again satisfied. The stationary measure is w, = ﬁ(l, g, 1).
The transition quotients are ¢j, = € and ¢53 = %, which converge to 0 or oo,
respectively. Hence assumption (2.2h) is violated. In fact the limit stationary
measure is w’ = (%,O, %), which is no longer strictly positive. In Sec. 3.3 in
Ref. [20, the EDP-convergence is performed for different gradient structures and
only the cosh-gradient structure as defined in Sec. turned out to be stable.

2.2. Capturing the states connected by fast reactions

In the limit species which are connected by fast reactions have to be treated like one
large particle. Let i1 ~p 12 denote the relation if states ¢; and i2 are connected via
fast reactions. Assumptions (2.2a))-(2.2d) guarantee that ~p defines an equivalence
relation on 7 and decomposes 7 into different equivalence classes J := {a1,...,a },
where the index of ~p, i.e. the number of (different) equivalence classes, is denoted
by J. By definition all o; are non-empty. Obviously, we have 1 < J < I. In par-
ticular, J = I means that there are no fast reactions; J = 1 means that each two
species are connected via at least one reaction path consisting only of fast reac-
tions. Let ¢ : {1,...,1} — {a1,...,a } be the function, which maps a state i to
its equivalence class oy, i.e. i — ¢(i) = [i]~, = a;. To make notation simpler, we
denote the set of equivalence classes by J = {1,...,J} and further use j € J and
1€1.

The function ¢ : Z — J defines a deterministic Markov operator M* : Y* —
X*, where Y* is a J-dimensional real vector space, by

(]\4*@)z = @¢(i), oeY™ iel.
Deterministic Markov operator means that its dual M : X — Y maps pure concen-
trations, i.e. unit vectors e;, to pure concentrations.

Some facts on deterministic Markov operators are in order. Clearly for a deter-
ministic Markov operator it holds M*(g- 1&) =M*o-M *z/AJ where the multiplication
is meant pointwise. (This, by the way, characterizes all deterministic Markov oper-
ator.) We want to write the multiplicative relation in form of operators. To do this
let us define the multiplication by g as Il, : Y* — Y*, with (IT;0)); = 9, - ;.
Hence, we conclude for a deterministic Markov operator that M*II; = Iy M™.
Dualizing this equation, we get IIZM = MII},. ;. Note, that the adjoint operator
has a simple form: II5 : Y — Y, II5¢ = D¢p. So summarizing

M = MIT;,., and IT5é = Dgp. (2.3)

4

In the limit process the species connected by fast reactions are identified. This is
done by a linear coarse-graining-operator, which is the adjoint of M*, M : X — Y.
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In matrix representation induced by the canonical basis, we have

1, fori € oy,
(2.4)
0, otherwise.

M:X~R' Y ~R/ M ::{
Note that the construction is such that M maps X D Prob(Z) onto Y O Prob(J).
Since for o; there is at least one ¢ with ¢ € o, the matrix of M has full rank and
each column is a unit vector. Moreover, we point out that M and M* only depend
on the reaction network topology and the locations of the fast reactions, the specific
reaction rates A;; do not matter (see Example [2.0]).

2.3. Properties of the coarse-graining operator M
and the reconstruction operator N

Recall the duality map D0, which is a represented by a diagonal matrix with
entries w® > 0, connects the concentrations and the relative densities, i.e.

w

« Dyo
oe X" —ce X.

The subset of X™* which consists of the equilibrated densities p; is denoted by
Xeogr Le.
Xog = {Q e X |V7j1 ~p g 0 = Qi2}.

For the limit system, we define the stationary measure (denoted by @) by @ = Mw°.
Since M* is a deterministic Markov operator, we have the following characterization
of the multiplication operator induced by w.

Lemma 2.4. Let M* :Y* — X* be a deterministic Markov operator induced by a
function ¢ : {1,...,1} = {1,...,J} and let w € X. Then Mw = b if and only if
Dy = MDy, M*.

Proof. Assume that D, = MD,,M* holds. Evaluating both sides at the constant
vector Ly, we get Dylly« = w and MD,,M* 1y« = MD,1x+ = Mw, since M™ is
a Markov operator which maps Iy« — 1 x~. This proves the claim in one direction.

Assume w = Mw we have to show that Dy, = MD,M*. We use statement
23) for deterministic Markov operators and find Dz, 6 = HZMU) = MH}‘W@w =
MDD, M*p. O

If M* is not a deterministic Markov operator but a general one, then the above
relation will not hold.

We assumed that all equivalence classes «; are non-empty and hence, each row
of our coarse-graining operator M defined in (2] has at least one entry “1”. In
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particular, this implies that w is strictly positive and hence, Dy, is invertible. In
particular, we proved that the following diagram commutes:

—1

D
ceX 5 peX* DXl ={oe X"

Ml M*T
D=1
Y*

¢eYy @

Viy ~pio: 0 = 0iy )

The crucial object is the following operator N : ¥ — X, which “inverts” the
coarse-graining operator M : X — Y, by mapping coarse-grained concentrations
¢ € Y to concentrations ¢ € X (see also Ref. 40, where the operator is introduced
for its connection to the direction of time). We call N a reconstruction operator as
it reconstructs the full information on the density ¢ € X from the coarse-grained
vector ¢ € Y assuming, of course, microscopic equilibrium. More precisely, IV is
defined via

N =D, oMD" : Y — X such that N* =D 'MD,0: X* = Y*. (2.5)

While the coarse-graining operator M simply merges the masses within the cor-
responding equivalence classes, the reconstruction operator N redistributes the
masses in each equivalence class proportional to the equilibrium measure. As a result
P = NM will be a projection from general states to states in local equilibrium.

These and other important properties of the operator M and N and their
adjoints M™* and N* are summarized in the next proposition, which is independent
of the generators A5 = AS + %AF.

Proposition 2.5. Let M* : Y* — X* be a deterministic Markov operator as in
Lemma 24 with adjoint M : X —Y and let @ := Mw® for some w® € )0, l[I cQ.
Moreover, N and N* be defined as in (2.3, then the following holds:

(1) N* is a Markov operator.

(2) MN =idy or N*M* =idy-, i.e. N* is a left-inverse of the Markov operator
M*.

(3) P:= NM is a projection on X, which leaves the range of Dy,oM* : Y* — X
invariant. The adjoint M*N* is a projection as well, which leaves the range of
M* invariant.

(4) N =w®, i.e. N inverts with respect to the stationary measure.

(5) The operator P* = M*N* is a Markov operator on X* and its adjoint P = NM
has the stationary measure w®. Moreover, P* satisfies detailed balance with
respect to wP.

Proof. Clearly, N* is non-negative and N*ll x« = ]D);UlMDwo Ix = Duf)leO =
1y« holds. This proves the first statement.

Lemma 2.4 implies that M N = idy and that NM is a projection on X, which
leaves the range of D0 M* : Y* — X invariant. The fourth claim is also trivial. It
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is also not hard to see that P* is a Markov operator and that its adjoint has the
stationary measure w". Moreover, detailed balance holds:

Do P* = Dyo M*N* = Do M*D,;  MDyyo = NMD,o = PDyo.

This proves the result. O

The following example shows how the operators look like in a specific case.

Example 2.6. For the reaction network in Example 23|(a) we have I = 4 with
only one fast reaction 2 ~p 3, hence J = 3. Using the numbering oy = {1},
as = {2,3}, and a3 = {4} and the stationary measures w = (wy, wa, w3, wy)' € X
and 0 = (w1, ws + w3, wy) " €Y, respectively, we find

1 0 0
1000 L2
wo + w3
M=|0 11 0|, N= w3 , and
0 0 0 1 wo + w3
0 0 1
1 0 0 0
0 —2 22
wo + w3z w2 + w3
P=NM = . w3 w3 0
wo + w3 W2 + w3
0 0 0 1

2.4. The limit equation and the coarse-grained equation

As a direct consequence of Proposition we obtain a decomposition of the state
space X ~ R! into the microscopically equilibrated states

¢c=Pc€Qeq:=PQC Xeq:=PX={cecX|A c=0},

which are measures having constant density with respect to w®, and the component
(I — P)c € Xgast := (I — P)X that disappears exponentially on the time scale of
the fast reactions. We emphasize that the following result does not use the DBC

2.29).
Proposition 2.7. Under the assumptions (2.2al)-2.2D0) we have

PAF = AP =0c R, MA" =0cR/¥ AFN=0cR™™/  (2.6a)
X = Xoq @ Xpast  with (2.6b)
Xoq = ker(A") = range(P) = range(N) and (2.6¢)
Xtast = range(A”) = ker(P) = ker(M). (2.6d)
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Here, Xtast depends on M only, i.e. only on the reaction graph of AY, whereas Xeq
depends on A and A through w°.

Proof. By construction of M from the reaction network induced by A we imme-
diately obtain range(A%") = ker(M). Indeed, the entries of M are all 0 or 1, where
the jth row contains only the entry 1 exactly for i € «(j). Thus, these 1s correspond
to the mass conservation in the corresponding equivalence class a(j) C {1,...,I},
and MAF = 0 follows, which implies range(Af") C ker(M). Dimension counting
gives the desired equality.

Using the injectivity of N and P = NM we have shown (2.6d)).

To establish the relation for X, it suffices to show ker(Af") = range(V), since
the surjectivity of M and P = NM gives range(N) = range(P).

Using the dimension counting it is even sufficient to show AF' N = 0. Firstly, we
use 0 = A*w® = (A% + LAF)w®, which gives A"w® — 0, and hence AFw® = 0.
Moreover, we observe that the jth column of N = D,,0 M*D, contains the unique
equilibrium measure associated with the equivalence class a(j) C {1,..., I}, which
implies that A" N = 0. O

Based on the above result we can formally pass to the limit in our linear reaction
system ¢ = (A% + %AF )& Multiplying the equation from the left by M we can
use M AT = 0 and see that the term of order % disappears. Moreover, it is expected
that the fast reactions equilibrate, so in the limit € — 0 we expect the microscopic
equilibrium condition A¥¢® — 0. Hence, we expect that ¢ : [0,7] — Q converges
to a function c” : [0, 7] — Q which solves the limit equation

Meé(t) = MASc(t) and AFe(t) =0. (2.7)

Before giving a proof for the convergence ¢ — ¢ we want state that this system has a
unique solution for each initial condition ¢(0) that is compatible, i.e. A¥¢(0) = 0 and
that this solution is characterized by solving the so-called coarse-grained equation.

Theorem 2.8. (Coarse-grained equation) For each co € Q with A¥cy = 0 there is
a unique continuous solution ¢ : [0,T] = Q of 1) with ¢(0) = ¢o. This solution
is obtained by solving the coarse-grained ODE

¢=MASNé, é(0) = Mc (2.8)

and setting c(t) = N&(t). Moreover, the stationary solution is w = Mw".

Proof. On the one hand, by ([Z.6d) we know that Afc = 0 is equivalent to ¢ =
Pc = NMe. Thus, for any solution ¢ of ([27)) the coarse-grained state ¢ = Mc¢
satisfies the coarse-grained equation (Z.8]).

On the other hand, (2.8) is a linear ODE in Q C Y which has a unique solution
satisfying é(¢t) € Q. This proves the first result.

To see that 1w = Mu' is a stationary measure, we use A"w’ = 0 and (2.6h)
implies Pw® = w®. On the other hand using M A¥ = 0 we can pass to the limit in



EDP-convergence for linear reaction systems 1779

0= MO0 = MA*w® = MASw® to obtain M ASw® = 0. Combining the two results
we find

Ay = MASN(Muw®) = MAS Pu® = MASuw® =0

)

which is the desired result. O

We emphasize that the coarse-grained equation (Z8) is again a linear reaction
system, describing the master equation for a Markov process on J = {1,...,J}.
The effective operator A := MA®N can be interpreted in the following way: N
divides the coarse-grained states into microscopically equilibrated states, A® is the
part of the slow reactions, and M collects the states according to their equivalence
classes a(j).

Using Mj; = dj4(:) and Ni; = 3—55]-(1,(1) the coefficients of the generator A=
MASN are easily obtained by a suitable average, namely

0
Ajljz = Z Z Aii2 z;z : (2'9)

t1€ajy i2€a,

2.5. Convergence of solutions on the level of the ODE

Finally, for mathematical completeness, we provide a simple and short convergence
proof. It can also be obtained as a special case of the result in Ref. [4. Of course, the
convergence of solutions is also a byproduct of the EDP-convergence given below,
see Lemma [3:4l The latter result, which is the main goal of this work, provides
convergence of the gradient structures, which is a significantly stronger concept,
because the coarse-grained equation (Z.8) has many different gradient structures,
while the EDP-limit is unique.

Theorem 2.9. (Convergence of c¢® to c?) Assume ([Z2) and consider solutions
c:[0,T] = Q of [L2) such that Mc*(0) — éy. Then, we have the convergences

Mc® — M in C°([0,T); X) and & — ¢ in L2([0,T]; X),

where ¥ is the unique solution of [21) with c°(0) = Néo.

Proof. Step 1: Weak compactness. We first observe that ¢® : [0,7] — Q C
[0,1)F provides a trivial a priori bound for ¢¢ in L°°([0, T]; R). Hence, we may
choose a subsequence (not relabeled) such that ¢ — ¢ weakly in L2([0, T]; RY).

Step 2: Compactness of coarse-grained concentrations. With Step 1 we see
that a¢ := M¢® is bounded in CYP([0, T]; RY), because of a° = M = MASE.
Thus, there is a subsequence (not relabeled) such that a — a° in C°([0, T]; R”)
and a°(0) = é. Moreover, with Step 1 we have a° = M.
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Step 3: Generation of microscopic equilibrium. We take the dot product of

the ODE with the vector of relative densities ¢©/w® := (¢§ /w$);=1,... 1. Defining the

2
quadratic form B.(c) = 3., 5% we obtain

.....

=1 2w§
d ot cc
Gt (cf) = ¢ e (A%c) - 3
1
= g(Baca) ¢ with eD2A® =: B® = (B)* > 0. (2.10)

The latter relations follow from the DBC (22d). Defining the quadratic functional
Qe (c) = foT Bec(t) - ¢(t)dt and integrating (2.I0) over [0, T] gives

Q:(c®) = eB(c5(0)) — eB(*(T)) < Cye.

Moreover, using |w® — w®| < Cye we find |Q.(c) — Qo(c)| < Cse. Hence Qp(cf) <
0.(cf)+C3e < Cre+C3e. Using the convexity of Qg the weak limit ¥ of ¢ satisfies

0 . . c < . . —
0 < Qp(c”) < hran_g(IJlfQo(c ) < hgl%lf(cl + Cs)e

Since B = ID);%AF is symmetric and positive semidefinite we conclude A¥c%(t) =0
a.e. in [0,T]. More precisely, by Z6d) ¢ — (B% - ¢)'/? defines a norm on Xp.
that is equivalent to ¢ + |(I — P)c|. Thus, we conclude (I — P)c® — (I — P)c°
Moreover, Step 2 gives Pc® = NMc® = Naf — NMc® = Pc® such that ¢¢ — ¥ in
L2([0, T;RY) follows.

Step 4. Limit passage in the ODE. To see that ¢ satisfies the limit equation
(Z7) we pass to the limit in

Mce(t) = Mce(0) + /Ot MAScE(s)ds

where the left-hand side converges by Step 2, and the right-hand side converges
by the assumption on the initial condition by Step 3, and Lebesgue’s dominated
convergence theorem. Thus, Mc°(t) = +f0 AS O(s)ds, and with AFc? =
0 from Step 3 the desired limit equatlon (I?:ﬂ) is estabhshed

As we already know that the solution of (27)) is unique, we conclude convergence
of the whole family (¢®).s0, instead of a subsequence only. |

In the above proof the DBC (ZZd) is not really necessary, but it simplified our
proof considerably.

3. Generalized Gradient Structures

This small section provides the general notions of gradient systems, gradient-flow
equations, the energy-dissipation principle (EDP), and the three notions of EDP
convergence. We follow the survey paper?d and the more recent works 728
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3.1. Gradient systems and the energy-dissipation principle

A triple (Q, &, R) is called a gradient system if

e Q is a closed convex subset of a Banach space X,

e £:Q - Ry :=RU{oo} is a differentiable functional (e.g. free energy, negative
entropy)

e R :Qx X — Ry is a dissipation potential, i.e. for all u € Q the functional
R(u,-) : X — Ry is lower semicontinuous (lsc), nonnegative, convex and satisfies
R(u,0) =0.

(More general, Q can be a manifold, then R is defined on the tangent bundle TQ),
but this generalization is not needed in this work.) A gradient system (Q,&,R) is
called classical if R(u, ) is quadratic, i.e. if there are symmetric and positive definite
operators G(u) : X — X* such that R(u,v) = $(G(u)v,v). But often R(u,)
is not quadratic (e.g. for rate-independent processes such as elastoplasticity), see
Ref. 27/ and reference therein. We define the dual dissipation potential R* using the

Legendre transform via

R*(u, €) = (R(u, )" (€) := sup {{¢,v) — R(u,v)|v € X}.

The gradient system is uniquely described by (Q,&,R) or, equivalently by
(Q,E,R*) and, in particular, in this paper we prefer the second representation.

The evolution of the states u(t) in a gradient system is given in terms of the
so-called gradient-flow equation that is given in terms of £ and R and can be
formulated in three equivalent ways:

(I) force balance in X*. 0 € 0yR(u,u) +DE(u) € X™,
(IT) power balance in R. R(u,d)+ R*(u, —DE(u)) = —(DE(u), u), (3.1)
(IIT) rate equation in X. u € 0¢R"(u,—DE(u)) € X,

where 0 is the set-valued partial subdifferential with respect to the second variable.

In general, we cannot expect that the solution of the gradient-flow equation
fill the whole state space. Clearly, along solutions we want to have &(u(t)) < oo
for t > 0. Moreover, relation (III) asks that —DE(u(t)) lies in the domain of
OeR* (u(t),-) for a.a. t € [0,T]. Thus, we set

Dom(Q,&,R) := {u € Q|DE(u) exists, deR*(u, —DE(u)) is nonempty}. (3.2

Typically, one expects that solutions exist for all initial conditions in the closure of
Dom(Q, &, R).

These three formulations are the same due to the so-called Fenchel equivalences
(cf. Ref. II)): Let Z be a reflexive Banach space and ¥ : Z — R, be a proper,
convex and lsc, then for every all pairs (v,&) € ZxZ* the following holds:

(i) €€ 0T (v) <= (il) T(v) + T*(§) = (&,v) < (iii) v € IT*(§).
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We emphasize that (ii) and (II) should be seen as scalar optimality conditions,
because the definition of the Legendre transform easily gives the Young—Fenchel
inequality, namely U (v) + ¥*(£) > (£, v) for all (v,§) € ZxZ*.

Integrating the power balance (II) in BI) over [0,7] along a solution w :
[0,7] — Q and using the chain rule (DE(u(t)), i(t)) = L& (u(t)) we find the Energy-
Dissipation Balance (EDB):

E(u(T)) + /0 (R(u(t), u(t)) + R*(u(t), —DE(u(t)))) dt = E(u(0)).  (3.3)

The following Energy-Dissipation Principle (EDP) states that solving ([B.3]) is equiv-
alent to solving the gradient-flow equation (B.1I).

Theorem  3.1. (Energy-dissipation principle, see e.g. Theorem 3.2 in Ref. 27)
Assume that Q is a closed conver subset of X = R!, that & € C*(Q,R), and that
the dissipation potential R(u,-) is superlinear uniformly in u € Q. Then, a function
u € WHL([0,T); Q) is a solution of the gradient-flow equation [B1)) if and only if u
solves the energy-dissipation balance (B.3]).

Again, the EDB is an optimality condition, because integrating the Young—
Fenchel inequality for arbitrary u € W11([0,77]; Q) and using the chain rule we
obtain the estimate

T .
E@(T)) + /0 (R(u(t),u(t)) + R*(u(t), —DE(u(t)))) dt > £(w(0)).  (3.4)

The above considerations show that an important quantity associated with a
gradient system (Q, &, R) is given by the dissipation functional

D) = / (R(u(t), a(t)) + R* (u(t), ~DE(u(t)))) dt,

which is defined for all curves v € WH1([0,T]; Q).

3.2. General gradient systems and EDP-convergence

In the following, we consider a family of gradient systems (X, &., R.) and define a
notion of convergence on the level of gradient systems which uniquely defines the
limit or effective system (Q, &y, Rest). Our notion relies on the energy-dissipation
principle from above and the so-called sequential I'-convergence for functionals,
which is defined as follows.

Definition 3.2. (I-convergence, see e.g. Ref.[1) For functionals (I;).>0 on a

Banach space Z we say I. (strongly) T-converges to I, and write I, LN I, if the
following two conditions hold:

(1) Liminf estimate.
if ue = win Z, then I(u) < liminf._,o I (ue),
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(2) Existence of recovery sequences.
for all @ € Z there exists (@c)e>0 such that 4. — @ and lim._,¢ I (¢:) = I(@).

If the same conditions hold when the strong convergences “—” are replaced by
weak convergences “—”, we say that I. weakly I'-converges to I and write I, RNy
If I, EN I and I, L> I hold, we say that I. Mosco converges to I and write I, £> 1.

Clearly, for finite-dimensional Banach spaces Z the convergences L>, L, and %
coincide.

The energy dissipation principle allows us to formulate the gradient-flow equa-
tion in terms of the two functionals £, and ®.. However, to explore the full structure
of gradient systems it is useful to embed the given gradient system into a family of
tilted gradient systems (Q, 7, R), where the tilted energies E" are given by

EMu) = E(u) — 0" (u) with £7(u) := (n, u) (3.5)

with an arbitrary tilt n € X*. Moreover, introducing the tilted dissipation functional

T
D7(u) = /0 (Re(u i) + R (uy 1 — DE-(w))) (3.6)

we can now define three versions of EDP-convergence for a family ((Q, &, Re))e>0
as follows.

Definition 3.3. (EDP-convergence, cf. Refs. [7l and 28) Let Q be a closed convex
subset of a Banach space X and let £ be Gateaux differentiable.

(A) We say that the gradient systems (Q, &, Rc)eso converge in the simple EDP

sense to (Q, &, Rest), and write (Q,&,R.) —— EDbP, (Q, &0, Rer), if the following
conditions hold:

(i) & L& onQc X, and
(i) D. = Do on L2([0,T); Q) with Do(u) = [ (Ret(u, @) + Rig(u, —DEo(u)))dt

(B) We say that (Q,&:, R.) EDP-converges with tilting to (Q, &, Reg), if for all
1€ X* we have (Q, & — €, Re) 20 (Q, € — Ly, Rer)-

(C) We say that (Q, &, R:) contact EDP converges with tilting to (Q 50, off ), if

(i) holds and for all 7 € X* we have D7 D¢ with D (u fo ) n—
D&y (u(t)))dt, where M satisfies the contact conditions

(1) M(u,v,&) > (&,v) forall (v,§) € X xX*,
(c2) M(u,v,§) = (§,v) < Res(u,v) + Reg(u, §) = (& v).

Clearly, “tilted EDP-convergence” is a stronger notion than “contact EDP-
convergence” since the contact potential M is explicitly given in R +R* form. We
refer to Refs. [7land 28 for a general discussions of EDP-convergence and remark that
“contact EDP-convergence with tilting” was called “relaxed EDP-convergence” in
Ref. [7l. We emphasize that there are cases where we have the ' (or even Mosco)
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convergence R. — Rg, but EDP-convergence yields Rest # Ro. In general, EDP-
convergence allows for effective dissipation potentials Reg that inherit properties
of the family (&;)c0.

The most important feature of the three different notions of EDP-convergence
is that the effective gradient system is wuniquely determined through the family
(Q, &, Re). This is a much stronger statement than the one obtained by the clas-
sical approach, where the effective or limiting equation is derived first and then a
gradient structure is constructed afterwards. Obviously, uniqueness cannot guar-
anteed because one equation may have several gradient structures. We also refer
to Sec. 3.3.5.2 in Ref. 27, where for one family of evolution equations two differ-
ent gradient structures are considered such that the EDP-limit exists and but is
different.

A further interesting observation is that the notion of EDP-convergence does not
involve the solutions of the associated gradient-flow equation. This may look like
an advantage, since solutions need not be characterized, however typically showing
EDP-convergence is at least as difficult. Another important feature is that EDP-
convergence automatically implies the convergence of the corresponding solutions
u® of the gradient-flow equations to the solutions of the effective equation

0 € Oy Resr(u(t), u(t)) + DE(u(t)) for a.a.t e [0,T]. (3.7)

Lemma 3.4. Let the assumption of Theorem [3.1] be satisfied for all € > 0. Assume
that the gradient systems (Q; &, Re) EDP-converge to (Q, &, Rer) in one of the
three senses of Definition B3l then the following holds. If u®:[0,T] — Q are solu-
tions for BI) and u : [0,T] — Q is such that

u®(0) = u(0), & (u®(0)) — & (u(0)), and u(t) — u(t) in X fort e [0,T],
then uw € WH([0,T]; X) and it is a solution of the gradient-flow equation ([B.1).
Proof. By Theorem B.Il we know that the EDB (8.3]) holds for u® as solutions for

the gradient system (Q, &, R.). Using the liminf estimates for & (u®(t)) and for
DY(uf) and the convergence of & (uf(0)), we obtain

T
Eo(u(T)) +/0 (Rege (u(t), u(t)) + Rig(u(t), =D& (u(t)))) dt < E(u(0)). (3.8)

Together with (84) and the EDP in Theorem Bl we see that u solves ([B.7]). O

4. Gradient Structures for Linear Reaction Systems

In this section, we discuss several gradient structures for linear reaction systems
satisfying the detailed balance condition. Moreover, following the theory of Markov
processes we define a natural way of tilting such systems in such a way that a
new global equilibrium state w arises. This will show that the entropic gradient
structure with cosh-type dual dissipation plays a distinguished role.
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4.1. A special representation for generators

We start from a general linear reaction system with the finite index space Z :=
{1,...,I}. On the state space Q = Prob(Z) we consider the general linear reaction
system

I
¢= Ac where A;;, >0 fori#mn and ZAm =0forallnel. (4.1)
i=1
Throughout we assume that there exists a positive equilibrium state w € Q, i.e.
Aw = 0 and w; > 0 for all 4 € Z. At this stage we do not need the detailed-balance
condition.
As we later want to change the equilibrium state w (and hence also the generator
A) we write A in a specific form, namely

A=DY2KD;'? - D, with K = (kin) € R™*! and b € R given by

wo\ /2
Kin = Ain (—") >0fori#n, k;=0, and
w.

4

(4.2)

This representation is useful, because we can keep K fixed, while varying w to
obtain Markov generators A = A"¥ such that A"Fw = 0.
Assuming the DBC again, Eq. (@) can be written in the symmetric form

wo \ /2 w \ /2
Cn = Z Koni ((—") c; — (—l) cn> for n € T. (4.3)
w; W,

i i#EN
Moreover, we see that A and w satisfy the DBC A, w, = A,;w; if and only if

K is symmetric. Thus, fixing a symmetric K and changing w does automatically
generate the DBC for A% and w.

4.2. A general class of gradient structures

We now assume the DBC AD,, = (AD,,)* or equivalently X = K* in (£2) and
discuss a general class of gradient structures for (4.1]) following the general approach
in Sec. 2.5 in Ref. 23|

Let @ : [0,00[ — [0,00[ and ¥y, : R — [0,00[ for 1 < i < n < I be lower semi-
continuous and strictly convex C? functions such that ¥,,(0) = 0 and ¥/ (0) > 0.
We search for a gradient system (Q, £, R*) with an energy functional £ and a dual
dissipation potential in the form

I . I-1 I
Ele) = Zwi P (—l) and R*(¢,§) = Z Z ain(C)Vin (& — &n)s

Wi
i=1 n=1+1
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where the coefficient functions a;, must be chosen appropriately, but need to be
nonnegative to guarantee that R*(c,-) is a dissipation potential.

With 0, R*(¢,€) = 31 @b (€0 — E5) — 21, ain(€) W) (6 — &,) and
DE(c) = (®'(E))x we find the relation

0 R (e, DE() = 3 am<c>%( (;) - (w_))

1=n—+1

. gam(c)w;n () (5)

Thus, the equations ¢, = 0¢, R*(¢, —DE(c)) are the same as in (£3), provided we
choose the coefficient functions a;,, as

Fonin/ W Wi (2 — L) ¢, Cn
wl S () - () e e M (14)
i " 14
L Hni\/ WnW; & . C_n
)= o)

and exploit the DBC k;, = kn;. We also emphasize that @' is strictly increasing
such that & — 2= and ®'(£f) — /() always have the same sign. Since ¥'(()
and (¢ also always have the same sign, we conclude that a;,(c) > 0 as desired for
dissipation potentials.

As the choice of entropy functional density ® and of the dual dissipation poten-
tials Wy, is general quite arbitrary we see that we can generate a whole zoo of
different gradient structures for @1 or (@3)). The following choices relate to situa-
tion where all ¥;,, are given by one function ¥, but more general cases are possible.

From the construction it is clear that R* is linear in the generator A, i.e. if
A = A' + A? and the equilibrium w is fixed, then R* = R*, + R*, where R%.,. is
constructed as above.

4.3. Some specific gradient structures for linear reaction systems

We now realize special choices for the general gradient structures in the previous
subsection. These choices are singled out because they lead to natural entropy
functionals and relatively simple coefficient functions a;, in ([4.4).

4.3.1. Quadratic energy and dissipation

The quadratic gradient structure is given by quadratic energy and dissipation, i.e.

1 1
q>01uad(9) = 5@2 and \I/quad(C) = §C2
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The coefficient functions are constant and read a;p(¢) = Kin/Wiwy,. Thus, we find

1 ! c?
Equad(c) = 5 Z w—l and
i=1 "

-1 I
;uad(cv 5) = %Z Z Hin\/ wzwn(fz - 571)2 = %<§7Kquad§>-
i=1 n=i+1
In this case the dual dissipation functional does not depend on the concentration
¢ € Q, which means that the equation ¢ = Ac = —KDE(c¢) can be treated as a self-
adjoint linear evolution problem in the Hilbert space with the norm induced by R.
This leads to the classical Hilbert space approach for reversible Markov operators.

4.3.2. Boltzmann entropy and quadratic dissipation

The quadratic-entropic gradient structure is defined by the choices

1
q>B01tzmann(Q) = ABZ(Q) = QlOg o— o+ 1 and \Ilquad(C) = §C2

This gradient structure was first introduced in Refs. 25, 22} (10 [5land [26] as a possible
generalization of Otto’s gradient structure for the Fokker-Planck and more general
diffusion equations equation, cf. Refs. [18 and 33l However, similar structures also
appear earlier in the physics literature, see e.g. Eq. (113) in Ref. [32l

The associated entropy is Boltzmann’s relative entropy and, using the logarith-
mic mean A(a,b) = fol a*b'=*ds = ﬁ, the dual dissipation potential R*
reads

I
Epa(c) = Zwi/\Bz (%) and
i=1 v

-1 I
R*(C,é-) = %Z Z Rin A/ WiWnp A (%a ;_n) (fz - 571)2
i=1 n=i+1 v
Again R* is quadratic in & but now also depends nontrivially on ¢ € Q, viz.
R*(c, &) = $(€,Kp,(c)€). This means that Q can be equipped with the Riemannian
metric induced by R, see Ref. 22
Note that Kp,(w) = Kquad and Equad(c) = %DQSBZ (w)]e, ], which is the desired
compatibility under linearization at ¢ = w.

4.3.3. Boltzmann entropy and cosh-type dissipation

The following, so-called entropic cosh-type gradient structure, was derived via a
large-deviation principle from an interacting particle system in Refs. [30land 29. We
refer to Marcellin’s PhD thesis?? from 1915 for a historical, first physical derivation
of exponential kinetic relations in the context of Boltzmann statistics. Only little of
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this important result penetrated into the main stream thermomechanical modeling
of reaction systems, see Item iii on p. 77 and Eq. (69) in Ref. [16] for a discussion.
For this gradient structure the choices are

@Boltzmann(g) = )\BZ(Q) = QlOg 0—0 +1 and
Ueosn(€) = C*(C) := 4 cosh (g) -4,

giving Boltzmann’s relative entropy &g, and the cosh-type dual dissipation
potential:

Epa(c Zwl)\}gz (cl_) and

l

Rcosh c € Z Z Rin 4/CiCn cr ( ) (45)
i=1 n=1+1

The especially simple form of the coefficient functions arises from the interaction
of the cosh function with the Boltzmann function Ag,, namely

€ (Vo (1) = A 0)) = 2sinh (log V/o/a) = Vo = VValp = 2.
With this we easily find the simple formula a;,(¢) = Kin+/CiCn.

Because of the close connection between the cosh-type function C* and the Boltz-
mann function A, it is obvious that using C* means that we also use the Boltzmann
entropy. Hence, it will not lead to confusion if we simply call (Q, Ep,, Rcosn) the cosh
gradient structure. Again, the quadratic gradient structure in Sec. £.3.1]is obtained
by linearization:

1
Equad(€) = §D2€BZ(w)[c, d and Kquaa = DFR g, (w,0).

4.4. Tilting of Markov processes

Tilting, also called exponential tilting, is a standard procedure in stochastics (in
particular in the theory of large deviations) to change the dynamics of a Markov
process in a controlled way. In particular, the equilibrium measure w is changed
into another one, let us say w. For more motivation and theory we refer to Ref. 28
and the references therein.

Defining two entropy functionals, namely the Boltzmann entropies for w and w,

Epa(c Zwﬂ\Bz (—) and  Ep,(c sz)\Bz (7)

Z

the special structure of Ag, leads to the relation

Epa(c) = Epa(c) — (n,¢)  with 1 = (log(@; /w;))icz-
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Thus, we see that a change of the equilibrium measure leads to a tilt in the sense
of B3] for the entropy. Moreover, for every tilt 7 € X* there is a unique new
equilibrium state w”, namely the minimizer of ¢ — £7(c) = Epy(c) — (n,c). We
easily find

1 I
7= Ze_"iwi with Z = Ze_""wn.

n=1

w

This explains the name “exponential tilting”.

For a time-dependent linear reaction systems the tilting is defined in a consistent
way, namely using the representation [£.2). Given ¢ = Ac with positive equilibrium
w and a tilt 7 we first construct the equilibrium w” and then, using K = (k;p,) from
[#2), we define the evolution

¢= A" with A" := DY2KD,Y? — Dy, (4.6)

One of the important observations in Ref. 28 is that the cosh gradient struc-
ture is invariant under tilting, i.e. the dissipation potential does not change if the
Boltzmann entropy is tilted. This can now be formulated as follows:

Ale = DeR}ogn(c, —DE"(c)). (4.7

This relation can easily checked by noting that (£6) has the form (£3)), where now
w is replaced by w”. But £ is exactly the relative entropy with respect to w" such
that the results in Sec. £33 yield identity ([@.7]).

Using the formula (£4) for a;,(c) we can find all possible gradient structures
in terms of ® and ¥;, such that the a;,(c) is independent for w. The result shows
that, up to a trivial scaling, the only tilt-invariant gradient structures in the form
of Sec. are given by the cosh gradient structure. Indeed, in Ref. [30 the case
~v =1/2 is obtained from the theory of large deviations.

Proposition 4.1. (Characterization of tilt-invariant gradient structures) If ® and
U, are such that a;, in [E4) is independent of w, then there exists vg, 1 € R and
Yin,v > 0 such that

(D(C) = ’YABZ(C) + Yo + $1C and \Ijzn(C) = ’szn(:* <%) .

In particular, we always obtain a;y,(c) = 1’2?" \/CiCrn. Since V¥, can be integrated into

Kin, all tilt-invariant gradient structures are given by scaled cosh gradient structures
* * 1
g(c) = FY‘SBZ (C) + QOOI + 1 and R (C, 6) - ’YRcosh <Cv ;5) .

Proof. We rewrite a;,, in the form

ain(C) = Kinr/CiCn i — tn where o = Sk

V0ion Vi, (9'(0i) — ®'(en))’ Wy,
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Because the expression has to be independent of w; and w,, for all ¢,w € Q, the
fraction involving g; and g, has to be a constant, which we set 1/1;,, i.e.

) ¥(e) - (00 =G (L), ) 6(o) = W) (v (Vo - 72)):

On

Setting rr, = log gk, f(r) = ®'(e"), and g(s) = G(e®) in (i), we arrive at the
relation

flri) = flrn) =g(r; —ry) for all vy, r, € R.

As f and g are continuous the only solutions of this functional relation are f(r) =

©1+vr and g(s) = vs with 1,y € R. This implies ®'(9) = @1 +vlog ¢ and, hence,

D(9) = o + P10+ 7Bz (0). Strict convexity of ® leads to the restriction v > 0.
Solving (ii) with G(o) = ylogo =: ¢ yields

Vi, (C) = hin (e — e=¢/V)) = 4, 25inh (%) = $inC*’ (%)

Because of ¥;,(0) = 0 this determines ¥;,, uniquely, and the result is established.
O

We also refer to Ref. [17 for the connections of the cosh gradient structure to
the SQRA-discretization scheme for drift-diffusion systems.

5. EDP-Convergence and the Effective Gradient Structure

In this section, we fully concentrate on the cosh gradient structure, because only
this gradient structure allows to prove EDP convergence with tilting.

Our energy functionals & are the relative Boltzmann entropies, while the dual
dissipation potentials R} is the sum of a slow and a fast part:

1
E(c) = wa)\Bz <%) and
i=1

K2

* * 1 *
Ri(c,§) = R (c, &) + ERRE(C,&), where

-1 1
7.o(c. &) = Z Z K2S \Jfeien C (& —&,)  with
i=1 n=i+1

K0S = AZ\Jws/ws, Z € {S,F}.

Here, the e-dependencies of the coefficients misf and mf;f is trivial in the sense that
the limits for e — 0 exist. The real important term is the factor 1/¢ in front of R}, _.

The structure of this section is as follows. In Sec. 5.1l we present the main results
concerning the I'-convergence of £ and ®. which then imply the EDP-convergence
with tilting of (Q,&:,R.) to the limit system (Q,E&, Reg). In Sec. B2 we show
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that this provides a gradient structure for the limit equation (27), and moreover
that we obtain the natural cosh gradient structure (Q, g, 7@) for the coarse-grained
equation (2.§]).

The remaining part of this section then provides the proof of the convergence
D, M, Dg, namely the a priori estimates in Sec.[5.3] the liminf estimate in Sec. [5.4]
and the construction of recovery sequences in Sec.

5.1. Main theorem on EDP-convergence

We now study the limit for € — 0 of the family of gradient systems ((Q, &, R%))e>0
by showing EDP-convergence with tilting for a suitable limit.

As a first, and trivial result we state the Mosco convergence of the energies,
which follows immediately from our assumption ([2.21), i.e. w® — w°.

Proposition 5.1. On Q = Prob(Z), we have the uniform convergence &, — &y,
where E(c) = 21'121 wIAp,(c;/w?). In particular, we have &. M & on X.

To have a proper functional analytic setting we let
L2([0,T);Q) = {c € L*([0, T}; R") | c(t) € Q a-e. in [0,7]}

and use the weak and strong topology induced by L2([0,77];R!). The dissipation
functional ®. is now defined via

fo (¢,¢) + Ri(c,—DE:(c)))dt for c € WH1([0,T];Q),
D.(c) :=
0 otherwise on L2([0,7T]; Q),

where R.(c,-) is defined implicitly as Legendre transform of R¥*(c,-). To see that
9. is well defined, we derive suitable properties for R..

Proposition 5.2. (Properties of R.) Let R. : QxX — [0,00] be defined by
Re(e,) = (Ri(c,-)*. Then, R. : QxX — [0,00] is lower semicontinuous and
jointly convex.

Proof. Since (¢;,cp) — 1/Cicy, is concave and € — C(&; —&,,) is convex, the mapping
R* : QxX* — [0,00] is concave—convex and thus its partial conjugate is convex
in (c,v).

For the lower semicontinuity consider (cg,vg) — (¢, v). Then, for all § > 0 there
exist & with Re(c,v) < (&5,v) — REi(ck,&s) + 6. The definition of the Legendre
transform yields

Re(ck,vr) > (&5, vk) — RE (k&) "% (&5, v) — Ri(c,&) > Re(e,v) — 0,

where we used the continuity of ¢ — RZ(c,§). Since § > 0 was arbitrary, we find
liminfy o0 Re(ck, vk) > Re(e,v) as desired. O
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To formulate the main I'-convergence result for ®. we define the effective dissi-
pation Ry beforehand. It can be understood as the formal limit of R} when taking
e — 0. The slow part R . simply converges to its limit

I-1

I
Z Iii;o Vi, C° (& —&;)  with

1=1 n=i+1

ko0 = A%\ Jwd ) = hmm

For the fast part %’R} . we obtain blow up, except for those £ that lie in the subspace
that is not affected by fast reactions. For this we set

E= M*Y* = range(M*) = ker(M)* := {€e X*|Vv € ker(M) : (£,v) = 0}.

and observe that by construction for all € > 0 we have
Rrp.(c,;§) =0 forall{ €E. (5.1)

Indeed, R} (c,€) contains C*(§; — &,) with a positive prefactor only if i ~r n,
while £ € = implies &; = &, in that case. Together we set

0 foraeA,
Rere(c, €) == Rig(c, §) + x=(£),  where xa(a) = { (5-2)
oo fora¢ A.
The dual dissipation potential R consists of two terms: The first term R contains
the information of the slow reactions in the limit ¢ — 0. The second term x=
restricts the vector of chemical potentials £ = DEy(c) exactly in such a way that
the microscopic equilibria of the fast reactions hold, i.e. A¥c = 0 or equivalently
Pc = ¢, see below.

Because of this constraint, it is actually irrelevant how Rz (c,-) : E — [0, 00] is
defined for ¢ € Qeq = QN PX.

We note that RX(c,-) has a Mosco limit R§(c,-) that is not necessarily equal
to Ri4(c,-). For ¢ on the boundary of Q, where some of the ¢; are 0, we may have
R (¢, &) = 0 for all £, which implies Rj(c, &) = Rg(c,€) for these ¢ and all £ € R”.
However, the I'-limit of ©. yields R}z > Rj.

Theorem 5.3. (Mosco convergence of D.) On L%([0,T]; Q) we have D, Moo,
with

T
/ (Rcff(c, ¢) + Rig(e, fDEO(c))) dt  for ce WHi([0,T);Q),
@0(0) = 0
00 otherwise in L2([0,T]; Q),
(5.3)
where Rig is given in (5.2) and leads to the primal dissipation potential

Regt(c,v) = inf {Rs(c,2) |z € RT with Mz = Mv}  for all ¢ € Qeq = PQ.
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The proof of this theorem is the main part of this section and will be given
in Secs. Now, we want to use the above result to conclude the EDP-
convergence with tilting. For this result, it is essential to study the dependence
of the limit Dy on the limit equilibrium measure w’. One the one hand, &y(c) is
the relative Boltzmann entropy of ¢ with respect to w®, which provides a simple
and well-behaved dependence on w”. On the other hand, R is given through R%
and x=. The former only depends on (nfﬁo)i,nez and the latter depends only on
M € {0,1}7*1. Thus, there is no dependence on w” at all. The proof relies on the
fact that the two processes of (i) tilting with driving forces n and of (ii) taking the
limit € — 0 commute.

Theorem 5.4. (EDP-convergence with tilting) The gradient systems (Q,&:,Re)
EDP-converge with tilting to the limit gradient structure (Q, o, Regr). The closure
of the domain of the limit gradient system in the sense of (B.2) is Qeq-

Proof. Proposition [5.1] and Theorem already provide the simple EDP conver-
gence (Q, &, RYE) PP, (Q, &0, Ris). The domain is restricted by the conditions
(i) that D&y(c) exists, which means that ¢; > 0 for all ¢, and (ii) that D&y(c) lies
in the domain of 9¢Rg(c,-). The latter condition is equivalent to D&y(c) € E or
equivalently ¢ € Xeq.

For the tilted energies £7 = £. — (1, -) we obviously have E7 M, &l. We can now
apply Theorem once again for ®7. Using the fact that £7 is again a relative
Boltzmann entropy with respect to the exponentially tilted equilibrium state w™"*
that satisfies w™° — w"C. Thus, the Mosco limit D] of D" again exists and has
the same form as D¢ in (B3], but with D&y(c) replaced by DE(c) — n. In particular,
Rest remains unchanged and EDP-convergence with tilting is established. O

5.2. The limit and the coarse-grained gradient structure

Before going into the proof of Theorem [5.3] we connect the limit gradient systems
with the limit equation ([27). The gradient-flow equation for the limit gradient
systems reads

¢ € 0eRY(c, =D&y(c)) a.e. on [0,T]. (5.4)

Since R is no longer smooth, we use the set-valued convex subdifferential J¢ that
satisfies, because of the continuity of R%, the sum rule

. . ' ker(M) for £ € E,

O R (¢, ) = DeRig(e, §) + 9x=(§)  with Ix=(£) = _

) for £ € &,

where we used the relation = = range(M*) = ker(M)+.

On the one hand, (54]) implies that D&y(c) € = for a.a. ¢ € [0,7T]. Recalling
that the rows of M € {0,1}/>! consists of vectors having the entry 1 in exactly
one equivalent class a(j) C Z for ~p and 0 else, we have

E=range(M*) = {{ e R |Vj € T Vir,iz € a(f) : &, = &}
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we conclude

. . C; C;
Déy(c) EE <= Vje J Vi, iz € a(j) : —5 :ng
i1 i

=€ Xyq = Afc=0.

One the other hand, by construction of the gradient structure the term
DeR%(c, —DEy(c)) generates exactly the term A%c. Thus, (5.4) is equivalent to

é(t) € ASc(t) + ker(M), AFe(t)=0 ae. on[0,T]. (5.5)

Applying M to the first equation gives the limit equation (27 and the following
result.

Proposition 5.5. (Gradient structure for limit equation) The limit equation (2.1
is the gradient-flow equation generated by the limit gradient system (Q, &, Rig).

As a last step, we show that the gradient structure for the limit equation also
provides a gradient structure for the coarse gradient equation (Z.8) é = MASNé
for the coarse-grained states ¢ = Mc € Q. For this we exploit the special relations
derived for coarse graining via M : X — Y and reconstruction via N : Y — X.

Theorem 5.6. (Gradient structure for coarse-grained equation) The coarse-
grained equation (Z8) (viz. ¢ = MASNE) is the gradient-flow equation generated
by the coarse-grained gradient system (Q,E,R) given by

£(&) = &(NE) = Hy(é|w) and R(é,0) = Reg(Né, ND).
Moreover, we have R*(é,€) = :H(Né,M*é) = Rg(Né,M*é).

This result can be seen as an exact coarse graining in the sense of the formal
approach developed in Sec. 6.1 in Ref. 23]

Before giving the proof of this result we want to highlight its relevance. First, we
emphasize that the coarse-grained equation is again a linear reaction system, now
in R”, i.e. the master equation for a Markov process on J = {1,...,.J}. Second,
the coarse-grained energy functional is again the relative Boltzmann entropy, now
with respect to the coarse-grained equilibrium @ = Mw®. Third, the coarse-grained
dual dissipation potential is again given in terms of the function C*, i.e. the coarse-
grained gradient system is again of cosh-type. In summary, the coarse-grained gra-
dient structure (Q,g ,’f%) is again a cosh gradient structure, see Proposition (.7
below.

We refer to Sec. 3.3 in Ref. 20 for an example that shows that other gradient
structures may not be stable under EDP-convergence. All these results rely on the
special properties of M and N developed in Sec. In particular, we use that the
projection P = NM : X — X is a Markov operator, i.e. it maps Q onto itself.
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Proof of Theorem

Step 1: ¢ is a relative entropy. We use the special form N = D,,0 M *D,, which
gives (N¢); = w)e¢; /i, where i € a(j). With this and w; = Yicals) w? we obtain

£(&) = E(Neé) = Hi(Ne|w®) ZUJO)\BZ ( Nc))

wy

fzz e, () - ZWBZ(,) Hoel ).

Jj=liea(j

Step 2: Legendre-conjugate pair R and R*. We start from the formula for R*
and calculate R as follows. Using M N = idy and Z = M*Y™, we obtain

R(¢,9) = sup {(§, MN©); — R*(¢,€) | £ € Y™}
= sup {(M*€, No); — R*(¢,€) | £ € Y}
=sup {(¢, Ni); — RE(N¢, &) | £ € MY}
= sup {({, No)r — Rg(N&,€) — x=(€)] € € X*} = Re(Ne, No),
where we use the definition of R’ in (.2).
Step 3: The gradient-flow equation for (Q,é,?@) We first observe
M*N*DEY(N¢E) = DEY(NE). (5.6)

Indeed, let us define the component- Wise log-function on R!, log : z ~—
(log(2;))i=1,...,1- We have D (c) = log(D, sc). Hence, for ¢ = N¢ = D0 M*D,'¢,
we conclude

D&y(Né) = log(D, s Né) = log(M*D'¢)
= M*log(D;'¢) = M*DE(&) = M*N*DEy(N¢),

where we used that DE(&) = N*DE(N¢).
With DE(¢) = N*DEy(N¢) and (5.6) the gradient flow for (Q, €, R) reads

¢ = 0FR* (¢, —DE(¢)) = MOgR5(Né, —M*DE(¢))
= MRy (Née,—M*N*DE(N¢)) = MOcRE(N¢, —DEY(N¢)) = MASNe,

where we used the identity D¢R%(c, —DEy(c)) = ASc, which holds for all ¢ by the
construction of our gradient structure. O

In analogy to formula (2:9]) providing the coefficients /1]-1 j» of the coarse-grained
generator A M ASN we can also give a formula for the tilting-invariant reaction
intensities f<; to obtain the corresponding intensities &, ;, for the coarse-grained
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equation (28) by a suitable averaging. In particular, the gradient systems (Q, £, R)
provides again a cosh gradient structure in the sense of Sec.4.3.3

Proposition 5.7. (Cosh structure of 7%*) The coarse-grained dual dissipation
potential R* reads

R* (¢, é) = Z Rjr 2 V/ €51 6, € fjl sz with

1<j1<ge<J

0
I%'
91,72 § E : 1112 ( )
w]lez

i1€a(j1) iz€a(j2)

1/2

Proof. Theorem provides an explicit formula for R*. Inserting the definitions
of M and N and grouping according to equivalence classes will provide the result.
Recalling the function ¢ : Z — J giving for each i the associated equivalence class
a(p(i)) € T we have (N¢); = wdé i)/ e and (M*E); = £y and find

R*(,6) = Ry(Ne, M)

wd o) W otin) \ 7 :
:‘ZZ ( o ) C(Eo(i) — Eo(ia))

i1 €L ia €T We(ir) We(iz)

0 . w? ¢,
DD D YD S <ww”’10—J) C* (€, — ).
J1 J2

J1E€ET J2€T i1€a(i1) i2€a(j2)

This shows the desired result. O

5.3. A priori bounds and compactness

We start the proof of the I'-convergence for the dissipation functional ®. on
L2([0,T], Q) by deriving the necessary a priori bounds for proving the compactness
for a family (¢)cs0 of functions satisfying ©.(cf) < C' < cc.

Clearly since for all ¢t € [0, 7] we have ¢*(t) € Q we get immediately uniform
L*°-bounds on ¢°. Hence, we have (after extracting a suitable subsequence, which is
not relabeled) a weak limit ¢® € L2([0, 7], Q). We want to improve the convergence
to strong convergence. Already in the proof of the convergence of the solutions ¢*
in Sec. it became clear that there are two different controls, namely (i) the
tendency to go to microscopic equilibrium and (ii) the dissipation through the slow
reactions. From (i) we will obtain control of the distance of ¢® from X, = PX
by estimating (I — P)c®, but we are not able to control (I — P)¢*. From (ii) we
obtain an a priori bound for P¢f, and the major task is to show that these two
complementary pieces of information are enough to obtain compactness

Subsequently, we will drop ¢ in the notations for w®, k;°, and R, and so on.

1n’

Of course, we will keep the important factor 1/e in R} = RE + i’R* .
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The following result shows the convergence of sequences to the subspace X¢q =
PX of microscopic equilibria. Recall the decomposition X = Xcq® Xtass from (2.0))
and the projection P = NM such that Xoq = PX and Xpge = (I — P)X. In
particular, the semi-norm ¢ +— |(I — P)c| is equivalent to ¢ — dist(c¢, Xeq).

Lemma 5.8. (Convergence in the direction of fast reactions) Consider a sequence
(cf) in L2([0,T),Q) with D.(c°) < Cp < 00 and ¢ — c° in L2([0,T],RY). Then,
there is a constant C > 0 such that

T
/ |(I — P)c*(t)]*dt < Ce.
0
In particular, we have c°(t) € Qeq = PQ for a.a. t € [0,T).

Proof. The bound on the dissipation functional De, Re 2 0, Ry > 0 and the
relation C*(logp — logq) = 2(\/p/q+ \/q/p — 2) imply

Cop > D( / Zm< ”) dt,

n)eF

where the set F is given in term of the equivalence relation ~p, viz.
F:={(i,n) € IxI|i~pnandi<n}.

Using the decomposition X = Xeq ® Xpagt from (2.6), we see that the semi-norm

C Cn \2
lelle = | >0 (- -=-)
w; W,

defines a norm on X, and there exists Cy > 0 such that |(I — P)e| < Csllc||r
on Q.

Denoting by w > 0 and & > 0 lower bounds for all w; and all fif:l with ¢ ~p n,

1/2

respectively, we obtain the estimate

T T
/|uzn<wm<@/Humwt
0

L ()

,n)€EF

cz (T :

< =2 Ln dt < —C’@s
w2k w W
W Jo ( )E]F z n

By weak lower semicontinuity of semi-norms we find foT |(I — P)P@))2dt =0
and conclude ¢¥(t) = Pc%(t) a.e. on [0,T]. This proves the result. O

The next result shows that we are able to control the time derivative of Pc®.
Using range(P) = range(N) and NM = idy it suffices to control M¢c. For this,
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we show that R.(c,-) restricted to PX has a uniform lower superlinear bound in
terms of the superlinear function C, see (A.2)).

Proposition 5.9. (Convergence in the direction of slow reactions) Consider a
sequence (cf) in L2([0,T], Q) with D.(cf) < Cp < 00 and & — ¥ in L2([0,T]; X).
Then, there is a constant Cyy > 0 such that

/OT C <$|Pc"f(t)|) dt < Cyy. (5.7)

Moreover, Pcf — Pc® € WHL([0,T]; Q) and Pcf — Pc° in C°([0,T]; PQ).
With Lemma 5.8 we have ¢¢ — ¢ strongly in L%([0,T],Q) and &* = P €
WH([0,7]; Q).

Proof. To show a lower bound for R. (¢, Pv) we first derive an upper bound for
R:(c,§) for £ € P*X*. Use Ry (c,§) = 0 and set % := sup{ﬁzgf [1<i<n<
I,£ €]0,1[} to obtain

Ri(c,€) = D kit /GG C (& — &) <Zn C*(V2[¢]) < aC*(V2I])
1<j i<j

with a = I’%/4. Next, Legendre transform, R} _(c, €) = 0 by (5I) and the bound
|P*¢| < Cpl€|/V/2 yield the lower bound

Re(e,v) > sup{(£,v) = RZ(c,€)|€ € P* X7}
= sup{(P*¢,v) — R (e, P*E) | € € X}
> sup {(¢, Pv) — aC*(V2|P*¢]) | € € X7}
> sup {(¢, Pv) — aC*(Cp[é]) | € € X7}
= aC(|Pv|/(aCPp)).

Applying this to v = ¢ we find

/Oac(|Pc )dt</ Ro(c (1), & (1)) dt < Do(cF) < Co,

which gives (B7) with Cw = max{aCp,Csp/a}.

With the superlinearity of C, we obtain Pc® — Pc? in WH1([0, T]; PX). More-
over, the sequence Pc® is also equicontinuous, which is seen as follows. By (5.7))
and (A2) we have fOT |Pce(t)|log(2 + |Pc(t)))dt < C;. For R > 0 we set
S(R,e) = {t € [0,T]||P¢*(t)| > R}. Thus, for t1 < t; we obtain the estimate

|PCE(t2) — PCE(t1)|
< [Cipewia

t1
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log(2 + |Pcés(t
S/ |Pé€(t)|dt+/ |Pé5(t)|wdt
[t1,t2]\S(R.e) S(R,e) log(2 + R)

Gy
S (tQ — tl)R+ m
The last sum can be made smaller than any € > 0 by choosing first R = R(e) :=
exp(2C1 /¢e) and then assuming to — t1 < §(¢) := €/(2R(e)). This shows |Pc®(t2) —
Pce(t1)| < e whenever |ty — t1] < 6(g), which is the desired equicontinuity. By the
Arzela—Ascoli theorem we obtain uniform convergence.

The final convergence follows from ¢ = Pc® + (I — P)c® via Lemma [5.8 and
the last statement from Pc°(t) = %(t) a.e. in [0, 7. |

5.4. The liminf estimate

For the limit passage ¢ — 0 we use a technique, which was introduced formally in
Ref. 20l and exploited in Ref. 23] for the study of the large-volume limit in chemical
master equations. It relies on the idea that the velocity part DYl = f Redt of
the dissipation functional ®. can be characterized by Legendre transform using a
classical result of Rockafellar:

Theorem 5.10. (Theorem 2 in Ref. [36) Let f : [0, T)|xR™ — Ry be a normal,
convex integrand and with conjugate f*. Assume there exist u, € L1([0,T]; R"™) and
& € L([0, T]; R™) such that t — f(t,uo(t)) and t — f*(t,n.(t)) are integrable,
then the functionals

{Ll([O,T];R”)e Reo,

Iy: T and
u = [y St u(t))dt
{LO"([O,T];R”)% R,

If* . T

n = fo fH(m(t))dt

are proper convez functionals that are conjugate to each other with respect to the
dual pairing (u,n) — fg(f(t),u(t»dt, viz. for all u € L([0, T];R™) we have

T
/ Pt u(t))dt
0
T
=sup{ / (n(e), ult)) — J* (b, (1)) dt neL°°<[o,T];R">}. (5.8)

We apply this result with f(¢,u) = Re(c(t), u) and obtain, for ¢ € [0, 1],
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D.(c) = sup {B.(c.¢,€) | € € L([0,T]; X*)},  where
B.(c,u,€) = B (c,u,€) +DIP(e)  with

B (e, u, €) 1= / ((€(), u(t)) — RE(c(t), &(t)) dt and (5.9)

D3P (c) = / RE (e, ~DE(c(t))) dt

The assumptions are easily satisfied as we may choose u, = 0 and 7, = 0.
With these preparations we obtain the liminf estimate in a straightforwardly.

Theorem 5.11. (Liminf estimate) The weak convergence ¢¢ — c® in L2([0,T]; Q)
implies liminf._,o D (c) > Do(c?), where Dg is defined via E and Reg in ([B.3).

Proof. We may assume that a, := liminf._,0D.(c®) < oo, since otherwise the
desired estimate is trivially satisfied.

Step 1. Strong convergence and limit characterization: Using Proposi-
tion 5.9 gives

& = strongly in L2([0,7);Q) and & = Pc® € Whi([0, T];RY).
Step 2. Slope part: Because of Pc?(t) = %(t) we know &y(t) = DE(O(t)) €

M*X* which implies x=(—D&y(c’(t))) = 0 on [0, 7T]. Hence, dropping the nonneg-
ative term Ry _(c®, —DE:(c*(t))) and setting S.(c) := R .(c, =D& (c)) we obtain

T
lim inf ©51°P¢(¢%) > lim inf/ So(cf(t))dt = / So(° (1)) dt = DFPe(c0).
0 0

e—0 e—0
In the passage = we use the strong convergence ¢ — ¢® and the continuity of

0,1]xQ 3 (e,¢) = Se(c) = Rss( —Dé:(c))

4&5 c i Cn
o) (5.10)
’L<n Z Z

Step 3. Velocity part: We exploit the Rockafellar representation (5.9) together
with the fact that ¢°(t) = Pé%(t) a.e. in [0,7]. The latter condition allows us to
test only by functions £ = P*¢ € L>°([0,T]; X*), which leads to the estimate

] vel( e
hgn;glf@a ()

T
. 3 vel . * a 7. . . %
Z llIsligélf SBE (ce,ce,P 6) = h?i}élf/o (<§,PCE> — RS,@(CE,f)) dt

T
b / (6, PE) — R, 6)) dt = BENL, &, €),
0
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where in £ we used R:(c,¢) = Rs . (c,§) whenever § = P*{, see (B.). In 2 we
exploited the weak convergence Péf — Pc established in Proposition 5.9 as well as
the strong convergence ¢© — ¢ together with the continuity of (e, c) Rs (¢, ).

Now we exploit Rockafellar’s characterization (5.9) to return to D¥e!(c?), namely

D) = sup By, &, €) | € € L0, T; X))

= sup {/O (16,6 = R5(<°,€) — x=(6)) dt | ¢ L°°<[0,T];X*>}

= sup {B5 (", ,€) | € = Pre e L([0, T]; X )}

With the above estimate we conclude liminf. o DY¢!(c?) > D¥el(cY).
Adding this to the estimate in Step 2 we obtain the full liminf estimate. O

5.5. Construction of the recovery sequence

Now we construct the recovery sequence for the Mosco-convergence of the dissipa-
tion functionals ®.. This provides the required limsup estimate lim sup,_, D.(c*) <
Do(c?) along at least one sequence with the strong convergence ¢ — ¥ in
L2([0,T); Q). For this we use in Step 2(b) an approximation result by piecewise
affine functions ¢y introduced in Theorem 2.6, Step 3 of Ref. 21 and adapted to

state-dependent dissipation potentials in Corollary 3.3 in Ref. [2L

Theorem 5.12. (Recovery sequences) For every ¢ € L2([0,T]; Q) there exists a
sequence (c°)qcjo,1[ with ¢& — ¢ in L*([0,T]; Q) such that lim._,0 D (c*) = Do(c").

Proof. Step 1. The case Dy(c") = co. We choose the constant sequence ¢® = ¢°

and claim D.(cf) = D.(c?) — oco. Because of Dy(c’) = oo one of the following
conditions is false:

(i) O(t) € Qeq ae. in [0, 7] or (i) C(|P°(-)]) € Li([0, T]).

If (i) is false, then O(t) & Qeq for t € T C [0,T], where |[T| = [1dt > 0.
Setting F:(c) := Rp (¢, =D& (c)) we have

T
@ZIOPG(CO) _ / (Rg,s(co’ _DSE(CO)) + ER}’E (CO, _DSE(CO))) dt
0

> é/T Fo(O(8) .

However, for t € T we have F.(c°(t)) — Fo(c’(t)) > 0. Thus, DPe(c") — oo
follows which implies D (c) — oo.
If (ii) is false, then DY°!(c) = oo for all ¢ > 0 and we are done.

Step 2. Preliminary recovery sequences for the case Dg(c?) < co. In the
sub-steps (a)—(c) we discuss three approximations for general c°.
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Step 2(a). Positivity for the case e = 0. We set é5(t) := dw’+(1—§)c’(t) and claim
that Do(Cs) — Do(c?) < oo for § N\, 0. As Dy is convex and lower semicontinuous
(cf. see Proposition [(.2]), we have lim infs o Do (¢s) > Do(c?).

Obviously, és > (1 — §)c holds componentwise, and hence the explicit form of
R§ gives

1
Rep(6s,€) = (1~ HRG(.),  and thus Rog(es,0) < (1~ R (¢, 50).
Inserting v = ¢ = (1 — §)¢ into the latter estimate gives
T T
Dy°l(es) = / Ret (65, Cs) dt < / (1= 0)Ret (<%, %) dt = (1 — 6)Dy°! (),
0 0

which proves the desired claim of Step 2(a), because D5°P¢(¢5) — D5P°(c?) is
trivial.

Step 2(b). We stay with ¢ = 0 and, by Step 2(a), may assume for some ¢, > 0
that
At)€Qe, :={ceQ|Vieli¢;>c} foralltel0,T)

We now approximate ¢’ by a function ¢y € WL>°([0,T]; PX) still satisfying
/C\N(t) S Qc*.

For N € N we define ¢y : [0,7] — PX as the piecewise affine interpolant
of the nodal points ey (kT/N) = c°(kT/N) for k = 0,1,...,N. We also define
the piecewise constant interpolant ¢y : [0,7] — Q., via éyx(t) = *(kT/N) for
t € |(k—1)T/N,kT/N]. Then, using ¢® € WH1([0,T]; PX) c C°([0,T]; PX) we
have

ey — ¢ in WHY([0,T]; PX) and in C°([0,T]; PX) and
ey — ¢ in L*=([0,T]; PX).
We now set
an = || —en|lLe + [|® = en|lLe

and obtain any — 0.

These uniform estimates can be used in conjunction with the uniform continuity
of ¢ = Riz(c,§) when restricted to Q.,. Clearly Q., 3 ¢ — /¢i¢, is Lipschitz
continuous, and we call the Lipschitz constant A\*. The special form of R} then
implies

chégQC* V§GX* : |Rzﬁ(67§)77€zﬁ(57€)|
< Ale — ¢Rig(c, &) with A* = \'R.

Assuming |¢ — ¢| < a and A*a < 1 and applying the Legendre transform we find

1 1
1—-A* — v > ¢ > (1+A* — .
( ) Reft (c, T A*av) > Resr(¢,v) > (1+ A" ) Regr (Ca T A*av)
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Exploiting the scaling property (A4)) we arrive at the estimates

1 1
P are— > c >
T Ao Re(c,v) > Reg(C,v) > T A

To estimate the velocity part of the dissipation functional as in Refs. 21] and [2

Res(c,v).

we introduce

J(e,v) / Regt(c(t), v(t))dt,
which allows us to use different approximations for c® and for ¢°. We obtain

Dyl(en) = J(@n,en) < (1 + A*an)I(En, Cn)

[N *

(1+ A an)I(@n, ®) < (1 + A an)?3(, )
= (1+A*an)?D¢N (D).

For the estimate < we split [0, T into the subintervals S} :=](k — 1)T/N kT/NJ,
where ¢y and ¢y are equal to the constants ¢ O(kT/N) and L < /. Sn t)dt, respec-
tively. Then, Jensen’s inequality for the convex function Reg(cN, ) glves the desired
estimate.

Since D°P°(En ) — D5°P°(c%) by the continuity of the integrand Sy (cf. (L10)),
the lower semicontinuity of Dg yields Dg(cn) — Do(c).

Step 2(c). Using the Steps 2(a) and 2(b), we now may assume c© € W1>°([0, T, X)
with () € Q., on [0, 7] and define c° via the formula
¢ (t) = DypeDoc°(t)  for t € [0, 7).
This definition gives D (c°(t)) € = and hence SI'(c°(t)) = 0. Hence, the definition
of S. in terms of the ratios ¢;/w¢ (cf. (5I0)) implies DP(cf) — DFP(c0).
For the velocity part we again use the Rockafellar characterization, namely
DIN(c") = sup {BY(c7, &%, €) | € € L([0, T]; X )}

Because of the uniform bound for ¢ in L*°([0,7]; X) we are able to show that
the supremum over BY!(c*, ¢, +) is attained by maximizers £ that are uniformly
bounded in L>°([0,T]; X*). To see this, we firstly observe that for all (¢,¢) € Q x X
the functional B.(c, ¢, ) is invariant under translation £ — & + ¢, since (1,¢) =0
and the dissipation potential R} (c,&) only depends on differences &; — &,. Hence,
to generate compactness for maximizers £° we fix the first component by setting
& = 0. Then, by ¥(t) € Q., and the exponential growth of R* we obtain
RAE(1), ) > Y. &=l
i<n:A5 >0
with a positive constant ¢, > 0. By assumption (22a) on the connectivity of the

reaction network, all vertices can be reached by a reaction path from vertex 1.
Hence, there is another constant ¢, such that the estimate

RUEE),) > co Y Na—&lP =&y & -&f

i<n:Af >0 i>1
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holds. Hence, the maximizers £ for DY¢!(c?) with & = 0 satisfy
(€7, ¢ (1) = RE(c(2),€) < [E°ICIE noe o), %) — Col€°I7,

which implies the uniform bound [|€%|| e (fo,7],x+) < C|¢®[|Lee ([0, 7], x)/Co-

We now first choose a subsequence (ex)ren such that ex N\, 0 and DY (=) —
B = limsup,_,o DY (c?). Thus, after selecting a further subsequence (not relabeled)
we may assume &= — €9 in L2([0, T]; X*). With the strong convergence of ¢ — ¢°
we conclude

limsup DY (c°) = lim BY (™, ¢, £F) % By (0, e, €%) <Dy (0),
e—0 k—o0

where in ; we used the convergence of the duality pairing fOT (€%, ¢7) dt and a Toffe-
type argument based on the convexity of R*(c?,-) and the lower semicontinuity of
[0,1] x X* 3 (g,€) = RE(c*(¢),€) € [0,00], cf. Theorem 7.5 in Ref. 13l Adding the
convergence of the slope part, and taking into account the liminf estimate from
Theorem [5.11] we obtain the convergence lim._,o D.(c) = Do(c?).

Step 3. Construction of recovery sequences for the case Dy(c’). We now
apply the approximation steps discussed in Step 2 and show that it is possible to
choose an suitable diagonal sequence for getting the desired recovery sequence.

For a general ¢ we apply the approximation as indicated in the sub-steps 2(a)—
2(c) and set

AN = DD, (6w® + (1 = d)ey).

We easily obtain [|c® — ¢% (o,:x) < C0+an +¢e) - 0if 6 = 0, N —
o0, and € — 0. Moreover, the difference in the dissipation functionals ®. can be

estimated via
Do (") = Do (<) < A(8) + B5(N) + Cs.n(e), where
A(8) = [D0(°) = Do(”)|  with &°(t) = 6w’ + (1 - 6)(8),
Bs(N ) Do(c™N) = Do(2%)|  with N () = 6w’ + (1 — 6)eg(t),
Cs,n(e) = [De(NF) — Do ().

A recovery sequence ¢© — ¢ with D.(c?) — Do(c”) is now obtained by a standard
diagonal argument. |

Appendix A. Special Properties of Cosh Gradient Structures

Here we discuss a few special properties that are characterizing for the function C
and C* and this lead to corresponding properties of R? -
We consider the special non-quadratic dissipation functional C and its Legendre

dual C* given by
C(v) :=2v arsinh(v/2) —2v/44+v24+4 and C*(§) :=4cosh(§/2) —
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Then, we have C(v) = 302 + O(v*) and C*(§) = 162 4+ O(¢*). The function C* has
the following properties:

. p q iy P—q
C*(logp —logq) =2 ( /£ + ——%,c logp—logq) = —2 . (A1
(logp —logq) (\/; Vﬂ; (logp —logq) N (A1)

In addition, we have superlinear growth of C:
1
§|s| log(1 4+ |s]) < C(s) < |s|log(l+|s|) forall s €R. (A.2)

The first of the following scaling properties follows easily by considering the
power series expansion of C*, the second by Legendre transform:

YA>1Vs,(eR: C*(A) > MNC*(¢) and C(Xs) < AC(s). (A.3)
This implies the corresponding scaling property for Reosh, namely

YA>1VeeQVo £ eR:
(A4)
rsh(C, AE) > 2 rsh(6,€)  and  Reosh(c, Av) < )\QRCOSh(c, V).
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