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The fractional p-Laplacian emerging from
homogenization of the random conductance model with
degenerate ergodic weights and unbounded-range jumps

Franziska Flegel and Martin Heida

Abstract

We study a general class of discrete p-Laplace operators in the random conductance
model with long-range jumps and ergodic weights. Using a variational formulation of the
problem, we show that under the assumption of bounded first moments and a suitable
lower moment condition on the weights, the homogenized limit operator is a fractional
p-Laplace operator.

Under strengthened lower moment conditions, we can apply our insights also to the
spectral homogenization of the discrete Laplace operator to the continuous fractional
Laplace operator.

M. Heida is financed by Deutsche Forschungsgemeinschaft (DFG) through Grant CRC 1114
"Scaling Cascades in Complex Systems”, Project CO05 Effective models for materials and
interfaces with multiple scales. The authors thank Takashi Kumagai and Andrey Piatnitski
for inspiring discussions and the referees for the helpful feedback.

1 Introduction

In a recent work [10], the authors together with Slowik studied homogenization of a discrete
Laplace operator on Z2 := ¢Z% with long range jumps of the form

Lou(z) =2 Z we v (u(y) —u(z)) . (1)
yeZI\{x}

The operator was studied on a bounded domain under proper rescaling with Dirichlet bound-
ary conditions. The coefficients w, , being random and positive with w, , = w, ., the operator
L. acts on functions Z¢ — R, and the corresponding linear equation in [10] reads

Lou(z) = f(z),  ulz) =0onZ\Q, (2)

where @ is a bounded open domain in R?. The assumptions on w,, imposed in [10] are
ergodicity and stationarity in z, together with a first moment condition of the form

E (Z Wo W) < 00, (3)

ze74
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F. Flegel, M. Heida 2

and a lower moment condition of the form

d
d _ _
dq > 3 E <Z§:l Woe, + Wo,q—e,) < 00, (4)

where ¢; is the i-th unit vector in Z¢. Under these assumptions, it could be shown that in
the sense of G-convergence, the homogenized operator in the limit ¢ — 0 is a second order
elliptic operator on L?*(Q) of the form V - (ApomVe) with Dirichlet boundary conditions,
where Apom € R¥*? is symmetric and positive definite.

The surprising result that the non local operator L. localizes in the limit ¢ — 0 motivates
us to explore this phenomenon in more detail, in particular to find out what assumptions
on w would cause L. to remain non local in the limit ¢ — 0. By a non local limit operator,
we mean a pseudo differential operator of fractional Laplacian type. Noting that the second
order type of the limit operator in [I0] is strongly linked to the scaling e~ (refer also to [3]),
we first relax this scaling to e72%, s € (0, 1) obtaining

Loaufa) == 3 wey (uly) - u())

yezd\{z}
u(y) — u(x)
= Z Cz,2 d+2s (5)
yezd\{z} |2~y

where the new random field ¢ on Z? x Z¢ relates to w through

Coy = Way |T — y|d+2s )

Note that the prefactor ? balances |z — y| ™% and e~2° is absorbed into |z — y| >,

In case ¢, = ¢y is constant for all x,y, it is intuitive that the limit operator of is no
longer a second order elliptic operator but rather a non local fractional operator of the form

(=A) u(z) = cOPV/ uly) = ulw)

Rl ’$ o y,d—&-?s )

where PV stands for principle value of the integral. We refer to [I7] for a list of equivalent
characterizations, among which the most common is the Fourier-symbol |£]%.

Our main theorems confirm our intuition in the case when c is a positive random field
with finite, non-zero expectation 0 < E(c¢) < oo and a suitable bound on the lower tail
0 < E(c™) < oo (see Assumption (1| below). Furthermore, we assume ¢ to be stationary and
ergodic in Z?x Z?. This is different from the assumptions in [I0], where w,, is stationary and
ergodic only in the first variable. The reason is that ¢, , = w, |z — y|"? in [10] decreases to
0 with growing distance |z — y|, implying E(c) = 0 and causing localization of the operator.
Hence no statistical independence w.r.t. the second parameter is needed in [10]. In contrast,
in the present work we want to study non local limit behavior and in order to get a spatially
homogeneous operator, we need some assumptions that provide good mixing conditions.

Note that in view of [10] one could get the idea that our setting corresponds to a relaxation
of condition (3)) to, say

E (Z Wo, yz|25> <oo, s€(0,1). (6)

2€7Z4
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Fractional p-Laplacian emerging from homogenization 3

However, our first moment condition is not equivalent with (@ but corresponds to (see Lemma

30)
(S ) ==
z€Z4

Moreover, Theorem |8 shows that (@ causes the pseudo-differential operator to vanish in the
limit ¢ — 0.

In this work, we study the above homogenization problem in a more general setting. Our
focus lies on energy functionals which take the form

el = Y Yoen M) 4 057 Gl - 4 S o).

y’ zeZd zeZd

where V satisfies a lower p-growth condition (see Assumption 3| below) with p € (1,00)
and s € (0,1), which is in accordance with the continuous theory of fractional p-Laplace
operators. We will study both the convergence behavior on the whole of R? and on the
restriction u(x) = 0 for x € Q, where Q C R? is a bounded domain. Like in [I8], we study
R™-valued u but for simplicity, we will sometimes restrict in our discussion to m = 1. The
corresponding limit functional (in the sense of I'-convergence) will turn out to be

//Rm o — d+p(sy)) - /RdG(U(l“))dZE - /Rd u(x)f(x).

In case V(£) = |£JP this functional generates the fractional p-Laplace equation (see [12]
and reference therein). In what follows, we will shortly recall the relation between the ho-
mogenization problem for the linear equation and the homogenization of convex functionals.

In order to understand our way to approach this problem, note that the weak formulation
of (2) with £, given by (f) reads

D) e dffs) (v(y) —v(@) = fl@)v(z). (7)

z€Zd  yezd T€ZI

We recall that the literature usually provides a factor % on the left hand side, which is not

the case here as the sum in is over all neighbors and not only the neighbors in "positive”
direction e;. In a variational formulation, u is the minimizer of the energy potential

2
U$
2d E:E’ dE
5355 - f ﬁ d+23

erdyGZd y| T€ZZ

We will also look at the constraint u(x) = 0 on Z4\Q.
In the continuum, a corresponding functional is known for the solutions of the fractional
Laplace equation (—A)*u = f and on Q = R? it reads

&s(u //R - d+22)2—/Rdu(x)f(x).

Berlin 2018



F. Flegel, M. Heida 4

The minimizers of & lie in the space W*P(R?), which we will introduce in Section

Hence, a I'-convergence result for & ;. LI &»,s implies homogenization of to
R

¢ o -yl

see Section 2.3
On bounded domains Q C R we introduce the following functionals which are oriented
at the definitions of W*? (Q)—seminorms in [9] They read

Grecalt) = 3TN eyt y|d+ps D st 3 Gulw) — et Y o) lo),

(z,y)€Q°xQ° zeQ® reQ®

where Q° = Q N Z¢. From the analytical point of view, it then makes sense to consider
the restriction of &, . ¢ to functions with zero boundary conditions and zero mean value
conditions. In order to formulate discrete Dirichlet conditions, let

0Q° ={zeZ!: 0Qn (x+[—ee) #0} . (8)

In every of the above mentioned cases, the corresponding I'-limit functional will turn out to

" 8,0l //Q e df}fsy)) 4 /Q Glu(z))dz — /Q (@) f ().

However, as we will see below, we even obtain a kind of Mosco convergence in suitable
spaces L"(Q). Mosco convergence means that the lim inf-estimate can be obtained for weakly
converging sequences while the recovery sequence can be constructed with respect to strong
convergence.

The homogenization on bounded @ announced above will be performed both for a con-
straint on the average value and for the constraint of Dirichlet boundary conditions. Here we
have to be careful since the notion of boundary conditions in spaces W*?(Q) does not make
sense in case s < %‘ In this case, it is still possible to consider &, ;. with the constraint that

u=0on Z%\ Q and we therefore also study this particular situation.
Our convergence results rest upon a well-balanced interplay between p, s, ¢ and d, which
we formulate in the following condition on the coefficients:

Assumption 1. We assume that the random field ¢ is stationary ergodic in Z% x 74 with
E(c) < oo and given s € (0,1), p > 1 we assume that there exists q € (}%, —i—oo] andr € (1,p)

such that E(c™) < oo and q = ;5 > [%.
In the hypothetical case s = 1 and p = 2, the last assumption reduces to q > g. Hence
Assumption [I]is in accordance with the assumptions in [10], which we recalled in (3)—(4).

Remark 2. As we will see in Theorems 47} sequences u. with bounded &, - (u.) or &;, q(u:)
are bounded in L"(Z¢) or L"(Q") if r € [1,p}) for

dpq

pq:2d+dq—qu'

Berlin 2018



Fractional p-Laplacian emerging from homogenization 5

In particular, it turns out that q > ;—f is a sufficient condition to have boundedness of u.

in LP(Q°). In order to obtain suitable bounds on u. in L"(Q), we ask that V satisfies the
following assumption.

The notation py is related to the fractional critical exponent p* in the classical theory of
fractional Sobolev spaces, which is introduced in Theorem [I8 However, we will see that the
random weights ¢ will force us to lower the value of the classical p* with decreasing q.

We finally introduce our assumptions on V. These assumptions are a natural general-
ization of the fractional p-Laplace potential and are also natural in the context of Sobolev
spaces which we will use.

Assumption 3. We assume that V : R™ — R s continuous and there exist o, B,¢ > 0 and
p € [1,00] such that

algl? < V() < c+plEl”,
& |E]TPV(E) is continuous in 0.

The study of discrete elliptic operators has some history starting from works by Kiinne-
mann [I6] and Kozlov [I5]. The interest in this topic has been tremendous both from the
physical point of view, e.g. as a model for Brownian motion (see [3,[5]), or from mathematical
point of view when studying numerical schemes (see [3,[L5] or [11] for a numerical application).
The current research particularly focuses on higher order corrector estimates, see e.g. [2] and
references therein.

A further related work is by Neukamm, Schéffner and Schlémerkemper [18] on the homog-
enization of discrete non-convex functionals with finite range as discrete models for elasticity.
Like in the present work, they allow for higher dimensional variables and non-convex V. In
contrast to our approach, they do not weight the potential V by |z — y|~¥7P* and hence,
even on bounded domains, the results of [18] and the present work cover different problems,
though they fall in the same class of discrete homogenization. Since [I8] treats only finite
range interaction, the problem localizes and the homogenized potential is obtained from a
sequence of "cell-problems”.

We emphasize that all of the above mentioned works where on finite range connectivity.
From the stochastic point of view of random walks among random conductances [3], this
corresponds to Brownian motion of the random walker while our ansatz allows for long range
jumps, which can be considered as discrete analogue of Levi-flights, such as are used to model
the movement of bacteria.

The homogenization of the fractional Laplace operator seems to be only recent and rather
unexplored. However, there are a few results in the literature: Most of them are focused on
the periodic homogenization of the continuous fractional Laplace operator (—A)®, starting
from a work by Piatnitskii and Zhizhina [20] and Kassmann, Piatnitskii and Zhizhina [14]. A
first result on the stochastic homogenization of the (continuum) fractional Laplace operator
with uniformly bounded c is given in [2I]. We will not investigate the relation between
[21] and the present work, but we expect that the methods developed below could help to
generalize [21] to non-uniformly bounded coefficients with bounded moment conditions.

From the point of view of non local discrete operators, our work is related to our previous
result [I0] but also to a recent result by Chen, Kumagai and Wang [6]. There, ¢, , is a se-
quence of independent random variables. They show homogenization of the discrete fractional

Berlin 2018



F. Flegel, M. Heida 6

Laplace, i.e. p =2, on Z% in case d > 4 — 4s and under the assumption E(c*) +E(c™9) < oo
where p > max {(d +2)/d (d+1)/(2(2 — 2s))} > 1 and ¢ > 29422, Note that the authors of
[6] also allow for percolation with the restriction that P (c = 0) < 274, which we exclude for
simplicity. Hence, some choices of d and s are contained both in the setting of [6] and the
present work, while there are other choices of d and s that are contained either in [6] or in
the present work but not in both. In this sense, the results are complementing each other.
The outline of the paper is as follows: In the next section we first provide Mosco conver-
gence of &,,. and &, 5. to &, and &, g respectively. Recall that Mosco convergence is
slightly stronger than weak or strong I'-convergence. Based on these results, we formulate our
homogenization results for the fractional Laplace operator, including also spectral homoge-
nization in case q > Q—fj. In Section 3| we provide basic knowledge on fractional Sobolev spaces
and generalize these to the discrete setting. Lemma [31] in Section can be considered as
the heart of our homogenization results. Finally, in Section [4] we prove the main theorems
from Section 2] For readability of Section [3| we shift some standard proofs to the appendix.

2 Main results

The discrete space, on which our functionals &, ;. and &, ;. o are defined, are denoted
Heo={u:ZI - R"}, resp. H(Q):={ueH : Vo &Q: ulx)=0}.

However, the limit functionals are defined on the measurable functions on R? and in order to
compare discrete solutions with continuous functions we introduce the operators R} through

* ; e €\¢
Riu(z) = u(z;) ifz; € Z% and x € x; + [_57 §) ,
As observed in [10], the operator R is the dual of the operator

d
(Reu) (z) = 5—d/ [ )du(y)dy it z; € Z¢ and x € z; + [__ E) .

2.1 Homogenization of the global energy &, ;.
On bounded domains @ C R? we find the following convergence behavior of &, ;..

Theorem 4. Let Q C R? be a bounded domain. Let c, s, p, q and V satisfy Assumptions

and@ G : R™ — R be non-negative and continuous with G(€) < alé|*, a >0, k < Py, and

let f. € H. be such that R f. — f in L (Q), where ri + 1% < 1. Then the sequence &, .
q

restricted to H.(Q) Mosco-converges almost surely to &, in the following sense:

1. Forr = % there exists C' > 0 such that
Vu. € He(Q) : el prigey S Cépselus) foralle >0.

For every sequence u. € H.(Q) such that sup, &, (u.) < oo there exists u € W*P(Q),
u =0 on R\Q, and a subsequence Riu. — u pointwise a.e. with Riu. — u strongly
in L"(Q), and

liminf &, (uc) > &,4(u),

e—0

Berlin 2018



Fractional p-Laplacian emerging from homogenization 7

2. For every u € W*P(Q), u =0 on R4\ Q and r = rr—fl there exists a sequence u, €
Ho(Q) such that Riu® — wu strongly in L"(Q) and

limsup &, ;- (u:) = &, 5(u) . 9)

e—0

Note that for q > 2¢ we can choose r = p.
ps

Theorem 5. Let ¢, s, p, q and V satisfy Assumptions[]] and[3, and let the sequence f. and
the function G : R™ — R satisfy either one of the following conditions:

1. G is non-negative and conver and there exists a bounded C*' domain Q C RY such
that every f. has support in Q. Furthermore R f. — f in L" (Q), where Ti + z% < 1.
q

2. G(&) = alé|" + G, G is non-negative and conver and r,r* > 1 with 1 + L = 1.
Furthermore, R f. — f in L™ (Q).

Then the sequence &, 5 . restricted to H. Mosco-converges almost surely to &, s in the following
sense:

1. For every sequence u. € H. such that sup, &, ..(u.) < oo there exists u € W*P(R?),
and a subsequence €' — 0 such that Rius — u pointwise almost everywhere and

hrgn_}glf gp,s,s(us) 2 gp@(“) )

2. For every u € W*P(R?) there exists a sequence u. € H. such that R*u® — u pointwise
almost everywhere and
limsup &, 5 (u:) = &, 5(u) . (10)

e—0

2.2 Homogenization of the local energy &, ;. g

The following two theorems deal with the homogenization of the functional &, . . In this
work, we will study &, ;¢ with boundary conditions u.|sg: = 0, mean value conditions or
with suitable conditions on G. In a first step, we define the following spaces similar to the
continuum case:

Heo(Q) i ={u e H(Q) : Vo € 0Q° u(z) =0},
H.0)(Q) := {u EHAQ) : > ulx) = 0} .

zeQ”

As mentioned in the introduction, the consideration of bounded domains comes up with
technical difficulties. These concern in particular uniform compact embeddings of W*?(Q°%)
into L4(Q°). In RY, the embedding W*P(Q) into L4(Q) is coupled to the property of Q
being an extension domain. We replace this property by the concept of uniform extension
domain, see Definition [I6] which is a domain that allows for a uniform bound for all £ > 0
on the extension operator of W*?(Q°%) into W*P(ZZ). A class of domains that satisfy this

Berlin 2018



F. Flegel, M. Heida 8

property are rectangular domains. Similar to the continuous case the concept of uniform
extension domains enables us to derive uniformly compact embedding results. Furthermore,
in the case of Dirichlet boundary conditions, we can show that the canonical extension by
0 is uniformly continuous for all Lipschitz domains. This motivates the formulation of the
following two theorems.

Theorem 6. Let Q C RY be a bounded C*'-domain. Let c, s, p, q and V satisfy Assumptions

and@ sp>1, G R™ = R non-negative and continuous with G(§) < alé]™,a > 0, m < p;,

and let f. € H. be such that R:f. — f in L™ (Q), where T,i + 1% < 1. Then the sequence
q

&y seq restricted to Heo(Q) Mosco-converges almost surely to &, restricted to Wy (Q) in
the following sense:

1. For every sequence u. € Heo(Q°) such that sup, &, s-(u:) < oo there exists u €
WsP(Q), u=0 on R\Q, and a subsequence Riu. — u pointwise a.e. with Riu. — u
strongly in L™ (Q) for r = -~ and

r*—1

lim inf &0 (1) > &), (11)
E—>

2. For every u € W3P(Q) there exists a sequence u. € H.o(Q°) such that Riu® — u
strongly in L' (Q) for r = =~ and

r*—1

limsup &, 5. q(u:) = &, 5.0(u). (12)

e—0

If we do not consider zero Dirichlet boundary conditions, we have to find a suitable
replacement that guarantees that the necessary (compact) embeddings hold. We use the
concept of uniform extension domains introduced in Definition

Theorem 7. Let ¢, s, p, q and V satisfy Assumptions [1] and [3, Q be a uniform extension

domain in the sense of Deﬁnition G : R™ = R non-negative and continuous with G(§) <

aléfa >0, k < Py, and let f. € H. be such that RIf. — f in L (Q), where L+ + ]% <
q

1. Then the sequence &,,.q restricted to Hc 0)(Q) Mosco-converges almost surely to &,

restricted to W(So’f(Q) in the following sense:

1. For every sequence u. € H.0)(Q°) such that sup, &,,.(u:) < oo there erists u €
W(so’f(Q), u=0 on R\Q, and a subsequence Riu. — u pointwise a.e. with R u. — u

strongly in L™(Q) for r = Tfil and holds.

2. For every u € W5/ (Q) there exists a sequence u. € H.(0)(Q) such that Riu. — u
strongly in L™(Q) for r = rfil and holds.

We have already mentioned in the introduction that by Lemma

our above assumptions imply E (3. wy 24|2[P*) = co. The following theorem shows that
the assumption E (> w;.4:]2P°) < oo would imply that the differential part of &, .. 0
vanishes in the limit of I'-convergence. We formulate and prove the result for &, ;. g with
zero Dirichlet conditions but note that the proof also works for zero mean value and for &, ;..

Berlin 2018



Fractional p-Laplacian emerging from homogenization 9

Theorem 8. Let V(&) = [£P and let E (D, wypt2]2P°) < 00, G : R = R non-negative and
continuous with G(&) < alg|™a >0, m < p;, and let f. € H. be such that Rif. — f in
L™ (Q), where Ti* + L < 1. Then almost surely and for every u € C3(Q) it holds

gﬁwMMZLQWMM—LWWM- (13)

In particular, &, . q strongly I'-converges in L™(Q) to

brualt) = [ Glu@)ds - [ u(w)f(@
Q Q
in the sense that Riu. — u in L™(Q) implies
liIgLiglf & se(us) > &, 0(u) (14)
and for u € L™ (Q) there exists a sequence u. € H. with Riu. — u in L™(Q) and
l_i_{% Epseqlue) = ‘g}p,s,Q(u) : (15)

Proof. follows immediately by definition. In order to prove ({15 we use and observe
that for every sequence us € C}(Q) approximating u € L™ () as 6 — 0 it holds

("5}7757(’?(“) - é},s;,@(ué)’ S

In this way, successively choosing first us and then € we construct the sequence wu..
It remains to prove (13). By assumption, it holds

g)p,s,Q(U) - gp,s,Q(ué)‘ + éNap,s,Q(W) - gp,s,E,Q(ué)‘ .

lim E E Weatz]2|P? ] =0.
K—oo
|z|>K

Defining E :=E (). wy442:|2|P*), we observe for any § > 0 and ¢ < §

YD S o) ) = X T s |2 -

P ) =B,

P
TeQ® yeQ* TeQ° yeqQ© ‘ y‘
< IV, 32 z a2 e
T€Q° yeQ*®
lz—y|<d
FIVUE, 32 DT we e |2 (diam@)
2€Q° 2> 2

and hence in the limit it holds for all K > 0:

1 —ps T 1 —_ p
ti e 2 3 wey fule) — uly)
TEQ® yeQ*
< Vul% QI | EoP + (diam@)" ™ E | D wors2f
|z|>K
This provides . [
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2.3 Application to the (spectral) homogenization of the fractional
Laplace operator

It is well-known that strong/weak I'-convergence of convex functionals implies strong/weak
convergence of the minimizers towards the minimizer of the limit functional, see [7]. Hence,
we expect that solutions of L.u. = f converge to solutions of the fractional equation

u(y) — u(x

PV/ ()—df%)dy: f(z).
Rt |7 —y|

This indeed holds true and we recall the proof in the context of the following result.

Theorem 9. Let the assumptions of Theorem [§] hold with p = 2. For almost surely every
e > 0 there ezists a unique solution u. € H.(Q) such that for every v € H(Q) it holds

“ZZ cz. T” (v(y) = v(@) = =" " fl@)o(a), (16)

and as € — 0 we find R:u8 — u strongly in L"(Q) and u € W*2(R?) is the unique solution
to the equation

voews 2z o [ [ M - d+28<<y>—v<x>>dxdy= Rt

where u = 0 outside of Q.

Proof. Let u be the unique minimizer of & ; and let u’ be a sequence such that Rlul — u
strongly in L"(Q) and (9) holds. Furthermore, let u. € #.(Q) be the minimizer of &, and
let 4 = lim._,o Riu. according to Theorem [4] Then

& s(u) = lir% &y se(ul) > lim ionf Eyselus) > Es(u) > Es(u) .

where we used in the last inequality that u is the minimizer of &5 5. Since the minimizer of
&s,s 1s unique, we obtain 4 = u and the theorem is proved. O

In a similar way, we prove the following theorems.

Theorem 10. Let the assumptions of Theorem [J hold with p = 2. Then almost surely for
every € > 0 there exists a unique solution u. € H. such that for every v € H. equation
holds and as € — 0 we find Riu. — u pointwise where u € W**(R?) is the unique solution

to (1.
Theorem 11. Let the assumptions of Theorem [6 hold with p = 2. Almost surely for every
e > 0 there ezists a unique solution u. € H.o(Q) such that for every v € H.o(Q) it holds

O —” (wy) — v(@) = 3 Flaoe) 18)
z,y€Q° y‘ z€QF

and as € — 0 we find Riu. — u strongly in L"(Q) and u € WOS’Q(Q) is the unique solution
such that for every v € W§2( the followmg equation holds

/ /Q Vi (vly) () dedy = /Q fo. (19)
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Theorem 12. Let the assumptions of Theorem [7 hold with p = 2. Then almost surely for
every € > 0 there exists a unique solution u. € He (0)(Q) such that for every v € H. 0)(Q)
equation holds and as ¢ — 0 we find Riu. — u strongly in L"(Q) and u € W(SO)Q(Q) is

the unique solution such that for every v € W(S(;)Q(Q) the equation holds.

We finally take a look on the topic of spectral homogenization. Theorem 32| together with
Remark [2] and Theorem [6] shows that the operators BS : H.(Q) — H.o(Q), where B:(f)
solves , are uniformly compact with respect to the norm LP(Q°). Furthermore, Theorem
6] yields that

IREBLf —ullppgy =0 ase—0,

if R:fe — f where u is the solution to (19). Furthermore, the solution operator B to (19
is compact by the compact embedding W*?(Q) — L?*(Q). Hence, we obtain the following
result from [I3], Theorem 11.4 and 11.5 following the argumentation in Section 8 of [10].

Theorem 13. Under the assumptions of Theorem@ let u5, be the k-th eigenvalue (i.e. pg >
ps > ... ) and 5 the k-th eigenfunction of BS. Furthermore, let py be the k-th eigenvalue
and 1y the k-th eigenfunction of B. Then the following holds almost surely.

o Let k € N and let ¢, be a null sequence. Then there P-a.s. exists a family {1/@0-}1@9
of eigenvectors of B and a subsequence still indezxed by ¢, such that

(”R:m L RE ) = (w?, o ,w,g) strongly in L*(Q) .
o If the multiplicity of ug is equal to s, i.e.
Hk—1 > P = Pet1 = * 00 = fts > Hkts+1
then for j =1,...,s there P-a.s. exists a sequence ¢ € H(Q) such that
}:g% H@Z}kz-i-j - R:wEHB(Q) =0
where 1° is a linear combination of the eigenfunctions of the operator B: corresponding
VN 1
3 Preliminaries

We first fix some convenient notation for discrete integrals (i.e. higher dimensional sums)
and function spaces. For e > 0, A C Z¢ and a function f: A — R we define

E f(z) =& Z f(z).

TEA T€EA

Then, for every function f € C.(R?) it is straight forward to verify

Do fl@)—= | f ase—0.
(l?EZg J R¢
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In particular, the measure p® := Y, d, converges vaguely to the Lebesgue measure and
:xtEZﬁg

hence also weakly on every bounded measurable set. For arbitrary measurable B C R with

|0B| = 0 it follows that |B|. := e’ {BNZ!} converges to |B|, i.e. |B|. — |B| as e — 0.

Hence, g can be considered as a discrete equivalent of the integral |[.

3.1 Discrete and continuous Sobolev—Slobodeckij spaces

We introduce the Sobolev—Slobodeckij space W*P(R?) as the closure of C2°(R%) with respect
to the norm

lu(z) = u(o)P
W1y = [l + D e o= [ [ O aay

is the Gagliardo seminorm. This family of spaces is discussed in detail for example in [9] 23].
In general, they can be constructed as the interpolation of W'P(RY) and LP(R?), see e.g.
[1, 23], but in this work, we follow the outline of [9]. We also consider Sobolev—Slobodeckij

spaces W*P(Q) on Lipschitz bounded domains Q@ C RY. These are defined by the norm

Jull? 0 = HuHLp(Q) + [u]} , o> where the semi-norm [u]} , is given through

|u
SPQ_// d+sp dxdy

As can be found for example in Theorem 5.4 of [9],
the extension operator W*?(Q) — W*P(R?) is continuous for every s € (0, 1] (20)

if 0Q is bounded and of class C%!. Property is called the W#*P-extension property of
domains @ and it is used to prove compactness of embeddings W*?(Q) — W*?(Q) for
0 <s <s<1and WP(Q) — LUQ) for every 1>s > 0 and 5+ 1 -1 > 0. If 9Q is

bounded and of class C%! and sp > 1, it makes sense to consider
Wg’p(Q) = {u S Ws’p(Q) : u‘aQ = 0} ,

as in this case the trace is well defined.

Remark 14. In general, the space
WoP(Q) = (L"(Q), Wy " (@), (21)

is the interpolate of W, 7(Q) and LP(Q) and hence the extension by 0 to Wi(Q) — W*?(Q)
is continuous and well defined (see [1, VIL.7.17]). Interestingly, is well defined also in
case sp < 1 but on the whole W*?P(Q) — W#P(R?). Heuristically, this stems from the fact
that sp < 1 implies that functions might have jumps across Lipschitz manifolds. Thus, we

may formally identify W5"(Q) = W*?(Q) for sp < 1.
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Fractional p-Laplacian emerging from homogenization 13

A further space we will use is

wir@ = f{ucwo@ s [u-o}.

On R we do not have compact embedding but it holds that W#P(R?) — L?(R?) continuously
for every ¢ € [p,p*], where p* = dp/(d — sp) for sp < d. Furthermore, the set C>°(RY) is
dense in W*P(R%). We finally need the following approximation result.

Lemma 15. Let n € C°(By(0)) withn > 0 and [n =1 and for k € N denote ni(z) :=
n(kx). Denoting f * ny the convolution of a measurable function f and ny we find for every
u € WP(RY) that

sl < lull,, — and  Jim fusm—ul,, =0.

We shift the proof to the appendix, as it is standard.

In this work, we will need a discrete notion of Sobolev-Slobodeckij spaces and general-
izations of the above embedding results to the discrete setting. To this aim, we consider the
following normed subspaces of H.. First, set Q° := Z¢ N Q for a bounded domain Q C R?

to define
|U||Lp zd) - Z lu(z)[” and ||u||iP(Q5) = E u(z)[?
meZd reQ*”

and let W*P(Z2) be the closure of C>°(R?) with respect to the norm

]u
spe Z Z d+5p

||u||sp7 = ||u||LP(Zd) + [U]?p"g ,  where [

When restricted to a bounded domain @ C R% we define ||ul|”
the norm of the space W*P(Q°), where

[U]SPEQ Z Z |u d+8p ' (22)

T€QYeQ”

SpEQ HUH Lr(Q°) +[ ] 0,&,Q

For some of the proofs below, we need a discrete version of the continuous extension property
which holds uniformly in €. As announced in the introduction we formulate this condition
in a definition.

Definition 16. A bounded domain Q C R%is called a uniform eztension domain if there ex-
ists C' > 0 such that for every ¢ > 0 there exists a linear extension operator & : W*P(Q°) —
Wep(Z2) with ||E.]| < C.

Remark 17. We may assume for a uniform extension domain @ that there exists a further

bounded domain Q O Q and such that the extensions have compact support in Q We prove
this in the appendix.
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We will not go into details on this point but note that being a uniform extension domain
is immediate for rectangular boxes Q = Hle(ai, b;), where —oo < a; < b; < +oo for every
¢t = 1,...d. This can be checked by reflection at the boundaries. Furthermore, Theorem
suggests that every C%! domain should be a uniform extension domain. However, the proof
of such a statement is beyond the scope of this work.

In the following, we formulate the four most important results of this subsection. The
proofs are technical and either standard ( and hence shifted to the appendix ) or will be
presented in Section [3.2] below.

Theorem 18 (Discrete Sobolev inequality on Z%). Let s € (0,1) and p € [1,00) be such that
sp < d and let p* :=dp/(d — sp). Then, for every q € [p,p*], there exists a constant C,, > 0
depending only on d, p, q and s such that for every e > 0 and every u € W*P(Z2) it holds

ull pagzgy < Cpg llullspe - (23)

The exponent p* is called the fractional critical exponent. As a corollary, the last result
extends to bounded domains.

Theorem 19. Let Q C R? be a bounded uniform extension domain and let s € (0,1) and
p € [1,00) be such that sp < d and let p* := dp/(d — sp). Then, for every q € [p,p*], there
exists a constant Cp, 4 > 0 depending only on d, p, q, s and Q such that for every e > 0 and

every u € WP(Q°) it holds
||U||Lq(szg) < Chyq HUHS,p,s,Q :
Furthermore, we obtain the following compactness result on bounded domains.

Theorem 20. Let Q C R? be a bounded uniform extension domain and let s € (0,1) and
p € [l,00). Let p* := dp/(d — sp) if sp < d, and p* = oo else. For every ¢ > 0 let
u. € WHP(QF) such that sup.., uellypeqo < 00. Then, for every q € [p,p*) the family
(Riue).o, is precompact in LI(Q°).

The proofs of Theorems [1§| and [20] are very technical and mostly follow the outline of
proofs from [9]. Hence, for better readability of the paper, we shift them to the appendix.

Finally, we turn to Poincaré-type inequalities on bounded domains with Dirichlet bound-
ary conditions or zero mean value. We hence define the spaces

WP (QF) := {u e W*P(QF) : ulag- =0},
W(‘B’f(QE) = {u e WP(QF) E u= 0} .

The corresponding embedding theorems are the following.

Theorem 21. Let Q C R? be a bounded domain with C*' boundary, letp € (1,00), s € (0,1).
Identifying every function u € W3 (Q°) with its extension by 0 outside Q°, there exists C' > 0
independent from ¢ such that

Vu € W§7P<Q€) : [u]s,p,a < ¢ [u]s,p,e,Q : (24)
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For every q € [p,p*], there exists a constant C,, > 0 depending only on d, p, q, s and Q
such that for every € > 0 it holds

Vu e Wet(Q) = lull oigrze) < Cra [Ulipeq (25)

Finally, let p* = dp/(d — sp) if sp < d, and p* = oo else. For every e > 0 let u. €
WP(QF) such that sup.. |u.|,, .o < 00. Then, for every q € [p,p*) the family (R}u.)
is precompact in L1(QF).

5$,P,€, e>0

Furthermore, we have a similar result in case Wg*(Q°) is replaced by W 7(Q°).

Theorem 22. Let Q C R? be a bounded uniform extension domain with C*' boundary, let
p € (1,00), s € (0,1). For every q € [p,p*], there exists a constant C,, > 0 depending only
ond, p, q, s and Q such that for every € > 0 it holds

VU S WSI)(QE) : HuHLq QmZd < CPQ[ ]spsQ (26)

Finally, let p* = dp/(d — sp) if sp < d, and p* = oo else. For every e > 0 let u. €
WhP(Q°) such that sup.. |u.| o < o0. Then, for every q € [p,p*) the family (Riue).,
is precompact in L1(Q°).

5,P:€,

The proof of Theorems [21| and [22]is given in the following subsection. It will be based on
the fact that W*P(Z%) embeds into W#?(R?) via a finite element interpolation operator.

3.2 Proof of Theorems 21] and 22

We first study an interesting connection between W*P(RY) and W*P(Z%). Let

€T frk=1
1—2 ifk=0"

P;[qu{au~+m,(%m%%{

we define for x = (z;),_, ,and k= (x;),_, ;€ {0, 1} and ¢ € H.:

Q) @)= > (=2 +er) ITP ({2} ) -

ke{0,1}4¢ j=1
the finite element interpolation of . Our first corollary on the operator Q. is the following.

::1&

Corollary 23. Let p € [1,00). There exists a constant C > 0 for every ¢ € H.

c ”‘PHLP(@) < ”QESOHLp@g) <cC H90||Lp(zg) : (27)

This corollary is straight forward to prove from the definition of Q.. Moreover, we obtain
the following natural property.

Lemma 24. Let p € [1,00) and s € (0,1). Then there exists C' > 0 such that for everye > 0

VoeH. : [Qpff <C

s,p — [ ]spa

(28)
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Proof. For € {0,1}¢ we write x*° and k! for the vectors where the i-th entry of & is
replaced by 0 and 1 respectively. In order to reduce notation, we write

woen = C[2] o) - (2] )

02.0=1 Y @A @m]IP ({2} 5). (29)

re{0,1}4 J#i

and hence obtain

For every z € R? let |z|_€ Z? be the unique element such that z € C.(x) := |z]_ + [0,¢)
We denote 7. the center of C.(z) and define

A(z) :=17%n (5 FJ + [—€,€]d>

€

as well as B.(z) = 7. + [~3¢, 3¢]? and BY(z) := R%\ B.(z). We then find for $ = Q.¢

2

|B(x) — eI |5(x) — @)
o < Z / (02)° </Bs<x> oy T /B£<x> o — | dy) B

Now, observe that with it holds

‘@(.’L’) B @(y”p p—sp—d
d+s >~ ||V90||cvo Be( |$ - y| dy
/sm —y|Tr BD o)

|z
< CIVelGos By e
ccem Yy cltielnl
z€Ac(x) =1 ge{0,1}4

cow 3 @ e)l”

d+ps
y,2€B:(z) |Z - y‘

where C' changes in each line but is independent from € and ¢. Furthermore, estimating
% over each cell C.(y) it is easy to verify (see also the proof of Lemma [40|in the

appendix) that we have

(@) —eWl” . o alp(z) — ey)”
/Bg(z’) ‘LIZ’ — y|dter y= Z Z € |Z o |dtsp T

yl 2€2¢N (Te+(—e,6)4) yeZI\ (T +(—c,0)%) l

Hence the term in brackets on the right hand side of is independent from x € z + (0, ¢)?
and we find

|o(z) |p(z )"
usp - CZ Z |:L‘ d+sp + Z |l’— |d+ps
zeZd yGZg\(fer(fg,s)d) YyEAL(x) Y
Since C' does not depend on ¢ or ¢, this finally yields (28). O
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Fractional p-Laplacian emerging from homogenization 17

Proof of Theorem [21]. Let u € W5P(Q%). Due to and we know that qu e W5P(Q).
We can now extend v° := Q.u to R? by 0 and obtain v* € W*?(R?) with [[v*], , < C'[|v°[l,, o
where C' > 0 depends on s, p and Q. This follows from Remark [I4]

We now show |lull,, . < C[[v7l, . Since ||, , < Cllul, .o by Lemma this in turn
implies the theorem by virtue of Theorems and 20

It only remains to show that

de e e < O], - (31)
yl

2€Z\Q yEQE\BQE -

S,p —

For this reason, let x € Zd\Q and y € Q‘E\@QE Then by definition of Q° in (&) it holds
|v —y| > 2¢. Let T € x + [ 55 5} yey+ [ 55 2] In order to provide an upper bound on
|Z — | in terms of |z — y| assume that = € y + [—2¢,2¢]. Tt then holds ¢ < |7 — | < 3dae.

Hence we can conclude that 3dd |z — y| > |# — §|. In case z & y+ [—2¢, 2¢] the ratio between
|z — y| and |Z — §| becomes smaller. Furthermore, since u > 0, we have Q.u(g) > 2 %(y)

and
Qeu@)” - -
]d /yv_‘r[_ ]d ‘i,_g‘d‘i’psdydx

/x+[—
—d—ps p
> 9 (3d%> g / W gz

7% % d |ZI} |d+ps

£ £
272

5.5]°
Summing up the last inequality over x and y yields . O]
Proof of Theorem [23. Let us first verify that holds. Assume that was wrong. With-

out loss of generality, we might assume that ¢ > p. In particular, we use [[uc,[[pqgery <
C'l[te, [[o(gery- Then there exists a sequence (gx);cy, €k > 0, and a sequence of functions
U, € He, (0)(Q) such that

||u€kHLq (Q°k) — =1>k [uak]spek Q>

and we find R, u., — u strongly in L¢(Q) by Theorem [20 . But then u = 0 since R u., — 0
weakly in Lq(Q) This is a contradiction. The compactness follows from Theorem [20] . O

3.3 Dynamical systems

Throughout this paper, we follow the setting of Papanicolaou and Varadhan [19] and make
the following assumptions.

Assumption 25. Let D € N and let (Q, %, P) be a probability space with a given family
(T2)wezp of measurable bijective mappings 7, : L — €, having the properties of a dynamical
system on (2, #,P), i.e. they satisfy (i)-(iii):

(Z) Tz OTy = Taty s T0 = 1d (Group property)
(ii) P(r_,B) =P(B) Vx e€ZP, B e .# (Measure preserving)
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(i) A: 74 x Q— Q (x,w) = Tw is measurable (Measurability of evaluation)
Let the system (T;)qezp be ergodic i.e. for every F-measurable set B C € holds
[P ((12(B) U B)\(1.(B) N B)) =0 Vz € Zd] = [P(B) € {0,1}]. (32)

A random field f on Z? is called stationary if f(-) and f(- + 2) have the same distribution
for every z € Z%. As explained for example by Papanicolaou and Varadhan [I9] f is stationary
if and only if there exists f : 2 — R such that f(z,w) = f(T.w).

Theorem 26 (Ergodic Theorem [§] Theorem 10.2.I1 and also [22]). Let (A,), oy be a family
of conver sets in ZP such that A, C A, and such that there exists a sequence T, with

rn — 00 as n — 0o such that B, (0)NZP C A,. If (wg),cqp s a stationary ergodic random
variable with finite expectation, then almost surely

1
y E w, = E(w). (33)
n xeAn

The last theorem has an important consequence for our work:

Lemma 27. Let (An)neN be a family of convex sets in RY such that A, C A, and such
that there exists a sequence r, with r, — 00 as n — oo such that B,, (0) C A,. If (c;,;)‘,ljezp
18 a stationary ergodic random field with finite expectation, then almost surely

oD
¢:= sup Z cz <00, (34)
]?1,66?\10’ | n| f)r:GArnﬂZ?

where ¢ depends on the realization.

Proof. Defining ¢, . := % erAnnzg cz we observe that Theorem [26| implies
Ve>0: ¢, > E(¢) as n — o0, and Vn : ¢, — E(c)ase — 0. (35)

Assume that was wrong. Then there exists a sequence (1, £),, oy such that ¢, ., — 0o
as k — oo. If we assume n; was bounded by /N, then the second part of implies existence
of C' > 0 such that

SUD Cpy e, < SUPSUP € < O < 00,
EkyNE n<N €

which is a contradiction to the assumption that was wrong. Hence we can w.l.o.g.
assume ny T o0o.

By the same argument, we can assume € | 0. But then, the Ergodic Theorem [29| implies
Cnper — E(E), a contradiction with ¢, ., — co. Hence holds. O

A further important consequence is the following:

Lemma 28. Let ¢ be a random field on Z¢ x 7% satisfying E (¢) < oo. Then almost surely
for every bounded conver domain Q C R and every o, & > 0 it holds

sup De, Do czylo—y[ T < C¢,

1>e>0
r€QF |z—y|<€
yezd

where C' only depends on Q and d and the realization of c.
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Fractional p-Laplacian emerging from homogenization 19

Proof. We consider

Q[ Z De, ez lr—y[ T = Z Q] Do, Qe czalr—yl

zEQC|z—y|<€ er]f<2Hx y|<€
yEZg xGZE yEZd
oo
Z —k k— l¢ —d
< (2 5) |Q| E : 2 EE: Ce
k=0 z€Q 5E<2F|a—y|<g
(EEZ? yEZd
o
—k—1p~\—d
= € 2 Es Cz vy
Z ‘Ql Z ( 5) oke ke
k=0 z€2kQ $e<]a—y|<¢
xezgk yeZd

2 )_dz (27]65) 2kd’Q’

k=0

Z Z Cokoat

ze2kQ |lz—yl<€
d d
:EEZQ,Cs yEZQkE

Replacing § := 2¥¢, Q, := 2Q, & = (1+ k)€ and Q== {(x.) : v € Q, |z — y| < &} we
obtain

IQ|Z 2 ezl y\d+a<2d225 e Y ep
’Qk| 2ke’2

reQ® |z—y|<¢
y€Zd (z,y) €LY <L

By Lemma [27] the sequence

52d
C:=sup —— E Cz y < OO
’ 2ke ke

8,k ~
| (a:,y) er
(z.y)ezdx7d

is bounded. Hence we observe

G0 3 exle—yl T < g ok,
k=0

z€Q®|z—y|<€
yeZd

and since >~ 2-F¢d is bounded, the lemma is proved. O

We will need to test the convergence (33) with a pointwise converging sequence of func-
tions. The following necessary result by Flegel, Heida and Slowik is a generalization of [4]
Theorem 3.

Theorem 29 (Extended ergodic Theorem [10, Theorem 5.2]). Let Q C ZP be a conver set
containing 0 and let f be a stationary random ergodic variable on ZP with finite expectation.
Furthermore, let u. : ZP — R be a sequence of functions such that Riu. — u pointwise a.e.
and sup, ||uc||,, < co. Then

LY i —>E(f)/Qu(x)dx ase— 0.

zeQNZP
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As a direct consequence of the above ergodic theorems we obtain the following result on
our coefficients w and c.

Lemma 30. Let 0 < E(c) < 0o and let ¢py = Wy o |z — y|"°. Then

E (Z Wo,» ]z\ps) =00
z€Z4

—d—ps

Proof. We write wy y—r = Cpy |z — Y| to observe

E (iz{: wo,z

274

z ’”) =E <Z Co.x |2 |d> =E(c) Z 127" = o0

z€74 274

3.4 Weighted discrete Sobolev—Slobodeckij spaces

This section is concerned with the (compact) embedding of discrete weighted Sobolev—
Slobodeckij spaces into the discrete Sobolev—Slobodeckij spaces from Section More
precisely, the heart of this section (and of the whole article) is the inequality

Iu —u()”\’

b o I Pop ol =
rEQTYEQ® z€QycQ®

for suitable r > 1 and s’ € (0,s), where C' should depend on s, s’, p and r but not on e.

Let us first establish some conditions on ¢, ,, s € (0,1) and p € (1, 00|, under which we can

expect existence of suitable r and s’. For simplicity of notation, we establish the following
semi-norm corresponding to (22):

sege (32 3 ens M)

reQyeQ®

We can use Holder’s inequality and observe that

Q=

) oy
Z Z |u d—i—rs Z Z — )y’(ﬂizgy |l‘ —y d—d+r(s—s')

z€Qyeq” TEQ YeQ® < ) ’

= spa,Qc (Z Z ( Cz, %) _y|—d(1—d(;f,,)(s—s')>>

T€EQYeQ*

m\H
o ke

p=r
p

(37)

In order to obtain , it is necessary to show that the second factor on the right hand side
of is uniformly bounded in € > 0. We have to distinguish two cases.
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In the first case, we assume that 1 — -"2~(s — s’) < 0, which is equivalent to
d(p—r)

r d
p—r = ps—9) )

and can be fulfilled for a suitable s’ € (0, s) 1

> pis. In this case, the factor

|z — y\f ( o (=) stays bounded since Q° is bounded. It follows that the right-hand
side of exists almost surely — provided that E(c 7 ) < .
In the Second case, we assume that 1 — d( )(3 — ') > 0. Here, we choose a suitable q and

apply once more Hélder’s inequality to obtain that the right-hand side of is bounded by

p—r

g—1

o {(S52 (e) ) (52 5 b -artmsimea) )

TEQYcQ® r€QyYeQ®

where ¢ := q%= > 1. The limit € — 0 of the right-hand side exists almost surely if and only
if E(c79) < 00 "and

rp nyY 4 d
1>(1—————(s—s om— =4 > —FQ.
( d@—rﬁ ))q—l T
Hence, we infer the following lemma.

Lemma 31. Let p € (1,00) and let s € (0,1). If ¢ satisfies Assumption |1| for some q €
(ps, —I—oo} then for all r > 1 such that q > zﬁ there almoste surely ezists s € (0,s) and a
constant C'" > 0 such that (@) holds uniformly in ¢ > 0.

(0, s) such that

is fulfilled and therefore the right-hand side of stays bounded if E(¢ 7)) < oo. This,
however, is clearly the case due to

Let us now assume that ~= < z%. In this case, there exists s’ € (0,s) such that 1 —

d(;fr) (s —s') > 0 and therefore the claim of the lemma follows by the second case that we
have considered above. [

Combined with Theorem [I9, we obtain the following result as a consequence of Lemma

B1l

Theorem 32. Let p € (1,00), let s € (0,1) and let ¢ satisfy Assumption |1] for some q €
(ps, —l—oo} The following holds almost surely:

IfQ C R? is a uniform estension domain, then for every r* < Py = ﬁ? there exists
C > 0, which depends on the realization and on r* but not on ¢, such that
1
—u@)"\"
iy < (32 32 MLl
TEQ YEQ®
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Moreover, for every sequence u. € W*P(Q°, ¢) such that sup,~ ||ue|| < 00, the sequence

N 5,0,6,Q,c
Riu. is precompact in L™ (Q).
Finally, if Q is a bounded C*'-domain and u. € WP (QF, ¢) such that sup,.. ||uc||

00, the sequence Riu. is precompact in L™ (Q).

7p787Q7C <

Proof. Note that Theorem [19] and Lemma imply that for every r > 1 such that q > p—

and s’ € (0,s) such that q > 7y and r* = dr/(d — s'r) there almost surely exists a
constant C' > 0, which does not ciepend on ¢, such that

1

! e e
||u||L’"* (Q%) <Z Z ‘u d+rs ) ‘) C (E E CZ’?M—ZS‘ZIJJ?> ’

T€EQYeQ* r€QyeQ® |$ y|

and the claimed compactness holds. It only remains to verify that * can take any value up
to dpq/(2d 4+ dq — spq). Let us note the following equivalences

q> d & "< d
p(s = &) pa’
q> r & r<ﬂ,
p—r 1+4q

and that we can chose s’ and r arbitrarily close to their upper bounds. Hence, we obtain

from ™ = dr/(d — s'r) that
d -1
o dpa (d_ Pq (S_i»
I+q I+4q P9

and r* can take any value between 1 and the right-hand side. A short calculation shows that
this is the claim.

]

4 Proof of Theorems 4] to [T

4.1 Auxiliary Lemmas

We recall the following useful lemma.

Lemma 33. Let Q C R? be a bounded domain and let v : R™ — R be non-negative and
continuous. Let u. : Z¢ — R™ a sequence of functions having support in Q° such that
Riue — u pointwise a.e. Then

liminf e v(u.) z/v(u(x))das.
e—0
zeQnzd Q

The proof is simple. However, we provide it here as a preparation for the more involved
proofs that will follow.
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Proof. For simplicity, restrict to m = 1. Without loss of generality, we may assume

Ey :=liminf »: wv(u.) < +4o00.
e—0
reQnzd

For M € N we denote u := max {—M, min {u., M}}, i.e. the function u. is cut to values
in the interval [—M, M]. We then note that R*u} — u™ pointwise a.e. Using this insight
and continuity, we obtain

> limi = ) My
Eoo _hran_gglfIMﬁ, where Iy, Z v(us")

reQnzd

From continuity of v and Lebesgue’s dominated convergence theorem, we infer Ip;. —
fQ ))dx as e — 0. Now, we infer from Fatou’s lemma that

/Q o(u(z))dz < / lim inf o(u ())dz < Fay

Q M—o0

and hence the lemma is proved. O
A related lemma is the following.

Lemma 34. Let Q C R? be a bounded domain and let v : R™ — R be non-negative
and continuous such that for some o > 0 and ' > 1 we have v(§) < al€]”. Let u. :
7% — R™ a sequence of functions having support in Q° such that for some r > 1" it holds
SUP ||t 1oy < 00 and Riu. — u pointwise a.e. Then

lim Z U(us):/v(u(x))dx.

e—0
reQNZe Q

Proof. We have for some positive constant C' that

lim sup Z v(u.)| < Csup e[} (@) < 0.
e—0 EQﬁZd

Let § > 0. By Egorov’s theorem there exists Q; C Q with Q5 Q\Q;, |Q;| < and such
that Riu. — u uniformly on Q(;. Hence we have

lim 32 ofu) - / o(u(e))de =lm [ (u(u(2)) ~ o(REuc(x))) dr

reQnZs Q Qs

§2sup/ o |Rius(z)|” d
>0 JQ;

<2 TﬁTT/&su Ue || 1r(o=
< 2[Q] E>Ig” I (Q°)

and hence the lemma, is proved as ¢ becomes arbitrarily small. O
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Another important result connected with convex functions is the following.

Lemma 35. Let G : R — R™ be non-negative and convez, let u : R* — R™ be measurable
and such that [5, G (u(2))dz < 0o and let (ny),ey be as in Lemma . Then

lim G(nk*u):/RdG(u).

k—oo Rd

Proof. We note that n,(r — 2)dz induces a probability measure on R? for every k € N and
every « € R% Hence we infer in a first step by Jensen’s inequality

/Rd G *u) = /RdG (/Rd me(z — Z)U(Z)dz) A
= /Rd /Rd (2 = 2)G (u(z)) dedz
S/RdG(u(z))dz.

On the other hand, Fatou’s Lemma yields

/Rd G (u(2))dz < liminf /Rd G((uxng)(2))dz.

k—o0

O

The following lemma is new to our knowledge. It is the basis for the proofs of our main
results.

Lemma 36. Let Q C R? be a bounded domain and let c, s, p, q and V : R™ — R satisfy
Assumptions and @ Furthermore, let u. : Z2 — R™ a sequence of functions having support
in Q° such that Riu. — u pointwise a.e. and sup, ||u.||,, < oo. Then almost surely the
following holds:

— ue(y (v))
hran_)lnfz Z Cca y e // d+ps dzdy . (39)

(.Z’ y EZ2d y’
liminf Y Ye ce Y (we(@) = W) 4 (40)
£0 e y’d+ps d+ps Y-
(z,y)€Q*xQ°
Furthermore, if

sup sup Juc(@) = u(y)l =:(C < o0 (41)
resp.  sup sup [u=() = u=(y) =:Cp <00, (42)

>0 aye@c T — Yl

Berlin 2018



Fractional p-Laplacian emerging from homogenization 25

and u € CL(RY), resp. u € WH(Q) then we have

. - ua ))
ll_I)I(% Z Z Cau Trps // d+ps dzdy . (43)

x y €Z2d y|
. ) — u:(y u(y))
lﬂ% Z Z s, f |d+ps d+ps drdy. (44)
(¢9)€Q° X Q* —Y

Proof. We only prove and and shortly discuss how to generalize the calculations to
and . Without loss of generality, we assume that the liminf of the left hand side
of is bounded. Furthermore, most of the limits in this proof only hold almost surely.
However, we will not mention this in every step, for readability of the proof.

For each 0 < £ < R < oo the sum

030 ey L) ely)

(:E y)GZQd y’

can be split into the three sums over (z,y) € Z¢ x Z2 such that either {|z —y| < £},
{§ <|r—yl <R} or {|x—y| > R}. We denote the corresponding sums by If, I and
I. In what follows, we prove in three steps that

— uc(y)) —u(y))
Ier = Z Z y|d+ps // BT (45)
i eﬁiR sslemuist

=3¢ _df;(y)) — O(R™), (46)

ZE y)€Z2d y‘
lz—y|>R

V 5 - UWUe _
) 5) Do (“ﬁ)wapfy” =0, (17)
(z,y)€
lo—yl<e

m\&
m\@

where we show only in case holds. Without loss of generality, we will thereby
assume that R > 2diam(Q). In what follows, we prove ([45)-(47) in 3 steps. This provides

on observing that

[ HEEE R e, | o

|lz—y[<¢ (z,y) 62Q><2Q
lz—y|<€
and
—u(y)) _ ..
lim su Ci, = < limsup (IS, + It + I5) .
E*OP%GZZ; e’ g y|d+ps — 5—>0p( &R £ R)
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Inequality can be proved on noting that

= ln;ri> inf Z Z Ce _df;fy))

7y GZZd y’
—u(y))
d+ps
&<lz—y|<R

and applying the Beppo Levi monotone convergence theorem as £ — 0 and R — oo.
We note that and can be proved in the same way using some slight modification.
In particular, we replace V (u.(x) — u.(y)) by

V (2, y,u(z) — u(y) = xo(@)xo)V (ue(z) — uc(y))

and study
.T y7u£( )_ ua( $ ya ) U(y))
]éR o ZZ ez, % . |d+ps // |d+ps ’
(z,y)eBE x B¢ Yy
£<]|z—y| (z,y)EBxB
E<|z—y|
ZL’y,U()—U(y)) —ps
ZZ %% - d—&-psg %O@&pp)’
(z,y)eB* x B — |
lz—y|<€

where B = B(0) is an open ball around 0 that contains @ and B¢ := B N Z¢.

Step 1: We consider the lower semi-continuous extension g.(z,y) := max‘azj%ﬁj(ggi%}

to the set |z —y| < R. Moreover, since R > 2diam(Q), it holds V (u.(z) — u.(y)) = 0 if
|z| > 2R or |y| > 2R. Hence, the support of g. is a compact convex subset of |z —y| < R
and we infer from Theorem 29 that

e ez nge(a,y) = // g9(z,y)

i ==
where g(z,y) == Vi) —uw) = Gince the same arguments hold on the set lx —y| <&,

o~y TP, 475
the limit holds.
Step 2: Due to our assumption on R, we find |z — y| > R implies that at most one of
the points z,y lies in Q. Since u vanishes outside Q, we obtain by a symmetrization

1
I < ||V (uc(-) ZZ(,g+ng> Tips -
R<|z—y| |z =y
reQNZY
2 which is an ergodic variable with

For simplicity of notation, we write Cey 1= c%g + cy,
E(¢) = 2E(c). We denote R p == {z € Zd| < |z | < 2R} and reformulate I§ as

PR <
(3
IR_chfg |d+ps— Z Z f% ’
R<|z—y| —Y xGQﬂZd k=0 yGRk RTT -y
xeQNZE

d+ps ’
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which we estimate as

REYERTY @R Y
k—0

ze(14+k)QNZY lz—y|<2*T1R
S QI (R) (1 b Bl YO
k=0 (.9)€BG & r

where Bqirr = {(z,y) e R |z € (1+k)Q, |z —y| < 2R} and B, ; = Bouir N ZL.
. —1 - . .

Defining cg . := €2 |Bg 1.zl Z(m’y)e%’m Cz y we infer from Lemma [27] an estimate ¢y :=

Sup, j Crke < 00 and boundedness of

E(c
I5 < cgR ps/21|6_2|2—(38up (kaps/Q(l —|—]€)d) _

Step 3: Now let sup..,sup, ,czq % =: (' < 0o. In order to treat the remaining
term £, note that Assumption [3|implies uniform boundedness and lower semi-continuity of

the function 175(36, y) = % Furthermore, if either dist(x, Q) > £ or dist(y, Q) > &

then |z — y| < & implies V.(z,y) = 0. Hence we obtain

p
<7, B el

ze(2Q)NZ¢
|z— y|<£
<c, HVH ZZ éf% y|—d+p(1—8) :
z€(2Q)NZ¢
lz—y|<§
and follows from Lemma O

4.2 Proof of Theorems [ and [6-T7]

Most of the convergences below hold only almost surely. For simplicity, we will not mention
this in every single step. Also for simplicity of notation, we restrict to m = 1. We will only
prove Theorem [ Theorems can be proved in the same way replacing Theorem 20 by
the Embedding Theorems [2I] and

Proof of Part 1. Since R} f. — f weakly in L (Q), we find sup, || fc =gy < 0. Thus,
we find from the scaled young inequality for every ¢ > 0 some Cj such that

e felx

reQ”

< Null rey 1fellzrm @y < O llullirgey + Coll fellz gy »
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where 1 —|— -+ =1and r = 7—. Since r < p;, we find from Theorem [32| that

ol gy < sup | 3232 ez oD ) 4 2 Gt

( ) ZQd y‘ mGZd
Swm%mwa+wwwwm+cwmww@>
€

implying (for suitable choice of 0) boundedness of

520 x4 5 Gt

(z,y)ez2d y‘ zezd

In particular, we obtain that

- Ua(y))
= hIgl_)lglf Z Z p < 400

acy EZ2d y’

is bounded.

In case of Theorem {4l since @ is bounded and u. is 0 outside ), we can assume w.l.o.g.
that @ is cubic and hence a uniform extension domain. From Assumption [I] and Theorems
and [32| it follows that sup.. ||Riuc||;, < oo and the existence of u € L"(Q) such that
Riu. — u strongly in L"(Q) and pointwise a.e. along a subsequence ¢/ — 0. Furthermore,
for M € N we denote u} := max {—M, min {u., M}}, the function u. cut to values in the
interval [—M, M]. We then note that R:u} — uM strongly in L"(Q) and pointwise a.e.
Using this insight, we obtain using Lemma 36| that

Eo > hriglnfzz Ce, % (x) — uy(y))

d+ps
(2,y) EZZd - y|

M
// dfps (y)) dz dy
RdxRd y|

Since the above considerations hold for every M, we apply Fatou’s Lemma (resp. the mono-
tone convergence theorem by Beppo-Levi) and find

oM
// d+ ))dx dy < hmlnfE // (z) du (y)) drdy < E
y & Ré xRd y| +ps

Moreover, we have from Lemma [33| that

liminf Yo G(uc(r)) = de uc(z) > /R Glu(@))dz — / u(z)f(x) .

e—0 d
zeZd zeZd R
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Proof of Part 2
We first consider u € C}(Q). In this case, we set u.(z) = u(z) for z € Z2. From Lemma

we infer
. V (ue(x) — us(y // —u(y))
| e Ye Cay dxdy .
5%220576 |ZL‘— d+ps RixRA {L‘— |d+ps xrday

Y|

Now, let &,,(u) < oo with u(z) = 0 outside of Q, set go = 1. By Assumption [3 we find
u € WP(R?) and in particular, there exists a sequence u; € C}(Q) such that up — u in
WeP(R?). Moreover, since m < p; < p*, Lemma [34| yields [, G(ux) = [pa G(u) and hence

klglgo Ep,s(un) = Eps(u) -

From the above calculation, there exists ¢, > 0 such that for all e < ey, |&) 5. (ur) — &, s(ug)| <
|&,.s(w) — &(nk * u)| and in total

|6p.s,e(ur) = Eps(u)| < 2[6p5(u) — E (i x u)| .
Setting u® := uy, for all £ € [g441,¢), (O holds.

4.3 Proof of Theorem [5

Most of the convergences below hold only almost surely. For simplicity, we will not mention
this in every single step. Also for simplicity of notation, we restrict to m = 1. The proof
mostly follows the lines of Section However, as there are a few modifications due to the
non-boundedness of the domain, we provide the full proof for completeness.

Proof of Part 1. Since f € C.(R?), we chose some bounded domain @ such that f has its
support in Q. From here, we may follow the lines of Section [4.2] to obtain boundedness of

V (ue
523 e A 4 2 Gt

T
(z,y)€z2d | xeZd

In particular, we obtain that

- ua(y))
= lnan_)lglf Z Z Tips < 400

$ y)EZQd y’

is bounded.

Now, let m € N and consider B, := {z € R? : |z| <m}. From Assumption [I| and
Theorem [32[it follows that sup.., || R: uEHU ) < oo and the existence of u,, € L"(B,,) and
a subsequence €, such that R} u., — wuy,, as 5m — 0 strongly in L"(B,,) and pointwise a.e.
in B,,. Furthermore, for M € N we denote u} := max {—M, min {u., M}} and obtain using
Lemma 36 that

Eoozhmmf ZZ i% fﬂ)—Ué‘i(y))

e—0
z,y)EBE, X BE, y|

c)// e )dxdy
'm X Bm |x - y|
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Since the above considerations hold for every M, we apply Fatous Lemma (resp. the mono-
tone convergence theorem by Beppo-Levi) and find

M
// (tm (@) d+s< ))dxdy<hm1nf]E // (@) dfs(y))dxdy<E
m X Bm y| b m X Bm y| P

Using a Cantor argument, we infer the existence of a measurable u : R? — R such that
Riu.s — u pointwise a.e. along a subsequence ¢’ — 0 and the Fatou Lemma yields

u( ) // (U (2 ) U (V)
E dxdy <1l fE dzdy < Eo

Moreover, we have from Lemma [33| that

imin G(ue — e u(x)f(x) > G(u(z))dr — u(x)f(x).
IHOfxezg( () IGZZd (@) fe(z) = y (u(z))d /Rd()f()
Proof of Part 2

We first consider u € C}(Q). In this case, we set u.(z) = u(z) for z € Z2. From Lemma
we infer

: V (ue(z) — uc(y —u(y))

Now, let &, ,(u) < oo with u(z) = 0 outside of Q, set go = 1. By Assumption [3 we find
u € W*P(R?) and in particular, by Lemma [15| we infer uy = n * u — u in W*P(R%).
Moreover, Lemma [35| yields [, G(ny * u) = [z, G(u) and hence

kh_fgo Ep,s(un) = &ps(u) -

From the above calculation, there exists ¢, > 0 such that for all e < ey, |&) 5. (ur) — &, 5(ug)| <
|&,.s(w) — & (nk * u)| and in total

|Ep.s.e(ur) = Eps(u)] < 2[Eps(u) = & s+ w)] -

Setting u® := uy, for all £ € [g441,¢5), (O) holds.

A Proofs of Auxiliary results
A.1 Proof of Lemma
Lemma 37. Let u € WP(R?). Then

lim [|u(-) = u(- =R, = 0. (48)

h—0
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Proof. Tt is well known that

lim [lu(:) = u(- =) o gay = 0

and it only remains to show

lim [u(-) —u(- — h)]s’p — 0.

h—0

Suppose u € C2(R?) and let B be a ball that contains the support of u. We write u(z) :=
u(z —h) as well as f(x,y) = u(z) —u(y) and similarly f5(z,y). Since, for small h, f(z,y) =
frn(z,y) = 0 if both x,y &€ 2B, we observe that

— fulz,y)”
/ / y|ireP dady
Ra JRdA

Ifﬂs y) — fulz,y)] / / flz y — fulz,y)l
d dy + 2 dx dy
/ / d+sp RO\2B |d+sp
_ p
<2/ / Uh ) dJ(ry)vLuh( y)| dody.
R4 P

—y

For every ¢ > 0 the right-hand side can be split into an integral over
A§ = {<J;7y) P X e 2B7 |I—y| < 5}

and the complement. We find

[u(-) —u(- = h)],, < 27’“/A |un(2) — un(y)” + |u(z) — u(y)]”

o — |
— _ P
I B R R

R4\ 45 |z —y|"
The first integral can be estimated by
1

op+2 ||Vu|\£o/ —| |d+sp_p — opt2 ||VU||£O 2B |Sd—1| §r—sp

As [T —Y

The second integral converges to 0 as h — 0 as it is bounded by
P4 ||lu — uy|| — 0.

Hence, we have shown that limy, o [u(-) — u(- — h)], , < CP~ for every ¢ > 0, implying (4§ .
For arbitrary u € W#P(R?) the lemma follows from a standard approximation argument. [J

Remark 38. Via the triangle inequality, the last lemma implies that i — |lu(-) — u(- = h)|[,,
is continuous:

[u() = u- = ho)ll,, = lu) = ul- = o)l | < flu- = ha) —u(- = ho)ll,,
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Proof of Lemma[15 First note that it is well known that
e oy < lull oy and T s — gy = 0
and it only remains to show
wendy, <[, and i fusn -], =0.

The inequality can be easily verified from the fact that

/ / | fa (i (2 :r—z)—m(z)u(y—z))dz\pdxdy

| y|d+sp

p
ulr —z2) —u(y — 2
<||77k||i/1de / (2 // dJ(r‘Zp ) dx dy dz
Rre JRd —y

)|p dxd
.. d+sp Y.

The limit behavior follows from Lemma 37, Remark [38 and the following calculation:

// [ Jga (1e(2 x—z)—u( ) = me(2) (uly — 2) — u(y))) dz]’

y’d+sp

u(x —2) —u(@) —uly — 2) +uly)”
< Hﬁk”y Rd)/ (2 /Rd/Rd o _y|d+sp drdydz

dz dy

< Il [ o) ) = - = ), 02

—0 ask — 0.

A.2 Proof of Remark

The remark is a consequence of the following lemma.

Lemma 39. Let ¢ € CH(RY). Then for everye >0, p € (1,00), s € (0,1) and u € W*P(Z2)
it holds pu € W*P(Z2) and there exists some C' > 0 which does not depend on e such that

lpullspe < Cllull e lelloyeay - (49)
Proof. Writing d; (x,y) == |f(x) — f(y)|, we first observe that

Ou ) 6y 0y (T, _
Z Z . xd%—ps — Z Z |u | x y +d+p(sm y) |(p(y)|5u<ﬂ (x’y>p ' .

zeZd yEZd zeZd yezd y|
Let B(z) := {y € RY : |z —y| < 1} with complement Bt(z). Then, for every = € Z? we find
dy (2,y)" [Vells, lll2
E |(£ . |d+p8 = E |:13 . |d+P8*p + Z | o |d+P8
yers y yeB(x)NZE y yeBb(z)nzd y

< C(IVells + llells) -
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Furthermore, note that

5o 3o WAt G

z€Z? yezd

5, (@) \" rau z,y)|
< E |U(ZL')| E |l‘§0— y|d+ps Z e d+ps

zezd yezd yEZd

‘511 my
C(IVellZ + lel%) el 1oz, ZZ T

x€Z¢ yEZd

as well as
p—1
(z,y) |s0 )| 1 I5u x y
3o Z T 0w ()" < Hlell% [l | De Z T
zezd yezd - zezd yeZd
Hence we obtain (49). O

A.3 Proof of Theorem

We prove Theorem after three auxiliary lemmas. The first lemma is an equivalent to
Lemma 6.1 in [9).

Lemma 40. Let 1 < p < o0, s € (0,1). There ezists C' depending only on s, p and d such

that
2

yeEtnzd

_ > C‘E‘ sp/d
_y|d+p

for every e > 0, every x € Z% and every measurable set E C RY with finite measure.

Proof. Let p := 2da (|E|E)%, where |E|. = ¢ {ENZI}, see the beginning of Section
Then, for every p > p we find |Bj;(x)|. > |E|, and hence

|EE 01 By(@)| = 1Bs(@), — 1B By(@)l, = 1B, — |EN By(a)l,

> )E N BY(x)

€
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Hence, we infer that

1 1 1
Z,x_—dm—g—dm+2,x_—d+sp

yeESNzZd vl yeESNB;(x) |2~y yeEnBY(z) i
‘EE N B,;(a:)|€ Z 1
T il ™
|EN BE(Z‘)‘E E 1
=T = 7 — g
> Y ot Y oy
ye ENBY(z) |2 =yl yeESnBL(z) |z~
-3 1
yeBi(x) == y|d+SP

Next, we consider cells C.(2) := z+¢e(—3,3), z € Z2\{0}. On each of these cells, we want to

estimate the ratio between the maximal and the minimal value of the function f(y) = |y|~475.
Due to the polynomial decay of this function, the closer one of the cells C.(2) lies next to 0,
the higher will be the ratio in f. The biggest value that f can attain on R¥\C.(0) is e~¢7P5.
Furthermore, all neighboring cells to C.(0) lie within the cube (—2¢,2¢) and the minimal

—d—sp
value of f is on this domain is the value of f is (%dée) . Hence we obtain

-1 —d—

o o d+sp (3 P —d—sp
e it s )2 (5) (Gate) = (sat)
2€Z23\{0} y€C:(2) y€Ce(2) 2 2

and we conclude that

1 1 1\ —d—sp 1
Es —_— > Ee _ > <3d3> / —dy
d+sp d+sp yEBg(z) |ZE d+sp

yertz € Yl Je B ) [z =yl — |

Now the theorem follows from integration using polar coordinates. O

Lemma 41 ([9, Lemma 6.2]). Let s € (0,1) and p € [1,00) be such that sp < d. Fiz T > 1
and let N € 7, and

ay be a non-increasing sequence such that ap =0 for every k > N .

Then,
Z a,(cd_SP)/di <C Z ak+1alzsp/di :

keZ k€Z, ar#0

for a suitable constant C' = C(d, s,p,T), independent of N.

We are now in the position to prove the following variant of [9], Lemma 6.3.
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Lemma 42. Let s € (0,1) and p € [1,00) be such that sp < d. Let f € L>®(Z%) be compactly
supported. For any k € 7Z let

= |{If1>2"}].
Then,
f(z oy
zz' s 03 wrop 0
x€Zd yezd arp7#0

for some suitable constant C' = C(d, s,p) > 0, which depends not on ¢.

Proof. We first emphasize that ||f(z)| — |f(v)|| < |f(xz) — f(y)| and hence we only consider
f >0, possibly replacing f by |f|.
We define

Ap={f>2"} with Apy C A,
g ::’{f>2k}} with a1 < ag.
We define
Dy := A\Agy1 = {2k+1 > f> Qk} and dy := |Dy| with
dj and ay are bounded and they become zero when k is large enough,

since f is bounded. We define D_,, = {f = 0} and further observe that the sets Dy are
mutually disjoint and

DU |J D=4}, U D= 4. (50)

1€Z,1<k IEZ,I>k
As a consequence, we have

ak:Zdl, dk:ak—Zdl. (51)
=k

I=k+1

The first equality implies that the series ), d; are convergent. For convenience of notation,
in the following we write for arbitrary expressions g(y)

S e = X o 2o

j=—oo yeD; YeED o leZ y€D;

Now, we fix i € Z and « € D;. For every j € Z, j <1 — 2 and every y € D; we have
[f(@) = fy)| 22" =27 22" =2 =2

and hence by the first equality in (50 it holds

zz‘f dﬂp_“zz

j=—o0 yeD; j=—o0 yeD;

, 1
p(i—1) E e
> 2 ° |{L‘ __, |d+sp T
yeAl
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Therefore, by Lemma there exists a constant ¢y such that for every ¢ € Z and every
x € D; it holds

S \f y)” d
i —S
€ d+sp > co2a; "
=—o00 yeD;
p
and zzz“ Rz e,

j=—ocyeDjzeD;
Summing up the last inequality over ¢ € Z we have on one side

DIDDD O DU P S (T

i€Z j=—ocoyeD;xeD; lEZ,a;_17#0
a;—17#0

implying S to be bounded, and on the other hand, using , we have

zzzz“ 2

1€L j=—oo yeDjxeD;

a;—17#0
>0 ) (27” Ca -y 2piai‘sf/ddl> , (53)
i€Z l=i+1
a;—17#0

where we estimate the second sum by S through

i —sp/d ; —sp/d
SN e g = YT N oria Y,
1€EZ IEZL €L IEZ
a; 170 1>i+1 a;_17#0 1>i+1

a;_1d;#0

§ : z : i, —sp/d
i€Z €T
I>i+1

a;_1#0

_ Z Z 2pz 7sp/d

I€Z i€l
aj_1#£0i<l—1

MY oria P < S

I€Z i€z
a117£0i<l—1

IN

Using the last estimate in (53]), we obtain

Z Z Z Z ’f d+sp 2 Co Z 2pia;—s{)/dai - COS

€L j=—ooyeD;jxeD; 1€EZ
a;—17#0 a;—170
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and using estimate (52)) we find upon relabeling ¢y that
|f ’p % sp/d
)IID DD BP R IO d+sp > ), Yo
i€Z j=—ooyeDjxeD; 1EZ
a;—17#0 a;—17#0
On the other hand, it clearly holds that
|f If
O S ez W =D S 3P vh nEicE= (01 d+sp
yGZd erd 1€Z O]——oo yeD; xeD;
a;—1
and hence the lemma follows. O]

We are now in the position to prove the first Sobolev theorem.

Proof of Theorem [18 It suffices to prove the claim for

,ps_zzu d+ps <OO

xeZd yezd

and for f € L>*(Z%). Indeed, for arbitrary f € W*P(Z2), with fy := max{—N,min {N, f}}

we obtain that

J\P—{noo Z Z |fN d+ps Z Z ‘f d+ps

zcZ% yezd x€Z4 yezd

due to the dominated convergence theorem and pointwise convergence fy — f.

We recall the definitions

= H\f| > Qk}‘ with  apq < ag

from the proof of Lemma [{2] and obtain

Wy =22 D2 @<y Yo 27 <3 2%

keZ :EEAk\AkJrl keZ xeAk\AkJrl keZ

Using p/p* = (d — sp)/d =1 — sp/d < 1 we can conclude with Lemma 41| that

P
*

P
* d—sp)/d
Wy <2 (S20) <2 Sampe

keZ keZ

—sp

SCE 2" ay 10,
kEZ
arp#0

Berlin 2018



F. Flegel, M. Heida 38

It only remains to apply Lemma[42] and relabeling the constant C' to find in case ¢ = p*.
In case ¢ = Op+ (1 —0)p*, 0 € (0,1), we obtain from Holder’s inequality and the case ¢ = p*
that

[ 1-6
S 1F@) = e 1F@I 1f @) < [ D 1@ | | e [f@)f
zezd zezd zezd zeZd
= 1% iy 1N S ey < P15y LIS 2 < AU, IS 27 = AN

A.4 Proof of Theorem 20

Proof. Since Q is a uniform extension domain, the family RIu® is precompact if and only
it R:€.u® is compact, where we recall the operator & from Definition We will apply
the Frechet-Kolmogorov(-Riesz) theorem to prove compactness of RXE.us. More precisely, it
suffices to verify the following three properties:

Sup IREEu || pagay < 00, lim Sup [REEA| pagga Broy) = 0 (54)
lim sup [|RZEu(+) — RiEu (- + h)|[ poray = 0. (55)
|| =0 >0

Note that the conditions in are satisfied due to Theorem [18 and Remark [I7, Thus, it
only remains to show ().
For h € RY we write 7,u(x) := u(z + h), whenever this is well defined. Moreover, for
every € > () we define
1/p

lullye = | e lu(@)”

z€Zd

We first prove the Theorem in case ¢ = p. Let h € Z¢ and n := 10h. We define B, . :=
{yeZ: |yl <|nl} and B, := {y e R : |y| <|n|}. Since h € Z we always have n > 10e
and hence we have

Byl 1B,
Cp:= £ 1 <
B “m<|B|*WBWL e

and
Cp = sup E |y|(d+198)/(p—1) / (/ |y|(d+p8)/(p—1) dy) < 400
en YyEDBy ¢ n

We find

-1
= il < 1Byl Do (llu =l + lime = myull, )
YEBy e
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In order to estimate the right-hand side, we apply Hdélder’s inequality and obtain

p—1

p

[l = Tyully .
| |d+ps

E ’y‘(dJrPS)/(pfl)

YEBn,e

e, Mlu=mul,. < | Do

YEBy « yEBy,c

D) —ule )\
DD BEC L C
y€By,c zenzg ’| B

= Cllullwenizg) 1Byl Inl”

3 |

p—1

|y|(d+p8)/(p—1) dy)

IA

n

Also with By, (h) :={y € Z2 : |y — h| < 2|n|} we get from Hélder’s inequality

v p=1
I — Tyul?_\ " ] N\
Dz, lImwu—mull, < | Qe e Se |y — hfl ey
y€Bn.e YyE€By .« |y-_ ‘ YEBy «
p—1
P
< Cllwlweras | Doy =Y
yEBZU,E(h)
— 9d+ps HUHWS»P(Zg) ’Bn| ’77‘8
This implies
lu = hull e < C llullygnczs 111 - (56)

Now, let C. := [—¢,e]? be the cube of size ¢ and let . € RN\C.. Further, let ZZ, :=
{zeZi: (24 C)N(h+C.) # 0} and forevery z € Z¢, let V(z,h) = |(z + C.) N (h + C)|.
Then we find

IRz — T REull gy < D V(2 h) [|REu = 7R 1y sy

zGZih
= Z V(z, h)HU_Tzu“LP(Zg)
zEZd
(688)
<C Z V(z, h) [Jullyes Zd)|Z|
zEZg
<C Y V() ullyesgg 1201°
zEZih

< Cllullyenzg 1B
Now, let h € C.. Like above, we obtain

IR~ Rl oy < C Y V() sz 121°

d
ZeZ@h
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However, this time we find V(z, h) — 0 uniformly and linearly in |h| — 0. Hence, we have

h* if h € RI\C.

Riw— Rl yma < C
IRe = mRetlse < {|h| ithecC.

Since C' does not depend on ¢, we infer

\h|> if |h] > 1

. 57
B i B <1 (57)

[REu — ThR:uHLp(Rd) <C {

This implies in case p = q. i
In case ¢ < p, we use Remark L7/ and let @ denote the common support of & u®. We then
obtain by Holder’s inequality

P—gq

~ | =/ q
|R:Eu" — Tthgeug"LQ(Rd) < ‘Q ' |REEu® — ThRZ&UEHEP(Rd) )

and hence compactness by (57).
In case ¢ € (p,p*) we use the same trick as in the proof of Theorem we have for
f=u—mu and for ¢ = 0p + (1 — 0)p* that

9 1—0)p*
S (= m) @)1 < llu = Tl ey 1w — mal 5087

TEQ*®
and hence follows from Theorem and . ]
References

[1] R.A. Adams. Sobolev spaces. Academic Press, New York, 1975.

|2| P. Bella, B. Fehrman, J. Fischer, and F. Otto. Stochastic homogenization of linear ellip-
tic equations: Higher-order error estimates in weak norms via second-order correctors.
SIAM Journal on Mathematical Analysis, 49(6):4658-4703, 2017.

[3] M. Biskup. Recent progress on the random conductance model. Probab. Surv., 8:294—
373, 2011.

[4] D. Boivin and J. Depauw. Spectral homogenization of reversible random walks on Z% in
a random environment. Stochastic Process. Appl., 104(1):29-56, 2003.

[5] J.-P. Bouchaud and A. Georges. Anomalous diffusion in disordered media: statistical
mechanisms, models and physical applications. Phys. Rep., 195(4-5):127-293, 1990.

|6] X. Chen, T. Kumagai, and J. Wang. Random conductance models with stable-like jumps
i: Quenched invariance principle. arXiv preprint arXiv:1805.04344, 2018.

[7] G. Dal Maso. An introduction to T'-convergence. Progress in Nonlinear Differential
Equations and their Applications, 8. Birkhduser Boston, Inc., Boston, MA, 1993.

Berlin 2018



Fractional p-Laplacian emerging from homogenization 41

18]

19]

[10]

[11]

[12]

13

[14]

[15]

[16]

[17]

18]

[19]

20]

21

[22]

D.J. Daley and D. Vere-Jones. An Introduction to the Theory of Point Processes.
Springer-Verlag New York, 1988.

E. Di Nezza, G. Palatucci, and E. Valdinoci. Hitchhiker’s guide to the fractional Sobolev
spaces. Bull. Sci. Math., 136(5):521-573, 2012.

F. Flegel, M. Heida, and M. Slowik. Homogenization theory for a class of random walks
among degenerate ergodic weights with long-range jumps. accepted by AIHP B, 2018.

M. Heida. On convergences of the squareroot approximation scheme to the Fokker—
Planck operator. Mathematical Models and Methods in Applied Sciences, 2018.

A. Tannizzotto, S. Liu, K. Perera, and M. Squassina. Existence results for fractional p-
laplacian problems via morse theory. Advances in Calculus of Variations, 9(2):101-125,
2016.

V. V. Jikov, S. M. Kozlov, and O. A. Oleinik. Homogenization of differential operators
and integral functionals. Springer-Verlag, Berlin, 1994. Translated from the Russian by
G. A. Yosifian |G. A. Tosif'yan].

M. Kassmann, A. Piatnitski, and E. Zhizhina. Homogenization of 1évy-type operators
with oscillating coefficients. arXiv preprint arXiv:1807.04371, 2018.

SM Kozlov. Averaging of difference schemes. Mathematics of the USSR-Sbornik,
57(2):351, 1987.

R. Kiinnemann. The diffusion limit for reversible jump processes onzd with ergodic
random bond conductivities. Communications in Mathematical Physics, 90(1):27-68,
1983.

M. Kwasnicki. Ten equivalent definitions of the fractional laplace operator. Fractional
Calculus and Applied Analysis, 20(1):7-51, 2017.

S. Neukamm, M. Schéffner, and A. Schléomerkemper. Stochastic homogenization of
nonconvex discrete energies with degenerate growth. SIAM Journal on Mathematical
Analysis, 49(3):1761-1809, 2017.

G. C. Papanicolaou and S. R. S. Varadhan. Boundary value problems with rapidly
oscillating random coefficients. In Random fields, Vol. I, Il (Esztergom, 1979), volume 27
of Collog. Math. Soc. Jinos Bolyai, pages 835-873. North-Holland, Amsterdam-New
York, 1981.

A. Piatnitski and E. Zhizhina. Periodic homogenization of nonlocal operators with a
convolution-type kernel. STAM Journal on Mathematical Analysis, 49(1):64-81, 2017.

A. Piatnitski and E. Zhizhina. Stochastic homogenization of convolution type operators.
arXiv preprint arXiw:1806.00995, 2018.

A. A. Tempel’man. Ergodic theorems for general dynamical systems. Trudy Moskovskogo
Matematicheskogo Obshchestva, 26:95-132, 1972.

Berlin 2018



F. Flegel, M. Heida 42

[23] H. Triebel. Interpolation theory, function spaces, differential operators. Johann Ambro-
sius Barth, Heidelberg, second edition, 1995.

Berlin 2018


https://www.researchgate.net/publication/332439540

	Introduction
	Main results 
	Homogenization of the global energy Ep,s, 
	Homogenization of the local energy Ep,s,,bold0mu mumu QQFHS2018RCMQQQQ 
	Application to the (spectral) homogenization of the fractional Laplace operator

	Preliminaries
	Discrete and continuous Sobolev–Slobodeckij spaces
	Proof of Theorems 21 and 22 
	Dynamical systems
	Weighted discrete Sobolev–Slobodeckij spaces

	Proof of Theorems 4 to 7
	Auxiliary Lemmas
	Proof of Theorems 4 and 6–7
	Proof of Theorem 5

	Proofs of Auxiliary results
	Proof of Lemma 15
	Proof of Remark 17
	Proof of Theorem 18
	Proof of Theorem 20


