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A fundamental problem in molecular dynamics is the relation between the frequency-dependent
friction of a molecule in a liquid and the underlying hydrodynamic equations. We investigate this
connection for the case of a water molecule moving in liquid water using all-atomistic molecular dy-
namics simulations and linear hydrodynamic theory. For this we calculate the frequency-dependent
friction of a sphere with finite surface slip moving in a non-Newtonian compressible fluid by solving
the linear transient Stokes equation, including frequency-dependent shear and volume viscosities,
which are determined from MD simulations of bulk liquid water. We investigate in detail the in-
fluence of the volume viscosity on the sphere friction and find that the high-frequency decay of
the volume viscosity crucially influences the friction. We also determine the frequency-dependent
friction of a single water molecule moving in liquid water, as defined by the generalized Langevin
equation, from MD simulation trajectories. By fitting the effective sphere radius and the slip length
in the solution of the Stokes equation, the two frequency-dependent frictions are shown to agree well.
This shows that the transient Stokes equation describes the frequency-dependent friction of a single
water molecule in liquid water and thus applies down to molecular length and time scales, provided
accurate frequency-dependent viscosities are used. In particular the pronounced maximum of the
sphere friction around 7 THz is shown to be caused by a pronounced maximum of the shear viscosity
at the same frequency. We also find non-negligible slip effects for the motion of a water molecule, in
quantitative agreement with a recent study of the translational and rotational diffusion of a water
molecule in liquid water. For a methane molecule moving in water, the friction function cannot
be predicted based on our simple hydrodynamic model, which suggests that a methane molecule is
surrounded by a hydration layer with viscous properties that are very different from bulk water.
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I. INTRODUCTION

The friction force acting on a solute molecule in a liq-
uid environment exhibits a delayed non-Markovian re-
sponse due to the finite relaxation time of the solvating
liquid degrees of freedom [1–4]. Such memory effects oc-
cur on time scales that range between sub-picoseconds
up to microseconds and even seconds, depending on the
type and complexity of the system [5–9]. Including time-
or frequency-dependent friction in an appropriate the-
oretical framework allows for the accurate modeling of
macromolecular dynamics in liquid environments [10, 11]
and for the proper viscoelastic description of soft matter
[12–14]. An important issue is the connection between
the macroscopic hydrodynamic equations and the mi-
croscopic friction acting on a particle or a molecule in
a fluid. Numerous studies investigated this connection
by comparing the friction acting on a particle, as de-
scribed by the generalized Langevin equation, with the
friction obtained by solving the fluid flow around a spher-
ical particle using hydrodynamic equations [15–24]. Pi-
oneering work in this direction was done by Zwanzig et
al. [25] and later by Metiu et al. [26], who obtained
the time- or frequency-dependent friction by solving the
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linearized Stokes equation for a spherical particle in the
presence of a frequency-dependent shear viscosity, which
was described by a Maxwell model with a single relax-
ation time. Since a considerable discrepancy between the
friction obtained from the solution of the Stokes equa-
tion and the friction derived from the velocity autocorre-
lations obtained in molecular dynamics simulations was
found, especially at high frequencies, it was concluded
that hydrodynamic theory does not work on molecular
time and length scales. In fact, a critical limitation in
that comparison is that a Maxwell model with a single
relaxation time was used for the shear viscosity in the
solution of the Stokes equation. However, viscosity spec-
tra measured in experiments [27, 28] and extracted from
molecular dynamics (MD) simulations of water [29–31],
indicate pronounced deviations from a simple Maxwell
model, especially at high frequencies in the THz regime.
This is the frequency range where deviations between the
friction from hydrodynamic predictions and from molec-
ular simulation were found, so that it is not clear whether
hydrodynamic theory breaks down or whether an inap-
propriate model for the shear viscosity was used.

In the present work, we reconsider the connection be-
tween macroscopic hydrodynamics and the microscopic
friction acting on a single water molecule in a liquid wa-
ter environment. For this, we first derive the frequency-
dependent friction acting on a sphere using the linearized
Stokes equation using frequency-dependent shear and
volume viscosities, finite compressibility and a finite sur-
face slip [32]. In contrast to previous work [22, 24, 26],
we do not use a phenomenological Maxwell model for
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the shear viscosity but rather use frequency-dependent
shear and volume viscosities extracted from MD sim-
ulations. We in detail investigate the influence of the
frequency-dependence of the volume viscosity on the fric-
tion function at high frequencies. We compare the fric-
tion from the Stokes equation with the friction extracted
from MD simulations of a freely moving water molecule
in liquid water using the framework of the generalized
Langevin equation. Using the surface slip parameter and
the sphere radius that appear in the hydrodynamic pre-
diction of the friction as free fit parameters, we find that
the friction of a water molecule extracted directly from
MD simulations is in good agreement with the hydro-
dynamic predictions. This establishes the long-sought
link between macroscopic hydrodynamics and the fric-
tion of a molecule in a fluid. It turns out the macroscopic
shear viscosity shows pronounced multi-mode behavior as
a function of frequency and thus cannot be described by
a Maxwell model with a single relaxation time, which ex-
plains why previous attempts to derive molecular friction
from hydrodynamic theory failed. The fitted radius and
slip length obtained from our comparison agree with re-
cent results from MD simulations of the translational and
rotational diffusivities of a water molecule in liquid wa-
ter, which demonstrates that our approach is physically
sound. We thus find that the macroscopic hydrodynamic
equations work surprisingly well down to molecular time
and spatial scales for homogeneous liquids, i.e. if one
considers the motion of a single water molecule embed-
ded in liquid water. However, we also observe that the
friction of methane in liquid water cannot be described by
hydrodynamic theory using liquid water shear and vol-
ume viscosities. This indicates that for inhomogeneous
liquids, i.e. for the motion of a molecule that differs from
the surrounding liquid, the simple hydrodynamic model
has to be generalized in order to account for the modi-
fied viscosity of the solvation layer around a moving host
molecule.

II. THEORY

A. Friction of a Sphere from Hydrodynamic
Theory

A general expression for the friction of a sphere in a
liquid is derived by using the fundamental equations of
hydrodynamics [33–35]. The Navier-Stokes equation, i.e.
the equation for local momentum conservation reads

∂ρ(~r, t)vi(~r, t)

∂t
+∇j ρ(~r, t)vi(~r, t)vj(~r, t) (1)

= Fi(~r, t)+∇jσij(~r, t),

where i, j ∈ {x, y, z}. The density ρ, the velocity vi, and
the volume force Fi are functions of time t and position ~r.
The symmetric stress tensor σij(~r, t) consists of diagonal
pressure contributions and components that depend on

velocity gradients, i.e. ∇jvi(~r, t) [31, 36–38]. For a linear,
homogeneous, isotropic compressible fluid it is given by

σij(~r, t) =−P (~r, t)δij (2)

+

∫ ∫ [
η(|~r′|, t′)

(
∇ivj(~r − ~r′, t− t′)

+∇jvi(~r − ~r′, t− t′)
)

+δij

(
ζ(|~r′|, t′)−2

3
η(|~r′|, t′)

)
∇kvk(~r − ~r′, t− t′)

]
d~r′dt′,

where P (~r, t) is the pressure, and η and ζ are the shear
and volume viscosity kernels, which we assume to be
time- and space-dependent. If the viscosity kernels de-
cay on length- and time scales that are small compared
to those on which ∇jvi(~r, t) varies, one can approximate
the stress tensor in Eq. 2 as

σij(~r, t) ≈−P (~r, t)δij + ζ0δij∇kvk(~r, t) (3)

+η0

(
∇ivj(~r, t) +∇jvi(~r, t)−

2

3
δij∇kvk(~r, t)

)
,

where η0 and ζ0 are the time- and space-independent
viscosities

η0 =

∫ ∫
η(|~r′|, t′)d~r′dt′, (4)

ζ0 =

∫ ∫
ζ(|~r′|, t′)d~r′dt′. (5)

We define a fluid with a stress tensor given by Eq. 3 as
a Newtonian fluid, and we will explicitly consider non-
Newtonian fluids in this work.
If we neglect the non-linear term (second term on the
left-hand side in Eq. 1) in the Navier-Stokes equation,
which is justified for low Reynolds numbers, and use the
the expression of the stress tensor in Eq. 2, we arrive at
the linear transient Stokes equation

ρ(~r, t)
∂vi(~r, t)

∂t
= Fi(~r, t)−∇iP (~r, t) (6)

+

∫ ∫ (1

3
η(|~r′|, t′)+ζ(|~r′|, t′)

)
∇i∇kvk(~r − ~r′, t− t′)d~r′dt′

+

∫ ∫
η(|~r′|, t′)∇k∇kvi(~r − ~r′, t− t′)d~r′dt′.

The volume viscosity ζ(t) quantifies a fluid’s response
to compression [39] and is crucial for describing pro-
cesses such as sound propagation or shock waves [30],
and can be calculated from the autocorrelation of in-
stantaneous pressure fluctuations. On the other hand,
the shear viscosity η(t) is calculated from the autocorre-
lation of the trace-less stress tensor. Often, the volume
viscosity is neglected, which corresponds to the Stokes
hypothesis, which states that the volume viscosity is de-
fined as ζ = λ′+2η/3, where λ′ is the so-called Lamé fac-
tor [40, 41]. Specifically, Stokes postulated λ′ = −2η/3
and hence ζ = 0. However, in previous simulations and
experiments, it was found that the volume viscosity for
water is non-negligible and can even be greater than
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the shear viscosity [42]. Thus, we explicitly consider a
non-vanishing volume viscosity. The Stokes equation in
Eq. 6 can be analytically solved by calculating its Green’s
function. From the Green’s function, we can construct
the frequency-dependent friction of a sphere, Γ̃hyd(ω), a
complex-valued function encoding the macroscopic fluid’s
stress response to a small, oscillatory sphere motion

δijΓ̃
hyd(ω) =

F̃ spi (ω)

Ṽ spj (ω)
, (7)

where Ṽ sp
j (ω) is the frequency-dependent velocity of

the sphere and F̃ spi (ω) is the hydrodynamic force act-
ing on the sphere. We define the spatial and tem-
poral Fourier transformation (FT) of a function f as

f(~r, t) = (2π)−4
∫
dωd3k f̃(~k, ω)ei(kiri+ωt). The friction

function of a spherical particle is given by

Γ̃hyd(ω) =
4πη̃(ω)aW

3

{
(1 + λ̂)(9 + 9α̂+ α̂2)(1 + 2b̂)

+(1 + α̂)[2λ̂2(1 + 2b̂) + b̂α̂2(1 + λ̂)]
}
. (8)

where a is the spherical radius and W is given by

W = (2+2λ̂+λ̂2)(1+b̂(3+α̂))+(1+α̂)(1+2b̂)λ̂2/α̂2. (9)

In Appendix A, we show the derivation of Eq. 8, in
the presence of a finite slip at the spherical surface, de-

scribed by the dimensionless slip length, b̂ = b/a. The

dimensionless decay constants α̂ = aα and λ̂ = aλ are
defined by

α2(ω) = iωρ0/η̃(ω), (10)

and

λ2(ω) =
iωρ0

4η̃(ω)/3 + ζ̃(ω)− iρ0c2/ω
, (11)

where c is the speed of sound. From Eq. 8-11, we see that
there is a direct relationship between the friction Γ̃hyd(ω)

and the shear and volume viscosities η̃(ω) and ζ̃(ω). The

low- and high-frequency behavior of Γ̃hyd is therefore fun-
damentally determined by the frequency-dependence of
both viscosities. In Appendix B, we discuss the behavior
of the sphere friction for frequency-independent viscosi-
ties. In the main part of this work, however, we deal with
frequency-dependent viscosities.

B. Particle Friction From the Generalized
Langevin Equation

For a particle with mass m, the dynamics can be
described by the generalized Langevin equation (GLE)
[1, 2, 8]

m~̈x(t) = −~∇U [~x(t)]−
∫ ∞
0

dt′Γ(t−t′)~̇x(t′)+ ~FR(t), (12)

where −∇U [~x(t)] is the force due to a potential, Γ(t)
the friction function, often called the memory kernel, and
~FR(t) the random force, which can be assumed to follow a
stationary Gaussian process with zero mean and variance

〈~FR(t)~FTR (t′)〉 = kBT Γ(|t− t′|)I, (13)

where I is the identity matrix, kBT the thermal energy
with the Boltzmann constant kB and the absolute tem-
perature T . The static friction between the particle with
its environment γ0 is determined by the integral of the
memory kernel, i.e. γ0 =

∫∞
0

Γ(t)dt.
We assume isotropic fluids and thus consider only one
component of the particle motion i.e. ~x(t) ≡ x(t). In
Fourier space and for ∇U = 0, the GLE in Eq. 12 reads

ṽ(ω) =
F̃R(ω)

Γ̃+(ω) + iωm
, (14)

where we use the single-sided memory function Γ+(t) =
Γ(t) for t ≥ 0, and Γ+(t) = 0 for t < 0. In Appendix
C, we show by calculating the fluid momentum outside
a moving sphere from the transient Stokes equation in
Eq. 6 that the hydrodynamic friction Γ̃hyd(ω) in Eq. 8
does not include inertial effects inside the sphere. Thus,
by comparing Eqs. 7 and Eq. 14 we can conclude that
Γ̃hyd(ω) and Γ̃+(ω) describe the friction response of the
fluid surrounding the sphere and therefore can be directly
compared to each other.

III. RESULTS AND DISCUSSION

A. Friction of a Single Water Molecule from MD
Simulations

We analyze MD simulations for the SPC/E and
TIP4P/2005 water models (see Appendix D for simu-
lation details). Specifically, we extract memory kernels
from the motion of a water molecule in pure liquid wa-
ter, for the force-free case, i.e. ∇U = 0, in Eq. 12 (see
Appendix E for the procedure).
In fig. 1 (A), we show the extracted memory kernel Γ(t)
of a water molecule in water for both water models, which
differ only marginally and show exponential decays and
oscillations, indicative of dissipative effects at different
time scales [43]. In fig. 1 (B,C), we show the computed
real and imaginary single-sided Fourier transformation
of the memory kernels Γ̃+(ω), obtained by fast Fourier
transformation (FFT). We fit the memory kernels by a
sum of five exponential-oscillatory functions

Γ+(t) =Θ(t)
{ V∑
j=I

γ0,jτn,j
τ2o,j

e−t/2τn,j
[ 1

κj
sin
( κj

2τn,j
t
)

+cos
( κj

2τn,j
t
)]}

, (15)
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FIG. 1. Extracted memory kernels Γ(t) of a single water molecule in water from MD simulations of SPC/E and TIP4P/2005
water. A: Memory kernel in the time domain with fits according to Eq. 15 and the fitting parameters in tab. I (Appendix H).
B, C: Real and imaginary parts of the memory kernel in the frequency domain with fits according to Eq. 16. D - F: Individual
fitting components according to Eqs. 15 and 16 for the SPC/E water model.

or in frequency domain

Γ̃+(ω) =

V∑
j=I

γ0,j
1− iωτn,j

1− iωτ2o,j/τn,j − ω2τ2o,j
, (16)

where κj =
√

4(τn,j/τo,j)2 − 1. These memory functions
can be derived from the Hamilton equations of motion
[44, 45], for a reaction coordinate x(t) with mass m that
is linearly coupled to an auxiliary coordinate y(t) with
mass my (see Appendix F). Depending on κ, the mem-
ory kernel displays a single-exponential decay with oscil-
lations (finite real part of κ), or is a sum of two exponen-
tial decays (imaginary κ). A single-exponential memory
kernel, i.e. Γ+(t) = Θ(t)(γ0/τ)e−t/τ with decay constant
τ follows from the exponential-oscillatory memory ker-
nel in Eq. 15 in the mass-less limit, i.e. my → 0 (see
Appendix G). In fig. 1 (A, B, C), we show the best fit
for the MD data of the two water models (dashed lines).
The fitting values are given in tab. I in Appendix H, the
fitting algorithm is described in Appendix I. We observe
good agreement between the data and the fitting model
over several orders in the time and the frequency domain.
The components I and V are overdamped (imaginary κ),
where component V covers the long-time decay of the
memory kernel (see fig. 1 (D, E, F)). In addition, we ob-
serve three underdamped, oscillating components II-IV.
For high frequencies, the real part of a exponential-

oscillatory memory kernel in Eq. 16 decays as ∼ 1/ω4

and the imaginary part as ∼ 1/ω. We discuss discrepan-
cies of the high-frequency behavior between the memory
kernel extracted from the MD simulation and the fit func-
tion in Eq. 15 in Appendix J and K, where we show that
the high-frequency behavior of the data can be described
by memory kernels with exponential or Gaussian high-
frequency scaling. The calculated steady-state friction

coefficients γ0 obtained from the fits (γ0 =
∑V
j=I γ0,j

= 1.57·10−12 kg/s for SPC/E and 1.87·10−12 kg/s for
TIP4P/2005) are in good agreement with previous MD
simulation results (1.53·10−12 kg/s at 300 K for SPC/E
[8] and 1.87·10−12 kg/s at 300 K for TIP4P/2005 [46]),
and are identical to the plateau values of the running inte-
gral of the memory kernels (see Appendix L). Our result
for the friction coefficient of TIP4P/2005 water is also
in good agreement with experimental results at 298.15 K
which are between 1.79·10−12 kg/s [47] and 1.85·10−12

kg/s [48].

B. Frequency-Dependent Shear and Volume
Viscosities

The Newtonian fluid as defined in Eq. 3 is a standard
model to describe large-scale and long-time hydrodynam-
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FIG. 2. Extracted shear viscosity η(t) from MD simulations of SPC/E and TIP4P/2005 water. A: Shear viscosity in the
time domain with fits according to Eq. 17 and fitting parameters in tab. II (Appendix H). B, C: Real and imaginary parts of
the shear viscosity in the frequency domain with fits according to Eq. 18. D - F: Individual fitting components according to
Eqs. 17, 18 for the SPC/E water model.

ics of liquid water [34, 50, 51]. In earlier experimental
investigations and MD simulations, it was found that at
high frequencies, typically in the THz regime, liquid wa-
ter deviates from the Newtonian fluid model [27, 28, 52–
60], and that the shear viscosity decreases at high fre-
quencies [31]. In this work, we use calculated shear
and volume viscosity spectra extracted from SPC/E and
TIP4P/2005 water model simulations (see Appendix M).
In fig. 2 (A, B, C), we show the calculated shear viscosity
in the time and frequency domain from both water mod-
els. Inspired by our findings for the single-water memory
kernel in fig. 1, we fit the shear viscosity with a sum of
six exponential-oscillating functions

η(t) =Θ(t)
{ V I∑
j=I

η0,jτn,j
τ2o,j

e−t/2τn,j
[ 1

κj
sin
( κj

2τn,j
t
)

+ cos
( κj

2τn,j
t
)]}

, (17)

where κj =
√

4(τn,j/τo,j)2 − 1, which in the frequency
domain reads as

η̃(ω) =

V I∑
j=I

η0,j
1− iωτn,j

1− iωτ2o,j/τn,j − ω2τ2o,j
, (18)

as described in Appendix I. For both water models, we
observe excellent agreement with the MD data in fig. 2

(A, B, C). In tab. II in Appendix H, we provide the fit
parameters. Additionally, we show the individual com-
ponents from the fits of the SPC/E shear viscosity in
fig. 2 (D, E, F). As the results show, the TIP4P/2005
model spectra are qualitatively very similar to the SPC/E
model, and both exhibit a pronounced peak in the real-
and imaginary parts around 7-8 THz. The value of the
total steady-state shear viscosity for the SPC/E model
of η0 =

∑
j η0,j = 0.70 mPa s is in close agreement

with previous simulations [8], and is lower than the value
η0 = 0.84 mPa s for the TIP4P/2005 model, in agree-
ment with earlier simulations [30, 61].

Our shear viscosity model includes high-frequency
modes V and VI above 20-30 THz, which we identify,
by comparison with absorption spectra of simulated wa-
ter [59] and shear viscosity spectra [31], with librational
modes, i.e. rotational vibrations of individual molecules.
The oscillation components I and II, which are due to
(I) hydrogen-bond network topology changes and (II)
hydrogen-bond stretch vibrations of water pairs, are over-
damped [31]. A dominant peak emerges from the oscil-
lation time τo,III and the memory time τn,III from the
exponential-oscillatory component III. It results in a res-
onance frequency of

fr,III =
1

2π

√
1

2τ2o,III
−
τ2n,III
τ4o,III

≈ 7.11 THz, (19)
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FIG. 3. Extracted volume viscosity ζ(t) from MD simulations of SPC/E and TIP4P/2005 water. A: Volume viscosity in the
time domain with fits according to Eq. 20 and fitting parameters in tab. III (Appendix H). B, C: Real and imaginary parts of
the volume viscosity in the frequency domain with fits according to Eq. 21. D - F: Individual fitting components according to
Eqs. 20, 21 for the SPC/E water model.

which we obtain from the maximum value of component
III in Eq. 18 and is in agreement with frequencies of
collective vibrations of hydrogen-bonded water pairs ob-
tained from infrared spectroscopy simulation studies (6.9
THz, from [62]).
In fig. 3, we show the volume viscosity extracted from the
MD data, which we determined from the autocorrelation
of the pressure fluctuations. The real part of these spec-
tra exhibits no peak in the THz regime, contrary to the
shear viscosity, and in agreement with previous simula-
tion results [30]. We fit the volume viscosity data with a
sum of five components

ζ(t) =Θ(t)
{ V∑
j=I

ζ0,jτv,j
τ2w,j

e−t/2τv,j
[ 1

κj
sin
( κj

2τv,j
t
)

+ cos
( κj

2τv,j
t
)]}

, (20)

where κj =
√

4(τv,j/τw,j)2 − 1. The total complex vol-
ume viscosity in the frequency domain is given by

ζ̃(ω) =

V∑
j=I

ζ0,j
1− iωτv,j

1− iωτ2w,j/τv,j − ω2τ2w,j
. (21)

All components, except for components III and V, are
overdamped. We find a steady-state value of ζ0 =

∑
j ζ0,j = 1.69 mPa s for the SPC/E and 2.04 mPa s

for the TIP4P/2005 model, slightly lower than the ex-
perimental value (2.4 mPa s for 298 K [42]) and compa-
rable to results from previous MD simulations [30]: for
TIP4P/2005 water simulations ζ0 = 2.07 mPa s at 298
K and ζ0 = 2.01 mPa s at 303 K, and for SPC/E water
ζ0 = 1.57 mPa s at 298 K and ζ0 = 1.45 mPa s at 303 K.

C. Frequency-Dependent Friction of a Spherical
Particle from Hydrodynamic Theory

We insert the shear and volume viscosity spectra from
the SPC/E water model MD simulations in fig. 2 and
fig. 3 into Eq. 8 to compute the friction of a sphere.
In fig. 4, we show the friction Γ̃hyd(ω) for different val-

ues of the sphere radius a and slip coefficient b̂ = b/a.
Note that the results are normalized by 6πaη0 with
η0 =

∑
j η0,j = 0.70 mPa s, which is the static friction

for zero slip. We compare results for finite frequency-
independent volume viscosity ζ0 =

∑
j ζ0,j = 1.69 mPa

s (dashed lines), for vanishing volume viscosity ζ0 = 0
(dotted lines) and for frequency-dependent volume vis-
cosity from fig. 3 (solid lines).
For small radii (a = 10−12 m and a = 10−10 m), the

friction Γ̃hyd(ω) in fig. 4 exhibits similar features as the
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FIG. 4. Real and imaginary parts of the rescaled friction function of a sphere Γ̃hyd(ω) = Re Γ̃hyd(ω) + i Im Γ̃hyd(ω), given by

Eq. 8 for various normalized slip lengths b̂ = b/a and in dependence of the sphere radius a. Here we use the viscoelastic model
for the shear viscocity η̃(ω) in Eq. 18 for pure water in fig. 2. We use the shear viscosity model with fits from the SPC/E
water model. The results are normalized by the steady-state viscosity η0 =

∑
j η0,j = 0.70 mPa s. We set the water density

to ρ = 103 kg/m3 and the speed of sound to c = 1.51 · 103 m/s [49]. We show the results with frequency-independent volume
viscosity ζ0 =

∑
j ζ0,j = 1.69 mPa s (dashed lines), with vanishing volume viscosity (ζ = 0, dotted lines) and with the fitted

model of the frequency-dependent result in fig. 3 (A) (solid lines). We provide figure insets for a better visibility at frequencies
where the data lie close together. The horizontal lines denote the ω −→ 0 limits expected by standard steady-state results [33],

to 6πη0a for b̂ −→ 0 and to 4πη0a for b̂ −→ ∞, respectively. The vertical dashed line denotes the pronounced oscillation with
resonance frequency fr,III ≈ 7.11 THz (Eq. 19) from the viscoelastic exponential-oscillatory model in fig. 2.

frequency-dependent shear viscosity in fig. 2 and in par-
ticular shows a peak around 7 THz, denoted as vertical
dashed line in fig. 4. For large frequencies, we see that
the real part of the friction diverges for constant vol-
ume viscosity and goes to zero for frequency-dependent
(ζ̃ → 0 for ω →∞) and for vanishing volume viscosity (ζ
= 0). This shows that compression effects dominate at
very high frequencies for constant volume viscosity. Re-
markably, the friction functions in the frequency domain
differ only marginally for frequency-dependent and van-
ishing volume viscosity over the entire frequency domain
(see Appendix N), which demonstrates that earlier as-
sumptions of the Stokes hypothesis [40], i.e. the neglect
of volume viscosities, are a reasonable approximation.
The friction depends on the slip length b. As ω −→ 0 and

for small radii, the real part goes to 6πη0a for b̂ −→ 0 and

to 4πη0a for b̂ −→ ∞, as indicated by horizontal lines in
fig. 4, and as expected [33].
The imaginary part of the friction functions for large radii
does not decay to zero as ω →∞ but reaches a plateau.
In Appendix N, we discuss the asymptotic behavior of

the friction function for low and high frequencies, in de-
pendence of the volume viscosity. In Appendix O, we
investigate the influence of the decay constants α−1 and
λ−1 and find a non-negligible influence of the decay con-
stants in radii ranges of single water molecules.

D. Comparison of the Hydrodynamic and GLE
Friction Functions

We compare the time-dependent friction of a single
water molecule in liquid water from the GLE in Eq. 12
and the hydrodynamic prediction in Eq. 8. In fig. 5 (A),
we show the extracted friction Γ(t), obtained by the ex-
traction technique described in Appendix E, which is the
same result as in fig. 1. In fig. 5 (B), we show the real part

of the friction in the frequency domain Γ̃+(ω) (black).
The friction obtained from single-particle trajectories in-
cludes the same features as the hydrodynamic prediction
for the friction (green), obtained from Eq. 8. Especially,
a dominant peak around 6-8 THz is visible in both func-
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FIG. 5. A: Extracted memory kernel Γ(t) from the SPC/E water model MD simulation (same as fig. 1). B: Real part of the
Fourier transformed friction computed directly from (A). We compare the computed friction with the results from the friction

function in Eq. 8 for a = 150.14 pm and b̂ = b/a = 0.67 and the shear viscosity parameters from tab. II (Appendix H). We
obtain the values for a and b from fits to the MD results in frequency domain (black). We compare the friction with constant

volume viscosity ζ0 =
∑

j ζ0,j = 1.69 mPa s (blue) and the fitted viscoelastic model ζ̃(ω) in fig. 3 (green). Additionally, we show

the friction with an adjusted fit in Eq. 8 (red). Here, we keep the volume viscosity ζ to the values in tab. III and adjust the shear
viscosity. The resulting time scales and steady-state shear viscosities of the fit are listed in tab. IV (Appendix H). The grey
line represents the friction with constant shear viscosity η0 =

∑
j η0,j = 0.70 mPa s and volume viscosity ζ0 =

∑
j ζ0,j = 1.69

mPa s. The orange line shows the friction using a single exponential-oscillatory model fit for the shear viscosity and vanishing
volume viscosity. The fitting constants are η0 = 0.70 mPa s, (2π · τn)−1 = 3.33 THz and (2π · τo)−1 = 1.69 THz. C: The real
part of the MD data shear viscosity spectra from fig. 2 (B) compared with a fit into this data (green, Eq. 18) with the fitting
constants in tab. II and the time scales adjusted to the friction (red line in (B), tab. IV).
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radius a and the slip length b. The orange circle denote the optimal parameter combination for the result in fig. 5 (B).

tions. Here, we use a = 150.14 pm and b̂ = 0.67, which
we obtain from fitting the MD results in frequency do-
main (black).
We compare the friction with constant volume viscosity
ζ0 =

∑
j ζ0,j = 1.69 mPa s (blue) and the frequency-

dependent function ζ̃(ω) in fig. 3 (green). As explained in

fig. 4, a frequency-independent volume viscosity does not
reproduce the correct high-frequency behavior. The pre-
diction using the frequency-dependent shear and volume
viscosities agrees rather nicely with the friction function
directly extracted from the GLE, though. The dominant
peak in the friction is slightly shifted. Additionally, in
fig. 5 (B) we show the friction with an adjusted fit of
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FIG. 7. A: Extracted memory kernel Γ(t) from a SPC/E water model MD simulation of a methane molecule in water (time
resolution 2 fs, data from [8]). B: Real part of the Fourier transformed friction computed directly from (A). We compare the

computed friction with the results from the friction function in Eq. 8 for a = 139.29 pm and b̂ = 0.36 and the shear viscosity
parameters from tab. II (Appendix H). We compare the friction functions with constant volume viscosity ζ0 =

∑
j ζ0,j = 1.69

mPa s (black) and the fitted viscoelastic model ζ̃(ω) in fig. 3 (green). Additionally, we show the friction with an adjusted fit
in Eq. 8 (red, same procedure as in fig. 5). The resulting time scales and steady-state shear viscosities of the fit are listed in
tab. V (Appendix H). The grey line represents the stress response with constant shear viscosity η0 =

∑
j η0,j = 0.70 mPa s and

volume viscosity ζ0 =
∑

j ζ0,j = 1.69 mPa s. The orange line shows the friction function using a single exponential-oscillatory

model fit for the shear viscosity and vanishing volume viscosity. The fitting constants are η0 = 0.70 mPa s, (2π · τn)−1 = 0.67
THz and (2π · τo)−1 = 0.34 THz. C: The real part of the MD data shear viscosity spectra from fig. 2 (B) compared with a fit
into this data (green, Eq. 18) with the fitting constants in tab. II and the time scales adjusted to the memory kernel (red line
in (B), tab. V).

the shear viscosity in Eq. 8 (red). For this, we perform

a least-square fit of the MD data for Re Γ̃+(ω), similar
to the fitting procedure given in Appendix I. Here, we
keep the volume viscosity ζ to the values in tab. III and
adjust the shear viscosity, which is shown in fig. 5 (C) as
a broken red line. The resulting times and steady shear
viscosities of the fit are listed in tab. IV (Appendix H).
The grey line in fig. 5 represents the friction with con-
stant shear viscosity η0 =

∑
j η0,j = 0.70 mPa s and vol-

ume viscosity ζ0 =
∑
j ζ0,j = 1.69 mPa s, which demon-

strates that frequency-dependent viscosities are needed
to describe molecular friction in liquids. The orange line
shows the friction using a single exponential-oscillatory
model fit for the shear viscosity and vanishing volume
viscosity, where we observe clear deviations between the
data and the model. We thus see that the friction can be
predicted very well, including complex shear and volume
viscosity models, and the shear viscosity spectra can ex-
plain oscillations in the single-molecule friction function
in the viscoelastic medium.
In fig. 5 (C) we show the real part of the MD data shear
viscosity spectra from fig. 2 (B) compared with a fit of
this data (green) with the fitting constants in tab. II and
the time scales adjusted to the memory kernel (red line
in fig. 5 (B)). Essentially this plot has the same mes-
sage as fig. 5 (B). If we compute the shear viscosity from

the memory kernel itself, it again shows a slight devia-
tion from the directly determined spectra from the stress
tensor. We can conclude that there are two ways to de-
termine the shear viscosity. One way is from the GLE
in Eq. 14 and the other is from the Green-Kubo relation
explained in Appendix M.
Interestingly, the good agreement for the low-frequency
behavior in the friction function assumes non-negligible
slip b 6= 0. The fitted values we obtained for the sphere
radius a = 150.14 pm, and for the slip length b = 100.99
pm, are in realistic ranges of 1Å. For a water molecule,
the mass is m = 3 · 10−26 kg [8]. For a density of ρ ≈ 103

kg/m3, the estimation of the hydrodynamic radius due
to m = 4

3πρa
3 is a ≈ 192.76 pm, in good agreement

with the estimated radius. The estimated radius and
slip length are comparable with results of a ≈ 0.15 nm
and b ≈ 0.10 nm presented by other authors [63], which
they calculated by determining the translational and ro-
tational diffusion constants for SPC/E water.
We show that we can estimate these parameters from MD
simulations of single water molecules in a water reservoir
via the memory kernel. In fig. 6, we investigate the de-
pendence of the friction Re Γ̃+(ω) on these parameters.
We observe a dependence of the slip coefficient in fig. 6
(A), where higher slip leads to lower friction. The same
is visible in the time domain in fig. 6 (B), obtained from
(A). Here we applied the inverse Fourier transformation
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on the real part of Γ̃+(ω).
The slip length seems to have no major influence on the
shape but predominantly on the magnitude of the friction
function. In fig. 6 (C), we show the root mean squared
error (RMSE) between the MD data of the real part of

the friction Re Γ̃+(ω) (fig. 5 (B, black), and the fit into
the data using Eq. 8 in dependence of the sphere radius a
and the slip coefficient b. We can find a global minimum,
denoted as orange circle, which we use for the results in
fig. 5 (B). We find that we can fit the effective radius
much more accurately than the slip length.

E. Results for a Methane Molecule Moving in
Water

In fig. 7 (A), we show the extracted memory kernel for
a methane molecule in water, obtained by an MD simu-
lation in SPC/E water. The data is taken from the work
of Kowalik et al. [8]. The methane molecule in these
simulations is modeled as a monoatomic Lennard-Jones
sphere, which makes it possible to compute the friction
using Eq. 8. In fig. 7 (B), we show the real part of the
friction obtained from single-particle trajectories in the
frequency domain (black). The friction does not show the
same features as the prediction from the hydrodynamic
equations (green). In particular, the pronounced oscil-
lation peak at around 7-8 THz, arising from the shear
viscosity of water, is absent. Here, we use a = 139.29 pm
and b̃ = 0.36, which we obtain from fits into the MD data
(black). Again, we are able to adjust the shear viscosity
for an accurate agreement between the friction functions
(fig. 7 (B), red).
In fig. 7 (C), we observe deviations between a direct fit of
the shear viscosity (green, Eq. 18) with the fitting con-
stants in tab. II and the time scales adjusted to the fric-
tion (red line in (B), tab. V). This is to be expected since
the memory kernel in fig. 7 (A) does not contain any no-
ticeable oscillations, and all exponential-oscillatory com-
ponents of the shear viscosity model are overdamped
when adjusted to the friction from the single-particle
memory kernel. This is visible by the fitted relaxation
times in tab. V.
We observe considerable discrepancies between the fric-
tion from single-particle trajectories and the hydrody-
namic prediction for a hydrophobic molecule in a water
environment. Slip effects on the methane surface cannot
explain these differences. Rather, the local shear viscos-
ity near the methane molecule seems to differ from the
bulk shear viscosity, which would explain the absence of
the oscillation peak in the friction.

IV. CONCLUSIONS

We find that predictions from macroscopic hydrody-
namic theory are in good agreement with the friction
directly extracted from MD simulations of a single water

molecule in liquid water if the frequency-dependence of
the shear and volume viscosities is properly accounted
for. This establishes the link between the macroscopic
fluid hydrodynamics and the microscopic molecular fric-
tion in a fluid. The results demonstrate that it is impor-
tant to include the frequency-dependent volume viscosity
of the fluid that has the asymptotic behavior ζ̃ → 0 as
ω → ∞. Interestingly, the agreement between the fric-
tion from the molecular water motion (obtained via the
GLE) and the hydrodynamic prediction is obtained with-
out including spatial or wave-vector dependencies of the
viscosity functions. Nevertheless, we cannot exclude the
possibility that such spatial dependencies are present, es-
pecially at high frequencies. We have mostly dealt with
the homogeneous case where the moving molecule is iden-
tical to the surrounding fluid molecules. In contrast, we
observe pronounced discrepancies between the friction
obtained from hydrodynamic theory and from simula-
tions for the inhomogeneous case of a methane molecule
moving in water. We conclude that our current hydrody-
namic model neglects the modified viscous properties of
the water solvation layer around a methane molecule. It
would therefore be desirable to develop inhomogeneous
hydrodynamic models for the friction of host molecules
in liquids in the presence of solvation shells that exhibit
viscosity properties that are different from the bulk.
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APPENDIX

Appendix A: Derivation of the Friction of a Sphere
from the Transient Stokes Equation

The Stokes equation in Eq. 6 is solved by calculating
its Green’s function [32, 35]. Taking the divergence of
the Stokes equation in Eq. 6, we obtain

∇2
iP (~r, t)− ∂2P (~r, t)

c2∂t2
= ∇iFi(~r, t) (A1)

+

∫ ∫
[
4

3
η(|~r′|, t′) + ζ(|~r′|, t′)]∇2

i∇kvk(~r − ~r′, t− t′)d~r′dt′,

where we use the linearized continuity equation, i.e.
ρ0∇i(∂vi/∂t) = −∂2ρ/∂dt2, and the definition of the
compressibility, i.e. ρ − ρ0 = c−2(P − P0), from
which, using the speed of sound c, follows ∂2ρ/∂dt2 =
c−2∂2P/∂dt2.
We define the spatial and temporal Fourier transforma-
tion (FT) by

f(~r, t) =
1

(2π)4

∫
dωd3k f̃(~k, ω)ei(kiri+ωt). (A2)
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Applying the FT in Eqs. 6 and A1, and using the rules
of time and spatial convolution integrals, we obtain

iωρ0ṽi(~k, ω)= F̃i(~k, ω)− ikiP̃ (~k, ω) (A3)

−[η̃(~k, ω)/3+ζ̃(~k, ω)]kikj ṽj(~k, ω)− η̃(~k, ω)kjkj ṽi(~k, ω),

and

(
ω2

c2
− kiki)P̃ (~k, ω)= ikiF̃i(~k, ω) (A4)

−i[4η̃(~k, ω)/3+ζ̃(~k, ω)]kikikj ṽj(~k, ω).

We assume that the viscosity kernels η and ζ are both
single-sided in the time domain, i.e. η(~r, t) = 0 and
ζ(~r, t) = 0 for t < 0. Furthermore, both viscosities are
assumed to decay quickly in space, so that the Fourier
transformation of the functions are independent of k, i.e.

η̃(~k, ω)→ η̃(ω) and ζ̃(~k, ω)→ ζ̃(ω). Consequently, η(~r, t)
and ζ(~r, t) decay on a length scale much smaller then the

length scale on which ~∇~v varies.
If we rearrange Eq. A4 for P̃ and insert the expression
in Eq. A3, we can eliminate P̃ and arrive at an equa-
tion for the velocity as a function of the external force
[32]. To solve this equation, we decompose the velocity

into a transverse and a longitudinal part, i.e. ṽi(~k, ω) =

ṽTi (~k, ω) + ṽLi (~k, ω), which fullfill kiṽ
T
i (~k, ω) = 0 and

kiṽi(~k, ω) = kiṽ
L
i (~k, ω). In Fourier space, the Green’s

function G̃ij of the velocity is defined by

ṽi(~k, ω) = G̃ij(~k, ω)F̃j(~k, ω), (A5)

and is a sum of transverse and longitudinal components,

i.e. G̃ij(~k, ω) = G̃Tij(
~k, ω) + G̃Lij(

~k, ω). The transverse
part describes the velocity field in the incompressible case
and accounts for shear effects. It is given by

G̃Tij(
~k, ω) =

(δij − kikj/k2)/η̃(ω)

k2 + α2(ω)
, (A6)

where the length scale α−1 is defined as

α2(ω) = iωρ0/η̃(ω). (A7)

The longitudinal component describes compression ef-
fects and reads

G̃Lij(
~k, ω) =

kikjλ
2(ω)

η̃(ω)α2(ω)k2(k2 + λ2(ω))
. (A8)

The length scale λ−1 is defined as

λ2(ω) =
iωρ0

4η̃(ω)/3 + ζ̃(ω)− iρ0c2/ω
. (A9)

The full frequency-dependent Green’s function
Gij(~r, ω) = GTij(~r, ω) +GLij(~r, ω) in real space reads

Gij(~r, ω)=
1

4πη̃α2r3
{δij([1 + rα+ r2α2]e−rα (A10)

−[1 + rλ]e−rλ)− 3r̂ir̂j([1 + rα+ r2α2/3]e−rα

−[1 + rλ+ r2λ2/3]e−rλ)}.

The asymptotic behavior of the Green’s function
strongly depends on the length scales α = α(ω) and
λ = λ(ω), which is discussed in detail in [32]. Note that
in [32] a different definition of the Fourier transformation
is used, and constant viscosities are assumed.
To calculate the friction acting on an oscillating sphere,
we have to compute the Green’s function for the stress
tensor, denoted by σijk, defined as

σij(~r, ω) = σijk(~r, ω)Fk(~r, ω). (A11)

Without derivation and referring to [32], the stress tensor
Green’s function is given by

σijk(~r, ω)/η̃(ω)= Gijk(~r, ω) +Gjik(~r, ω) (A12)

+(α2/λ2 − 2)Gllk(~r, ω)δij ,

where ∇kGij = Gkij . To obtain the fluid velocity around
a sphere with radius a, we use a standard singularity
ansatz [35]

Gspij (~r, ω) = (C0 + C2a
2∇k∇k)Gij(~r, ω), (A13)

where the velocity field around the sphere follows as
ṽspi (~r, ω) = F̃j(ω)Gspij (~r, ω), with F̃j being a force source.
We choose the coefficients C0 and C2 such that the
boundary conditions on the spherical surface are satis-
fied. If we assume a finite slip at the spherical surface,
we can split the boundaries at the surface into a kine-
matic and a Navier boundary condition. The kinematic
boundary condition at |r| = a can be written as

6πη̃(ω)ar̂iG
sp
ij (ω) = r̂j , (A14)

which defines the sphere velocity Ṽ spi (ω) =

F̃i(ω)/6πη̃(ω)a. Note that only in the zero-frequency

limit, the source force F̃i(ω) equals the actual force
on the sphere. The Navier boundary condition for the
tangential stress at |r| = a reads

b[∇kGspij (ω) +∇iGspkj(ω)]r̂kLli
= [Gspij (ω)− δij/6πη̃(ω)a]Lli, (A15)

where b is the slip length and we define the projection op-
erator as Lli = (δli − r̂lr̂i). The final result for Gspij (~r, ω)
reads, using Eq. A10

Gspij (~r, ω) =
1

4πη̃(ω)α2r3
(A16)

·
{
δij(E1[1 + rα+ r2α2]e−rα − E2[1 + rλ]e−rλ)

−3r̂ir̂j(E1[1 + rα+ r2α2/3]e−rα

−E2[1 + rλ+ r2λ2/3]e−rλ)
}
,

with the coefficients

E1 =
2

3
eα̂

(1 + 2b̂)(3 + 3λ̂+ λ̂2)

W
, (A17)

E2 =
2

3
eλ̂

(1 + 2b̂)(3 + 3α̂+ α̂2) + b̂α̂2(1 + α̂)

W
, (A18)
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FIG. 8. Real and imaginary parts of the rescaled friction function of a sphere Γ̃hyd(ω) = Re Γhyd(ω) + i Im Γhyd(ω) given by

Eq. 8 for various normalized slip lengths b̂ and in dependence of the sphere radius a. Here we use a constant shear viscosity of
η0 = 1 mPa s, the water density ρ = 103 kg/m3, c = 103m/s, and vanishing volume viscosity ζ = 0 for comparability with [32].

and

W = (2 + 2λ̂+ λ̂2)(1 + b̂(3 + α̂)) + (1 + α̂)(1 + 2b̂)λ̂2/α̂2.
(A19)

We define the dimensionless slip length, b̂ = b/a, and the

dimensionless decay constants α̂ = aα and λ̂ = aλ. The
corresponding friction function Γ̃hyd(ω) is given by

δijΓ̃
hyd(ω) =

F̃ spi (ω)

Ṽ spj (ω)
= −6πη̃(ω)a

∫
d3rr̂kσkijδ(|r| − a),

(A20)

where Ṽ sp
j is the frequency-dependent velocity amplitude

of the sphere. For the hydrodynamic force F̃ spi (ω) on
a spherical particle, we use the projection of the stress
tensor on the surface and integrate over the sphere sur-
face. Using Eq. A12, and the derivative of Gspij (~r, ω) in
Eq. A16, we obtain the friction function of the spherical
particle

Γ̃hyd(ω) =
4πη̃(ω)a

3
W−1{(1 + λ̂)(9 + 9α̂+ α̂2)(1 + 2b̂)

+(1 + α̂)[2λ̂2(1 + 2b̂) + b̂α̂2(1 + λ̂)]}, (A21)

where we use the identities
∫
d3rδijδ(|r| − a) = 4πa2δij

and
∫
d3rr̂ir̂jδ(|r|−a) = 4πa2δij/3. Assuming negligible

slip, i.e. b→ 0, and vanishing compressibility, i.e. λ→ 0,
we have

Γ̃hyd(ω) = 6πaη̃(ω)(1 + aα+ a2α2/9). (A22)

Thus the frequency-dependent hydrodynamic force on a
spherical particle F̃ spi (ω) (see Eq. A13) is given by

F̃ spi (ω) = −6πaη̃(ω)Ṽ spi (ω)(1 + aα+ a2α2/9). (A23)

Applying the inverse Fourier transformation leads to, as-
suming frequency-independent shear viscosity [35],

F spi (t) =− 6πaηV spi (t)− 6a2
√
πηρ0

∫ t

−∞
dt′
V̇ spi (t′)√
t− t′

(A24)

− 2

3
πρ0a

3V̇ spi (t).

The first term in Eq. A24 is the steady Stokes drag. The
second term, including a convolution integral, describes
the sphere’s history of motion, also known as the Basset
history force. The third term is known as the added
mass term, where m0 = 2

3πρ0a
3. It originates since

the accelerating sphere in the unsteady flow must move
or deflect some surrounding fluid volume as it moves
through it.

Appendix B: Friction of a Sphere for
Frequency-Independent Viscosities

In fig. 8, we show the calculated friction function of a
sphere for constant shear viscosity η̃(ω) = η0 in depen-
dence of the sphere radius a. Note that we use a vanishing
volume viscosity ζ = 0, for better comparability with the
results in [32]. As already discussed in [32], the friction
function sensitively depends on the slip length b. It has
an increasing behavior for the real and imaginary part as
ω → ∞. Note that the high-frequency behavior of the
imaginary part differs from the results in [32], as we use
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a different definition of the Fourier transform. We refer
to [32] for a detailed discussion of these results, but note
that the addition of frequency-dependent shear and vol-
ume viscosity significantly changes the friction function
(see fig. 4).

Appendix C: Fluid Momentum around a Moving
Sphere

From the velocity field, i.e. ṽspi (~r, ω) =

F̃j(~r, ω)Gspij (~r, ω), and the expression in Eq. A16,
we can calculate the fluid momentum outside the
moving sphere

p̃i(ω) = ρ0

∫
|r|>a

ṽspi (~r, ω)d3r. (C1)

We assume that the force source is oscillating along the

x-direction, i.e. ~̃F (ω) = (F̃ (ω), 0, 0)T , so that the mo-
mentum points in the x-direction. The volume integral
in Eq. C1 involves in the angular integrals∫

|r|>a
d3rδij =

∫ ∞
a

r2dr

∫ π

0

dθ sinθ

∫ 2π

0

dΦδij , (C2)

= 4πδij

∫ ∞
a

r2dr,∫
|r|>a

d3rr̂ir̂j =

∫ ∞
a

r2dr

∫ π

0

dθ sinθ cos2θ

∫ 2π

0

dΦδij ,

= 2πδij

∫ ∞
a

r2dr

∫ 1

−1
duu2

=
4

3
πδij

∫ ∞
a

r2dr. (C3)

In the derivation of the flow field around a sphere in
Appendix A, we use the kinematic boundary condition,
i.e. 6πaη̃r̂iG

sp
ij = r̂j for |r| = a , in Eqs. A14 and A15

and defined the sphere velocity Ṽ spi (ω) = F̃i(ω)/6πη̃(ω)a
such that in the low-frequency (steady) limit and without
slip, the source force equals the actual force on the sphere.
Using this definition, the identities in Eq. C2 and the
expression in Eq. A16 and inserting them into Eq. C1,
we arrive at

p̃i(ω) = 6π
ρ0
α2
aṼ spi (ω)

∫ ∞
a

1

r
dr (C4)

·
{
δij(E1[1 + rα+ r2α2]e−rα − E2[1 + rλ]e−rλ)

−δij(E1[1 + rα+ r2α2/3]e−rα

−E2[1 + rλ+ r2λ2/3]e−rλ)
}
,

= 6π
ρ0
α2
aṼ spi (ω)

∫ ∞
a

dr
[2

3
E1rα

2e−rα +
1

3
E2rλ

2e−rλ
]
,

(C5)

= −6π
ρ0
α2
aṼ spi (ω)

[2

3
E1[e−rα(rα+ 1)]|∞a (C6)

+
1

3
E2[e−rλ(rλ+ 1)]|∞a

]
,

= 6π
ρ0
α2
aṼ spi (ω)

[2

3
E1[e−aα(aα+ 1)] (C7)

+
1

3
E2[e−aλ(aλ+ 1)]

]
,

For b → 0 and λ → 0, the constants E1 and E2 in
Eqs. A17 and A18 become E1 = eaα and E2 = (1 + aα+
a2α2/3), and we obtain for the momentum

p̃i(ω) = 6π
ρ0
α2
aṼ spi (ω)(1 + aα+ a2α2/9). (C8)

The force is given by F̃i = iωp̃i, which leads to

F̃i(ω) = 6πaη̃(ω)Ṽ spi (ω)(1 + aα+ a2α2/9), (C9)

which is identical to the result obtained in Eq. C1 from
integrating the surface force over the oscillating sphere.
Thus, the net momentum of the fluid inside the sphere
has to vanish, and we have no added mass due to the
motion of the liquid inside the sphere. It follows that
the friction Γ̃hyd calculated from hydrodynamic theory
equals the friction Γ(t) extracted from single-particle tra-
jectories using the GLE and no fluid mass correction has
to be applied.

Appendix D: Simulation Setup

We perform all MD simulations using the GROMACS
simulation package [64] (version 2020-Modified). For wa-
ter, we use the SPC/E [65] and TIP4P/2005 [66] rigid
water models. We pre-equilibrated in an NPT ensem-
ble using a Berendsen barostat [67] set to 1 atm. For
production runs, we perform all simulations in the NVT
ensemble with a temperature of 300 K, controlled with a
velocity rescaling thermostat [68]. For electrostatics, we
use the particle-mesh Ewald method [69], with a cut-off
length of 1 nm. We allow simulations to run for 600 ns,
using integration time steps of 1 fs. We perform simula-
tions in a 3.5616 nm cubic box with 1250 water molecules.
For the results we show in Appendix K, we additionally
run simulations with integration time steps of 2 and 4 fs.

Appendix E: Calculation of the
Frequency-Dependent Friction from Particle

Trajectories

Various data-based methods to estimate the parame-
ters of the GLE have been proposed [5, 10, 70–72]. A ro-
bust and computationally efficient technique to compute
the memory kernel from given time series trajectories is
provided by multiplying Eq. 12 with the initial velocity
ẋ(0). Taking the ensemble average leads to an equation
involving correlation functions we can calculate from the
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given trajectory [10, 73, 74]. We obtain a Volterra equa-
tion of the first kind

mC ẋẍ(t) = −
∫ t

0

dt′ Γ(t′)C ẋẋ(t− t′), (E1)

where C ẋẍ(t) = 〈ẋ(0)ẍ(t)〉, and C ẋẋ(t) = 〈ẋ(0)ẋ(t)〉, and
we use that ∇U = 0. We use the fact that ẋ(0) and FR(t)
are uncorrelated, i.e. 〈ẋ(0)FR(t)〉 = 0 [1].
Analyses for one-dimensional trajectories have shown
that, compared to the direct method [10], extraction of
the memory kernel’s running integral produces signifi-
cantly more stable results [8]. We integrate Eq. E1 over
time

m(C ẋẋ(t)− C ẋẋ(0)) = −
∫ t

0

ds

∫ s

0

ds′Γ(s′)C ẋx(s− s′),
(E2)

= −
∫ t

0

ds′
∫ t

s′
dsΓ(s− s′)C ẋẋ(s′),

(E3)

= −
∫ t

0

ds′
∫ t−s′

0

duΓ(u)C ẋẋ(s′),

(E4)

= −
∫ t

0

dsG(t− s)C ẋẋ(s), (E5)

where G(t) =
∫ t
0

Γ(s) ds is the running integral of the
memory kernel. Discretizing this equation with a time
step ∆t, we obtain an iterative formula for Gi = G(i∆t).
For a discretized correlation function we use the short-
hand notation CABi = 〈A(0)B(i∆t)〉. For the running
integral of the memory kernel Gi, we obtain from Eq. E5
by applying the trapezoidal rule

Gi =
[
m(C ẋẋi − C ẋẋ0 )−∆t

i−1∑
j=1

GjC
ẋẋ
i−j

]
· (1

2
∆ t C ẋẋ0 )−1,

(E6)
where we use G0 = 0. If we compute the velocity auto-
correlation function C ẋẋi from the given time series x(t),
we can use this Eq. E6 to determine the running inte-
gral G(t) and based on this the memory kernel Γ(t) by
differentiation.

Appendix F: Derivation of Oscillating Memory
Kernels from Coupled Degrees of Freedom

Memory effects arise from the coupling of the reaction
coordinate x(t) to auxiliary coordinates [75]. The Hamil-
tonian of the simplest system, where the dynamics of x(t)
with velocity v(t) = ẋ(t) and mass m is linearly coupled
to a coordinate y(t) with velocity w(t) = ẏ(t) and mass
my is given by

H =
m

2
v2 +

my

2
w2 +

k

2
(x− y)2 + U(x), (F1)

where k is the coupling constant. The Langevin equation
of this Hamiltonian reads [76–78]

mv̇(t) = −k[x(t)− y(t)]−∇U(x), (F2)

myẇ(t) = −γyw(t) + k[x(t)− y(t)] + Fy(t), (F3)

where Fy(t) is a stationary Gaussian process with zero
mean, i.e. 〈Fy(t)〉 = 0, and strength 〈Fy(t)Fy(t′)〉 =
2γykBTδ(t − t′). This set of coupled differential equa-
tions in Eqs. F2 and F3 is equivalent to the generalized
Langevin equation in Eq. 12 where the memory kernel
Γ(t) has the form of an exponential-oscillatory kernel in
Eq. 15. To show this, we solve the equation for the vari-
able y(t)

y(t) = x(t)−
∫ t

−∞
dt′v(t′)e−(t−t

′)/(2τn)

·
[
cosh

(
ω∗(t− t′)

)
+

1

2τnω∗
sinh

(
ω∗(t− t′)

)]
−
∫ t

−∞
dt′Fy(t′)e−(t−t

′)/(2τn)
1

τ2oω∗
sinh

(
ω∗(t− t′)

)
,(F4)

where we define the time scales τn = my/γy and τo =√
my/k, and the frequency ω∗ =

√
(2τn)−2 − (τo)−2. If

we insert Eq. F4 into Eq. F2 and replace t′ → t− t′, we
arrive at

mv̇(t) = −
∫ ∞
−∞

dt′Γ(t′)v̇(t− t′) +FR(t)−∇U(x). (F5)

This is the standard generalized Langevin equation with
given memory kernel and random force

Γ+(t) = Θ(t)
{
ke−

t
2τn

[
cosh

(
ω∗t
)

+
1

2τnω∗
sinh

(
ω∗t
)]}

,

(F6)

FR(t) =
1

τ2oω∗

∫ ∞
−∞

dt′Fy(t′)e−(t−t
′)/(2τn)sinh

(
ω∗(t− t′)

)
.

(F7)

One can show that FR(t) follows a stationary Gaus-
sian process with 〈FR(t)〉 = 0 and 〈FR(t)FR(t′)〉 =
kBT Γ(|t − t′|), which confirms the equivalence between
the GLE and the Markovian system. The memory ker-
nel in Eq. F6 can be rewritten by defining ω∗ = i 1

2τn
κ,

with κ =
√

4(τn/τo)2 − 1, and we obtain the exponential-
oscillating memory kernel in the form of Eq. 15.

Appendix G: Mass-Less Limit of the
Exponential-Oscillatory Memory Kernel

We start from the expression of the exponential-
oscillatory memory kernel in Eq. F6. Defining the os-
cillation time τ∗ = i/ω∗, the two-sided memory kernel
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Γ(t) =
k

2
e−

t
2τn

[
eit/τ∗ + e−it/τ∗ +

τ∗
2τn

(
eit/τ∗ − e−it/τ∗

)]
,

(G1)

= ke−
t

2τn

[
cos
(
t/τ∗

)
+

τ∗
2τn

sin
(
t/τ∗

)]
. (G2)

Using τn = my/γy, τo =
√
my/k, and ω∗ =√

(2τn)−2 − (τo)−2, the oscillation time τ∗ can be written
as

τ∗ = (
k

my
− γ20

4m2
y

)−1/2 = i
2my

γ0
(1− 4myk

γ20
)−1/2. (G3)

Taking my → 0, we obtain τ∗ ≈ i
2my
γ0

= i2τn. Using the

Taylor series of
√

1− x ≈ 1 − x/2, 1/τ∗ for my → 0 is
approximated as

lim
my→0

1

τ∗
≈ −i γ0

2my
(1− 2kmy

γ20
) ≈ − i

2τn
+
ik

γ0
. (G4)

With the limits for τ∗ and 1/τ∗, we find that the mass-
less limit of the memory kernel in Eq. G1 is a single-
exponential function

lim
my→0

Γ(t) ≈ ke−tk/γ0 = ke−t/τ , (G5)

where we define the memory time τ = γ0/k. The single-
exponential memory kernel, i.e. Γ+(t) = Θ(t)(γ0/τ)e−t/τ

can be transformed to frequency space and reads

Γ̃+(ω) =
γ0

1− iωτ . (G6)

Appendix H: Summary of Fitting Parameters

TABLE I. Fitting parameters for the model memory kernel in
Eqs. 15, 16 of the SPC/E and the TIP4P/2005 water model.
The time scales are converted to frequencies for ease of com-
parison with fig. 1 (E, F).

Parameter SPC/E TIP4P/2005
γ0,I 5.57 · 10−13 kg/s 1.51 · 10−12 kg/s

(2π · τn,I)−1 3.92 THz 20.39 THz
(2π · τo,I)−1 1.32 THz 19.36 THz

γ0,II 1.04 · 10−13 kg/s 2.31 · 10−12 kg/s
(2π · τn,II)−1 3.11 THz 4.61 THz
(2π · τo,II)−1 4.75 THz 6.96 THz

γ0,III 2.55 · 10−13 kg/s 1.27 · 10−13 kg/s
(2π · τn,III)−1 5.39 THz 2.71 THz
(2π · τo,III)−1 7.45 THz 4.56 THz

γ0,IV 1.37 · 10−13 kg/s 9.11 · 10−13 kg/s
(2π · τn,IV )−1 18.30 THz 31.37 THz
(2π · τo,IV )−1 18.65 THz 2.13 THz

γ0,V 4.34 · 10−13 kg/s 3.46 · 10−13 kg/s
(2π · τn,V )−1 3.53 THz 1.16 THz
(2π · τo,V )−1 0.65 THz 0.72 THz

TABLE II. Fitting parameters for the viscoelastic model of
the shear viscosity in Eqs. 17, 18 to MD data of the SPC/E
water model and the TIP4P/2005 water model. The time
scales are converted to frequencies for ease of comparison with
fig. 2 (E, F).

Parameter SPC/E TIP4P/2005
η0,I 0.45 mPa s 0.25 mPa s

(2π · τn,I)−1 1.96 THz 1.83 THz
(2π · τo,I)−1 0.67 THz 0.47 THz

η0,II 0.14 mPa s 0.06 mPa s
(2π · τn,II)−1 3.33 THz 1.94 THz
(2π · τo,II)−1 1.69 THz 1.54 THz

η0,III 0.08 mPa s 0.06 mPa s
(2π · τn,III)−1 5.45 THz 4.16 THz
(2π · τo,III)−1 8.08 THz 7.74 THz

η0,IV 0.02 mPa s 0.43 mPa s
(2π · τn,IV )−1 10.58 THz 2.04 THz
(2π · τo,IV )−1 15.50 THz 0.76 THz

η0,V 0.005 mPa s 0.02 mPa s
(2π · τn,V )−1 27.47 THz 20.95 THz
(2π · τo,V )−1 31.74 THz 17.03 THz

η0,V I 3.31 ·10−5 mPa s 8.11 ·10−4 mPa s
(2π · τn,V I)−1 6.31 THz 15.61 THz
(2π · τo,V I)−1 42.10 THz 39.73 THz

Appendix I: Fitting of the Extracted Memory
Kernel and Viscosity Data

First, we fit the real part of the Fourier-transformed
memory kernel Γ̃+(ω) extracted from the MD simulation
by a combination of five exponential-oscillating memory
kernels according to Eq. 16. We thereby fit the input data
in the parameter space using the Levenberg-Marquardt
algorithm implemented in scipy v. 1.4 [79]. The initial
values for all γ0,j , τn,j and τo,j are chosen suitably. We
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TABLE III. Fitting parameters for the viscoelastic model of
the volume viscosity in Eqs. 20, 21 to MD data of the SPC/E
water model and the TIP4P/2005 water model. The time
scales are converted to frequencies for ease of comparison with
fig. 3 (E, F).

Parameter SPC/E TIP4P/2005
ζ0,I 0.75 mPa s 0.23 mPa s

(2π · τv,I)−1 1.11 THz 0.13 THz
(2π · τw,I)−1 0.41 THz 0.09 THz

ζ0,II 0.45 mPa s 1.23 mPa s
(2π · τv,II)−1 1.53 THz 1.14 THz
(2π · τw,II)−1 0.75 THz 0.50 THz

ζ0,III 0.04 mPa s 0.01 mPa s
(2π · τv,III)−1 6.89 THz 4.33 THz
(2π · τw,III)−1 7.07 THz 7.10 THz

ζ0,IV 0.44 mPa s 0.55 mPa s
(2π · τv,IV )−1 5.52 THz 7.96 THz
(2π · τw,IV )−1 3.55 THz 4.14 THz

ζ0,V 0.02 mPa s 0.02 mPa s
(2π · τv,V )−1 20.76 THz 19.39 THz
(2π · τw,V )−1 18.20 THz 17.88 THz

TABLE IV. Resulting relaxation times and steady-state vis-
cosities for the fit of the friction function in fig. 5 (red line in
B).

Parameter
η0,I 0.32 mPa s

(2π · τn,I)−1 9.45 THz
(2π · τo,I)−1 2.29 THz

η0,II 0.05 mPa s
(2π · τn,II)−1 3.54 THz
(2π · τo,II)−1 5.07 THz

η0,III 0.08 mPa s
(2π · τn,III)−1 5.22 THz
(2π · τo,III)−1 7.58 THz

η0,IV 0.04 mPa s
(2π · τn,IV )−1 16.43 THz
(2π · τo,IV )−1 17.53 THz

η0,V 0.21 mPa s
(2π · τn,V )−1 0.68 THz
(2π · τo,V )−1 0.24 THz

η0,V I 0.07 mPa s
(2π · τn,V I)−1 0.01 THz
(2π · τo,V I)−1 0.0009 THz

constrain the parameter space to positive values. As in-
put data, we filter the data set beforehand on logarithmic
scale. We also weight the data exponentially, so that the
data for small frequencies become more important for the
fit. After optimizing the parameters, we use them as ini-
tial parameters for a fit of the data in the time domain.
Here the input data are filtered again on logarithmic scale
but without exponential weighting. This allows us to fit
the low-frequency and high-frequency regimes very well
at the same time. We repeat this procedure for finding
the fit parameters according to Eqs. 18 and 21, for the

TABLE V. Resulting relaxation times and steady-state vis-
cosities for the fit of the friction function in fig. 7 (red line in
B) for the methane MD data [8].

Parameter
η0,I 0.53 mPa s

(2π · τn,I)−1 3.97 THz
(2π · τo,I)−1 0.63 THz

η0,II 0.10 mPa s
(2π · τn,II)−1 4.42 THz
(2π · τo,II)−1 1.24 THz

η0,III 0.08 mPa s
(2π · τn,III)−1 5.82 THz
(2π · τo,III)−1 3.59 THz

η0,IV 0.02 mPa s
(2π · τn,IV )−1 5.35 THz
(2π · τo,IV )−1 5.39 THz

η0,V 0.13 mPa s
(2π · τn,V )−1 2.70 THz
(2π · τo,V )−1 0.09 THz

η0,V I 3.31 ·10−5 mPa s
(2π · τn,V I)−1 6.31 THz
(2π · τo,V I)−1 42.10 THz

MD data of the shear and volume viscosity respectively.
The obtained fit parameters are summarized in tabs. I,
II and III.

Appendix J: High-Frequency Scaling of the Memory
Kernel

In fig. 9, we show the water memory kernel results in
the high-frequency regime (same as fig. 1 but with loga-
rithmic y-scales and for different x-scales), together with
different functions for comparison. For high frequencies
above 30 THz, the real part of the memory kernel in fig. 9
(A, B, C) decays much faster than ∼ 1/ω4τ4 as follows
from Eq. 16 or ∼ 1/ω2τ2 (Eq. G6). In Appendix K, we
show that this behavior also occurs at lower time resolu-
tions of the MD simulation. In contrast, the imaginary
part of the MD data decays with ∼ 1/ωτ (see dashed
line in fig. 9 (D, E, F)), in agreement with Eqs. 16 and
Eq. G6.
A discussion of the water memory kernel’s real part in
the high-frequency regime is given in [43]. There it was
argued, justified by the smoothness of physical molec-
ular trajectories for short times, that the memory ker-
nel should decay exponentially for high frequencies, i.e.
Re Γ̃+(ω → ∞) ∼ (ωτ)2e−|ωτ | (grey dashed line in
fig. 9 (A, B, C)). This scaling behavior follows from a
velocity autocorrelation function of the form Cvv(t) =
〈v2〉[1 + (t/τ)2]−1 with 〈v2〉 = kBT/m (see Appendix
P). Since molecular trajectories are solutions of New-
ton’s equations, they are smooth and include smooth ve-
locity autocorrelation functions Cvv(t), meaning that all
derivatives of Cvv(t) should exist at t = 0 and be finite. If
we assume time-symmetric velocity autocorrelation func-
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FIG. 9. High-frequency behavior of the complex memory kernel Γ̃+(ω) of a single water molecule in water from MD simulations
of SPC/E and TIP4P/2005 water with fits according to Eq. 16 and the fitting parameters in tab. I (Appendix H). We show
scaling functions of the real part with an exponential-oscillatory model (black dashed line, Eq. 16), an exponential fast decay
(grey dashed line) and a Gaussian memory kernel (red dashed line) for log-scaled x-axis (A), for linear-scaled x-axis (B) and
for quadratic-scaled x-axis (C). The imaginary part in (D, E, F) scales well with ∼ 1/ωτ . Note that the data is shown in
logarithmic spacing for better visibility.

tions, i.e. Cvv(t) = Cvv(−t), only even powers in t con-
tribute in the short-time expansion. We investigate the
short-time behavior of the exponential-oscillating mem-
ory kernel in Eq. F6 in Appendix Q and show that the
memory kernel is non-analytic in the time domain. In
Appendix R, we derive the resulting velocity autocor-
relation function from an exponential-oscillatory kernel
and find that not all derivatives exist in the short-time
expansion.
In fig. 9 (A, B, C), we observe that the high-frequency
behavior of the real part seems to be even better repre-

sented by a Gaussian memory kernel, i.e. Γ(t) ∼ e−t2/τ2

or Re Γ̃+(ω → ∞) ∼ e−ω
2τ2

(red dashed line), which
is visible by the quadratic x-axis in fig. 9 (C). In Ap-
pendix S, we show the origin of such a high-frequency
scaling from a Gaussian-shaped velocity autocorrelation
function. Although a Gaussian memory kernel seems to
describe the data better than an exponential-oscillatory
model, we can not identify a Markovian embedding for
Gaussian memory kernels. Nevertheless, the good agree-
ment between the MD data and the fits in fig. 9 for
frequencies lower than 30 THz justifies our choice of
a sum of exponential-oscillatory memory kernel compo-
nents, which can be derived from coupled Hamiltonian
dynamics (see Appendix F).

Appendix K: Friction from MD Simulations with
Different Time Steps

In fig. 10, we investigate the influence of the time reso-
lution of the MD simulation on the memory kernel, where
we simulated SPC/E water for different time resolutions.
Besides numerical noise, no distinct differences can be
seen between the different time resolutions. All impor-
tant features we observe in the memory kernel for 1 fs
in fig. 1 are also visible at different time resolutions in
fig. 10. The deviating behavior from the exponential-
oscillatory fitting model starting around 30-60 THz which
we see for 1 fs in fig. 9 (A, B, C) occurs at lower resolu-
tions in fig. 10 (B), which rules out discretization prob-
lems in this frequency range. At higher frequencies, in
the regime of the resolution limit, the data of the real part
in fig. 10 (B) is dominated by noise, which means that we
cannot make a statement about the actual high-frequency
scaling. For the 1 fs data (black), the points become un-
stable around 100 THz, which is a fifth of the maximal
frequency of 500 THz. This is also the regime where the
imaginary part deviates from an expected ω−1 decrease
(see fig. 10 (C)). This suggests that our used FFT algo-
rithm is numerically unstable for the non-periodic data
sets in this frequency regime, and data points in this
regime should not be used for interpretation.
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Appendix L: Running Integral over the Friction
Function

The friction coefficient of the memory kernel γ0 can
be obtained by the plateau value of the running integral
over the memory kernel, i.e. γ0 =

∫∞
0

Γ(t) dt = G(t →
0). In fig. 11, we show the running integrals G(t) =∫ t
0

Γ(t′) dt′ of the memory kernels in fig. 1, which we
obtain by the extraction technique described in Appendix
E. We estimate the plateau value of G(t) via a fit with
the function

G(t) =

2∑
i=1

G0,i(1− e−t/τi) +G0,3, (L1)

to the extracted running integral (see dashed lines in
fig. 11). For the least-squares fit, we use the data in
the time interval between 0.1 ps and 20 ps, since after
20 ps, the data is dominated by noise and we assume
the plateau to be reached after 20 ps. The fits perfectly
cover the plateaus in the data and we obtain friction co-
efficients of γ0 = G0,1 + G0,2 + G0,3 = 1.57 kg/s for
SPC/E water and 1.88 kg/s for TIP4P/2005 water, in
agreement with the values obtained from the fits in the
main text (see horizontal dashed lines in fig. 11).

Appendix M: Calculation of Frequency-Dependent
Shear and Volume Viscosity Spectra from MD

Simulations

The shear viscosity kernel η(t) is given by the trace-
free part of the stress tensor by the Green-Kubo relation

[2, 31, 36, 38]

η̃(~k = 0, ω) =

∫ ∞
0

e−iωtη(t)dt, (M1)

=
V

6kBT

∫ ∞
0

e−iωt
∑
i6=j

〈Πij(t)Πij(0)〉dt,

where V is the volume of the fluid. We define the trace-
free part of the stress tensor σij as

Πij = σij − δij
1

3

∑
k

σkk, (M2)

where i, j ∈ {x, y, z} . For the computation of the shear
viscosity spectrum, we use Eq. M1 by calculating the
time correlation functions of the stress tensor entries and
applying the half-sided Fourier transform.
Employing the Green-Kubo relations, we use the fluc-
tuations of the instantaneous pressure from its average
value 〈P 〉, i.e. δP (t) = P (t) − 〈P 〉, to compute the vol-
ume viscosity kernel ζ(t). P (t) is computed from the
trace of the stress tensor, i.e. P (t) = 1

3

∑
k σkk(t). Us-

ing the half-sided Fourier transformation we compute the
volume viscosity spectrum via [29]

ζ̃(~k = 0, ω) =

∫ ∞
0

e−iωtζ(t)dt, (M3)

=
V

kBT

∫ ∞
0

e−iωt〈δP (t)δP (0)〉dt.

For the Fourier transformation of the viscosity data, and
the memory kernel data as well, we use the FFT algo-
rithm implemented in numpy v. 1.18.5 [80], where we as-
sume the input signal x(t) to be single-sided, i.e. x(t < 0)
= 0. All data in time domain are truncated at 10 ps.
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Appendix N: Low- and High-Frequency Scaling of
the Friction Function of a Sphere

For the real part of the friction in Eq. 8, we analytically
obtain the asymptotic behavior, with shear viscosity and
volume viscosity given by the models in Eqs. 18 and 21

Re Γ̃hyd(ω)

6πη0a
'



ω → 0 1+2b̂
1+3b̂

+
a(1+2b̂)2

√
ωρ0/η0√

2(1+3b̂)2

+O(ω−2),

ω →∞
if ζ̃ = ζ0

2a
9 Φ−

(α+
∞)2

2λc
ω1/2,

otherwise 2a
9 (Φ+

(α+
∞)2

λ+
∞
− Φ−C∞)ω−3,

(N1)

with the constants

Φ+ = (

V I∑
i=I

η0,j
τ4o,j

)/η0, (N2)

Φ− = (

V I∑
i=I

η0,jτn,j
τ2o,j

)/η0, (N3)

η0 =

V II∑
j=I

η0,j . (N4)

The constant C∞ is given by:

C∞ =
2α+
∞α
−
∞λ

+
∞ − (α+

∞)2λ−∞
(λ+∞)2

. (N5)

Here, we introduced high-frequency convergence values
for the inverse length scales α+

∞, λ+∞, α−∞, λ−∞ and λc.

They are determined by

α−∞ =
1

2

√
ρ0η̃
−
∞

η̃+∞
, λ−∞ =

1

2

√
ρ0Z̃

−
∞

Z̃+
∞

, (N6)

α+
∞ =

√
ρ0

η̃−∞
, λ+∞ =

√
ρ0

Z̃−∞
, λc =

√√√√ρ0/2

V II∑
i=I

ζ0,j ,

where η̃+∞, η̃−∞, Z̃+
∞ and Z̃−∞ are comprised by the steady-

state viscosities and relaxations times in the used models
for the shear and volume viscosities in Eqs. 18 and 21,
with Z̃(ω) = 4η̃(ω)/3 + ζ̃(ω)− iρ0c2/ω

η̃+∞ =

(
V I∑
i=I

η0,jτn,j
τ2o,j

)2

V I∑
i=I

η0,j
τ4o,j

, (N7)

η̃−∞ =

(
V I∑
i=I

η0,jτn,j
τ2o,j

)
, (N8)

Z̃+
∞ =

(
V I∑
i=I

4η0,jτn,j
3τ2o,j

+

V∑
i=I

ζ0,jτv,j
τ2w,j

− ρ0c2
)2

V I∑
i=I

4η0,j
3τ4o,j

+

V∑
i=I

ζ0,j
τ4w,j

, (N9)

Z̃−∞ =

V I∑
i=I

4η0,jτn,j
3τ2o,j

+

V∑
i=I

ζ0,jτv,j
τ2w,j

− ρ0c2. (N10)

For ζ̃(ω) 6= ζ̃0, the real part of the friction Γ̃hyd(ω)
in Eq. 8 scales with ∼ ω−3 for high frequencies. This
stems from our choice of exponential-oscillatory models
for shear and volume viscosity, where the real part of the
components scales with ω−4 and imaginary part scales
with ω−1.
For completeness, the imaginary part of the friction func-
tion has the following asymptotic scaling

Im Γ̃hyd(ω)

6πη0a
'



ω → 0
a(1+2b̂)2

√
ωρ0/η0√

2(1+3b̂)2

+O(ω),

ω →∞
if ζ̃ = ζ0

2
9Φ−

(α+
∞)2a
2λc

ω1/2,

otherwise 2
9Φ−

(α+
∞)2a

λ+
∞

ω0 +O( 1
b̂
ω−2).

(N11)

Thus, we see that at high frequencies for vanishing vol-
ume viscosity, i.e. ζ̃(ω) → 0 as ω → ∞, the imaginary
part of the friction converges to a constant value de-
pending on the steady-state viscosity constants and time
scales.
The friction in the frequency domain differs only
marginally for frequency-dependent volume viscosity and
for vanishing volume viscosity, i.e. ζ̃ = 0. For ζ̃ = 0, the
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FIG. 12. Differences of the real and imaginary parts between the friction functions of a sphere given by Eq. 8 with the fitted
model of the frequency-dependent volume viscosity in fig. 3 (solid lines in fig. 4) and with vanishing volume viscosity (ζ = 0,
dotted lines in fig. 4), denoted as Ψ′ and Ψ′′ (see Eqs. N12 and N13), for various slip lengths b and sphere radii a.

friction has the same asymptotic behavior as for ζ̃(ω) in
Eq. N1, with modified constants. In fig. 12 we show the
difference between the friction functions, given by Eq. 8,
with the fitted model of the frequency-dependent result
in fig. 3 (solid lines in fig. 4) and with vanishing volume
viscosity (ζ = 0, dotted lines in fig. 4)

Ψ′ = Re Γ̃hyd − Re Γ̃hyd(ζ̃ = 0), (N12)

Ψ′′ = Im Γ̃hyd − Im Γ̃hyd(ζ̃ = 0). (N13)

We see distinct features in the difference spectrum. How-
ever, the absolute values of the differences are small com-
pared to the absolute friction functions in fig. 4.

Appendix O: Comparison of the Friction with the
Generalized Stokes-Einstein Relation

In fig. 13, we investigate the influence of the decay con-
stants α−1 and λ−1, where we show the difference spec-
trum between the full friction in Eq. 8 and the friction
in the limit α→ 0 and λ→ 0

Ω′ = Re Γ̃hyd − Re Γ̃hyd(α→ 0, λ→ 0), (O1)

Ω′′ = Im Γ̃hyd − Im Γ̃hyd(α→ 0, λ→ 0). (O2)

In this limit the friction of the sphere goes to

Γ̃hyd(ω) = 6πη̃(ω)a
1 + 2b̂

1 + 3b̂
, (O3)

which is the generalized Stokes-Einstein relation (GSER)
with slip. In fig. 13, we observe a significant depen-
dence of the difference on the radius, where a higher ra-
dius leads to a higher difference between the full friction

function and the GSER result. For radii in the range
of single water molecules, i.e. a ≈ 10−10 m, the max-
imum in the difference spectrum of the real parts lies
at the pronounced oscillation with resonance frequency
fr,III ≈ 7.11 THz (vertical dashed line) with differences
between 5 and 11 % of the static friction without slip,
depending on the slip coefficient. This shows that, for
frequencies in the THz regime, the decay constants α−1

and λ−1 have a non-negligible effect on the friction of the
sphere.

Appendix P: Origin of the Memory Kernel with
Exponential High-Frequency Scaling

An exponential decrease of the Fourier-transformed
memory kernel for high frequencies originates in the
short-time properties of the velocity autocorrelation
function (VACF). Fololowing [43], we assume that the
VACF has the form

Cvv(t) = 〈v2〉[1 + (t/τ)2]−1, (P1)

with 〈v2〉 = kBT/m and τ > 0. The VACF fullfills the
requirement of time-reversibility, i.e. Cvv(t) = Cvv(−t),
and only even powers contribute in the short-time ex-
pansion, i.e. Cvv(t) ≈ 〈v2〉[1 − t2/τ2 + O(t4)]. From
the GLE in Eq. 12, we can derive a relation between the
single-sided velocity autocorrelation function, Cvv+ (t) =
Θ(t)Cvv(t), and the single-sided memory kernel Γ+(t) in
Fourier space

C̃vv+ (ω) =
iωkBT

iωΓ̃+(ω)−mω2
. (P2)
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We show the derivation of this expression in Appendix
T. The VACF in Eq. P1 can be rewritten as

Cvv(t) =
〈v2〉

1 + (t/τ)2
, (P3)

=
〈v2〉τ2
τ2 + t2

, (P4)

=
〈v2〉τ2

(τ − it)(τ + it)
, (P5)

= 〈v2〉τ2 2τ + it− it
2τ(τ − it)(τ + it)

, (P6)

= 〈v2〉τ2
( 1

2τ(τ − it) +
1

2τ(τ + it)

)
, (P7)

=
〈v2〉τ

2

( 1

τ − it +
1

τ + it

)
. (P8)

With this, the single-sided Fourier transformation of
Cvv(t) can be written as

C̃vv+ (ω) = 〈v2〉
∫ ∞
−∞

dtθ(t)e−iωtCvv(t), (P9)

=
〈v2〉τ

2

∫ ∞
0

dte−iωt
( 1

τ − it +
1

τ + it

)
, (P10)

from which the symmetric VACF follows as [43]

Cvv(t) =
1

π

∫ ∞
−∞

dωeiωt Re C̃vv+ (ω). (P11)

Using Eq. P11 the real part of C̃vv+ (ω) is Re C̃vv+ (ω) =

(〈v2〉/2)τπe−|ωτ |

Cvv(t) =
〈v2〉τ

2

∫ ∞
−∞

dωeiωte−|ωτ |, (P12)

=
〈v2〉τ

2

(∫ ∞
0

dωe−ω(τ−it) +

∫ 0

−∞
dωeω(τ+it)

)
,

(P13)

=
〈v2〉τ

2

( 1

τ − it +
1

τ + it

)
. (P14)

Since the single-sided VACF is zero for t < 0, the imag-
inary part of C̃vv+ (ω) is related to the real part via the
Kramers-Kronig relation [81, 82]

Im C̃vv+ (ω) = − 1

π
P
∫ ∞
−∞

dω′
Re C̃vv+ (ω′)

ω′ − ω , (P15)

where P is the principle part of the integral

P = lim
ε→0

(
1

ω − ω′ + iε
+

1

ω − ω′ − iε ). (P16)

Thus, the imaginary part reads

Im C̃vv+ (ω) = −〈v
2〉τ
2
P
∫ ∞
−∞

dω′
e−|ω

′τ |

ω′ − ω , (P17)

=
〈v2〉τ

2
P
(∫ 0

−∞
dω′

eω
′τ

−ω′ − ω +

∫ ∞
0

dω′
e−ω

′τ

ω′ − ω
)
, (P18)

=
〈v2〉τ

2

(∫ ωτ

−∞
e−ωτ

eu

u
du−

∫ −ωτ
−∞

eωτ
eu

u
du
)
, (P19)

=
〈v2〉τ

2
[e−ωτEi(ωτ) − eωτEi(−ωτ)], (P20)
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where Ei(·) is the exponential integral. The result for
the Fourier transformation of the single-sided VACF is

C̃vv+ (ω) = De−|ωτ | + i
D0

π
[e−ωτEi(ωτ)− eωτEi(−ωτ)],

(P21)

where D0 = 〈v2〉τπ/2. Using Eq. P2, we obtain an ex-
pression for the single-sided memory kernel

Γ̃+(ω) =
kBT

C̃vv+ (ω)
− imω. (P22)

The real part of the memory kernel is obtained by

Re Γ̃+(ω) = kBT
Re C̃vv+ (ω)

[ Re C̃vv+ (ω)]2 + [ Im C̃vv+ (ω)]2
. (P23)

For high frequencies, the real part of C̃vv+ (ω) in Eq. P10

scales with D0e
−|ωτ | and the imaginary part scales with

〈v2〉ω−1, which we obtain by numerical evaluation of the
exponential integral in Eq. P21. For high frequencies, the
imaginary part dominates in the denominator in Eq. P23,
and the real part of the memory kernel scales exponen-
tially with

lim
ω→∞

Re Γ̃+(ω) ≈ kBT

D0
(
τπ

2
)2ω2e−|ωτ |. (P24)

Appendix Q: Short-Time Expansion of the
Exponential-Oscillatory Memory Kernel

The memory kernel in Eq. F6 is not analytic because
of the Heaviside function prefactor Θ(t). Γ(|t|) can be
expanded for short times t→ 0

lim
t→0

Γ(|t|) ≈γ0τn
τ2o
− γ0

8τnτ2o
(κ2 + 1)t2

+
γ0

24τ2nτ
2
o

(κ2 + 1)|t|3

+
γ0

192τ3nτ
2
o

(
κ4

2
− κ2 − 3

2
)t4 (Q1)

+O(|t|5).

We see that the third derivative is discontinuous at t = 0.
Hence the memory kernel is not analytic.

Appendix R: Velocity Autocorrelation Function
from the Exponential-Oscillatory Memory Kernel

Using the identity

C̃vv(ω) = −2kBTω Im χ̃(ω), (R1)

which we derive in Appendix T, and the exponential-
oscillatory memory kernel in Eq. F6, we can obtain an
analytical expression for the velocity-correlation function

in frequency space. An inverse Fourier transformation for
the VACF is generally difficult. Hence, we investigate
the behavior of the VACF for the exponential-oscillatory
memory kernel for short times

Cvv(t) =

∞∑
j=0

tj

j!

djCvv(s)

dsj
|s=0. (R2)

Using our definition of the inverse Fourier transforma-
tion, we have

djCvv(t)

dtj
|t=0 =

∫ ∞
−∞

dω

2π
(iω)jC̃vv(ω). (R3)

Using this identity, we can investigate the convergence
of the short-time expansion terms of Cvv(t) for a given

memory kernel Γ̃+(ω). We first check the procedure us-
ing the memory kernel with exponential high-frequency
scaling (Appendix P). Using C̃vv+ (ω) in Eq. P21 and the

identity C̃vv(ω) = 2 Re C̃vv+ (ω) (Appendix T), the short-
time expansion of Cvv(t) in real space is

Cvv(t) ≈ kBT

m
[1− t2

τ2
+O(t4)], (R4)

in agreement with the short-time expansion of Cvv(t) in
Appendix P.
Inserting the exponential-oscillatory memory kernel in
Eq. F6 into Eq. R3, we find that the sixth term diverges
and only the zeroth, second and fourth expansion term
converge in real space, i.e. Cvv(t) ≈ kBT

m (1−At2 +Bt4),
where A and B are determined from Eq. R3. This fol-
lows from the fact that for high frequencies C̃vv(ω) scales

with ∼ 2kBTγ0
τ4
om

ω−6, which we obtain by inserting the ex-

pression in Eq. F6 into Eq. R1. Thus, we conclude that
the exponential-oscillatory memory kernel correspond to
a non-analytic velocity autocorrelation function in time
domain.

Appendix S: Origin of the Memory Kernel with
Gaussian High-Frequency Scaling

We assume that the VACF has the form of a Gaussian
function

Cvv(t) = 〈v2〉e−t2/τ2

, (S1)

which is symmetric in time, i.e. Cvv(t) = Cvv(−t),
and only even powers contribute in the short-time ex-
pansion, i.e. Cvv(t) ≈ 〈v2〉[1 − t2/τ2 + O(t4)]. We ob-
tain the Fourier-transformed single-sided VACF similar
as in Appendix P. We find that the real part of C̃vv+ (ω)

is Re C̃vv+ (ω) = 〈v2〉τ√π/2e−ω2τ2/4, which we can check
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by inserting this expression into Eq. P11

Cvv(t) =
〈v2〉τ
2
√
π

∫ ∞
−∞

dωeiωte−ω
2τ2/4, (S2)

=
〈v2〉τ
2
√
π

∫ ∞
−∞

dωe−t
2/τ2

e−
1
τ2

(ωτ
2

2 −it)
2

, (S3)

=
〈v2〉τ
2
√
π
e−t

2/τ2

∫ ∞
−∞

dωe−ω
2τ2/4, (S4)

=
〈v2〉τ
2
√
π
e−t

2/τ2 2
√
π

τ
, (S5)

= 〈v2〉e−t2/τ2

. (S6)

The imaginary part of C̃vv+ (ω) can be determined by the
Kramers-Kronig relation in Eq. P15

Im C̃vv+ (ω) = −〈v
2〉τ

2
√
π
P
∫ ∞
−∞

dω′
e−ω

′2τ2/4

ω′ − ω , (S7)

= −〈v
2〉τ

2
√
π
I(ω), (S8)

which defines the function I(ω). The complex function

C̃vv+ (ω) thus follows as

C̃vv+ (ω) = D0e
−ω2τ2/4 + iD0I(ω), (S9)

where D0 = 〈v2〉τ√π/2. Using Eq. P2, we obtain an ex-
pression for the single-sided memory kernel. For high fre-

quencies, the real part of C̃vv+ (ω) scales with D0e
−ω2τ2/4

and the imaginary part scales with 〈v2〉ω−1, which we
obtain by numerical evaluation of the imaginary part in
Eq. S9. The real part of the memory kernel in Eq. P23
scales like a Gaussian function with

lim
ω→∞

Re Γ̃+(ω) ≈ kBT

D0
(
τ
√
π

2
)2ω2e−ω

2τ2/4. (S10)

Appendix T: Derivation of Eq. P2

We start from the Fourier-transformed GLE in Eq. 14,
i.e. ṽ(ω) = iωχ̃(ω)F̃R(ω), where χ̃(ω) = (iωΓ̃+(ω) −
mω2)−1. The fluctuation-dissipation theorem, i.e.
〈FR(t)FR(t′)〉 = kBT Γ(|t− t′|), in Fourier space reads

〈F̃R(ω)F̃R(ω′)〉 = (T1)

kBT

∫ ∞
−∞

dte−iωt
∫ ∞
−∞

dt′e−iω
′t′Γ(t− t′),

= kBT

∫ ∞
−∞

dt′e−i(ω+ω
′)t

∫ ∞
−∞

dte−iω(t−t
′)Γ(t− t′),

(T2)

=kBT

∫ ∞
−∞

dt′e−i(ω+ω
′)t′ Γ̃(ω),

(T3)

=2πkBTδ(ω + ω′)Γ̃(ω). (T4)

Using this identity, we obtain for the Fourier transforma-
tion of the VACF

C̃vv(ω) =

∫ ∞
−∞

dω′

2π
e−iω(t−t)〈ṽ(ω)ṽ(ω′)〉, (T5)

=

∫ ∞
−∞

dω′

2π
〈iωx̃(ω)iω′x̃(ω′)〉, (T6)

= −
∫ ∞
−∞

dω′

2π
〈ωχ̃(ω)F̃R(ω)ω′χ̃(ω′)F̃R(ω′)〉,

(T7)

= −kBT
∫ ∞
−∞

dω′ωω′χ̃(ω)χ̃(ω′)δ(ω + ω′)Γ̃(ω),

(T8)

= kBTω
2χ̃(ω)χ̃(−ω)Γ̃(ω), (T9)

= kBTω
2Γ̃(ω)

χ̃(−ω)− χ̃(ω)
1

χ̃(ω) − 1
χ̃(−ω)

, (T10)

= kBTω
2Γ̃(ω)

χ̃(−ω)− χ̃(ω)

iω(Γ̃+(ω) + Γ̃+(−ω))
. (T11)

Since χ(t) is a real function, we have χ̃(−ω) − χ̃(ω) =
χ̃∗(ω) − χ̃(ω) = −2i Im χ̃(ω), where χ̃∗(ω) is the com-
plex conjugated function of χ̃(ω). For any function f(t)
symmetric in t, as Γ(t) and Cvv(t), we have

f̃+(ω) + f̃+(−ω) = f̃+(ω) + f̃∗+(ω), (T12)

=

∫ ∞
−∞

dtf+(t)e−iωt +

∫ ∞
−∞

dtf+(t)eiωt, (T13)

=

∫ ∞
−∞

dtf(t)θ(t)e−iωt +

∫ ∞
−∞

dtf(t)θ(−t)e−iωt,
(T14)

= f̃(ω). (T15)

Inserting this identity for Γ̃+(ω) into Eq. T11, we obtain

C̃vv(ω) = −2kBTω Im χ̃(ω), (T16)

and

Re C̃vv+ (ω) = −kBTω Im χ̃(ω), (T17)

= kBTω Re (iχ̃(ω)), (T18)

where we use C̃vv(ω) = C̃vv+ (ω) + (C̃vv+ (ω))∗ =

2ReC̃vv+ (ω). For the single-sided VACF, we finally obtain

C̃vv+ (ω) = iωkBT χ̃(ω), (T19)

=
iωkBT

iωΓ̃+(ω)−mω2
.

Here we use the fact, employing the Kramers-Kronig re-
lations, that if the real parts of two analytic functions are
equal (Eq. T18), the total complex functions are equal [8].

Note that the identity in Eq. T19 only holds if C̃vv+ (ω)
and χ̃(ω) are analytic in the time domain.
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