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Abstract

We study the GENERIC structure of models for reactive two-phase flows and their connection to
a porous-media model for reactive fluid-rock interaction used in Geosciences. For this we discuss the
equilibration of fast dissipative processes in the GENERIC framework. Mathematical properties of
the porous-media model and first results on its mathematical analysis are provided. The mathematical
assumptions imposed for the analysis are critically validated with the thermodynamical rock data
sets.
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1 Introduction

During its journey towards the subduction zone, the oceanic lithosphere cools and becomes hydrated,
so that the fluid is chemically bound in solid phases. During subduction into the earth mantle, in turn,
the plates heat up and the hydrous minerals become unstable. The resulting dehydration reactions are
strongly temperature-dependent, and due to the solid solutions of the minerals involved, this dehydration
is a continuously evolving process driven by the steady, slow heat flow into the plate, Fig.[l|right. Evidence
from the global volatile budget indicates [vIKKHSATI] that there must be a fluid escape mechanism that can
keep pace with the slab descent velocity (cm/year) to avoid the fluid being lost to the earth interior. This
dynamic fluid escape mechanism leads fluid flow to organize itself into large-scale and high-flux transport
systems through which fluids can escape from the subducting plate, cf. e.g., [WKHSATI, PJPT17]. In

*Freie Universitat Berlin, Department of Mathematics and Computer Science, Arnimalle 9, 14195
Berlin, Germany. Email: andrea.zafferi@fu-berlin.de

TFreie Universitit Berlin, Department of Earth Sciences, Malteserstr. 74-100, 12249 Berlin, Germany.
Email: konstantin.huber@fu-berlin.de

IWeierstrass Institute for Applied Analysis and Stochastics, Mohrenstr. 39, 10117 Berlin, Germany.
Email: dirk.peschka@wias-berlin.de

§Freie Universitat Berlin, Department of Earth Sciences, Malteserstr. 74-100, 12249 Berlin, Germany.
Email: j.c.vrijmoed@fu-berlin.de

1Freie Universitat Berlin, Department of Earth Sciences, Malteserstr. 74-100, 12249 Berlin, Germany.
Email: timm.john@fu-berlin.de

I Weierstrass Institute for Applied Analysis and Stochastics, Mohrenstr. 39, 10117 Berlin, Germany.
Freie Universitdt Berlin, Department of Mathematics and Computer Science, Arnimalle 9, 14195
Berlin, Germany. Email: marita.thomas@fu-berlin.de



oceanic H,0 bound
Iithosphereo 1in rock3
F——+—+wt.%

Z arc magmatism

sheeted dikes \\
isotropic gabbro |-

layered gabbr ‘

partial hot

serpentinised melting
mantle

depth

cold

Figure 1: Schematic view of a subducting slab that heats up from top and below and therefore dehydrates
on its way into the hot earth mantle. Colors within the slab indicate temperature. The left box shows a
typical profile through the uppermost part of the slab as it enters the subduction zone. Different lithologies
contain various amounts of HoO that is bound in hydrous minerals. On its decent into the mantle the
slab is heated up by heat conduction from the surrounding mantle. Increasing temperatures lead to
dehydration, i.e. the release of the rock-bound H2O in a free fluid phase (small dashed arrows). These
fluids cause partial melting of the mantle which gives rise to arc magmatism at the surface. Dimensions
are not to scale. Rock-bound H>O contents are taken from [RMHCO04].

fact, it has been shown in various field-based studies that intra-slab fluid flow and fluid escape from the
slab are channelized and reactive, cf. e.g., [CHJ*19, [JGPT12 [APDHT 14, [HIBS12, I[TJBF 18, [PNTGT10].

Dehydration reactions often lead to a densification of the solid phases of the plate and thus to the
formation of a fluid-filled porosity. The initial porosity forms at the sub-mm scale and is heterogeneously
distributed across the rock as defined by the local bulk composition . As dehydration progresses,
these initial vein-like porosity structures merge and form a vein network that allows fluid flow in the rock
[JKGGSO08, ITJBT18, PJPT17, BJK™18, [CPNTI19]. Hereby, reactive fluid flow is able to trigger further
rock dehydration and to transform an initially fine and small-scale high-porosity structure into wider and
larger vein systems that may also develop reaction halos by chemical interaction with the wall
rock, cf. also [TJBT18, IJGP™12]. The works [PJPT17, BJV ™20, develop thermodynamically
consistent porous-media models which explain the generation of porosity and veining due to dehydration
reactions. They provide a first step towards a mechanistic understanding on how dehydration leads from
the first stage of chemistry-controlled local dehydration to the development of intra-slab flow structures
that are highly channelized. These channels may show only limited interaction with the wall rock, cf.
e.g., [HIBS12|, but they may also have well-developed reaction halos, cf. e.g.,
HVI22).

In this work we discuss the porous-media models developed in [PJP*17, [BJV ™20, [HVJ22] in more
detail from a mathematical point of view. In particular, the porous-media model deduced in [m
takes the following form

0 (0s(1 = Xn)(1 - ¢)) =0, (1.1a)
0u(8(1 = 8) + or0) = V- (oK (9)V) (L.1b)

Here, ¢ denotes the porosity, 7 the fluid pressure, and X}, the HoO-content of the solid phase. Moreover,
with index ¢ € {f,s} for fluid and solid ¢; denotes the ”pure“ mass density of the respective phase and the
expression K (¢) is a Kozeny—Carman-type permeability of the form K(¢) = ﬁ¢3 with positive constants
K, 1 > 0. In this way, expresses the conservation of mass for the immobile solid and provides



the conservation of total mass. Given suitable initial data, one observes that (1.1a) may be explicitly
solved for the porosity
1 0-X)(0-9%)
p=1- 0s(1—Xn) ’

where quantities with superscript 0 denote given initial data. Additionally, the models studied in
[BJVT20, [HVI22] also take into account the influence of further chemical species transported with the
fluid on the dehydration process. This chemical species is COy in [BJVT20] and SiOy in [HVI22]. It is
assumed to undergo a diffusion process in the fluid phase, so that the model in [HV.J22] reads:

(61— ¢) + 6:0) = V- (5K (9)Vr) . (1:22)
0y (0scs(1 — @) + orcep) =V - (@foK(¢)V7T + @fcf¢DcVCf> : (1.2b)
p=1- Ll-a=Xl-dh) (1.2¢)

where ¢, 7, Xy, 0, 0s, and K(¢) have the same meaning as in . In addition, with index i € {f,s}
for fluid and solid ¢; is the SiOs-content of the respective phase and D, in is a diffusion coefficient.
Again, quantities with superscript 0 denote given initial data. In [PJPT17], resp. [HV.J22], systems (1.1
and are numerically solved for the unknowns ¢, 7, and ¢ by a finite difference method, whereas
the the remaining quantities ¢f = &(m, ¢s, 0), Xu = Xu(m, cs,0), 0; = 0i(7,¢s,0), i € {s,f}, implicitly
depend on the unknowns and on the (given) temperature 6. Their values are obtained from equilibrium
thermodynamical closing relations.

In this present work we further discuss models and from a mathematical point of view.
First, based on our findings in [ZPT21], we investigate the thermodynamical structure of models and
in the framework GENERIC (the acronym for General Equations of Non-Equilibrium Reversible
Irreversible Coupling). For this, we briefly review the modeling concept of GENERIC in Section [2| and
use it to develop a model for reactive two-phase Darcy flows, cf. Sec. Many porous-media models in
literature also consider chemical reactions in a thermodynamically consistent way, cf. e.g. [OSCT5] [EhI09].
Yet, many treat reactions only within a phase or the exchange of mass between the different phases is
incorporated by rather heuristic exchange terms [Cou04, [ADDNO04, [Krald]. The reactive two-phase
Darcy-flow model, that we obtain with the aid of the GENERIC framework, allows for the exchange
of mass between the different phases by chemical reactions, where the corresponding reaction terms are
directly inferred from the thermodynamical functionals and dissipative operators related to the chemical
reactions. In this way the exchange process is incorporated in a thermodynamically consistent way and
the structure of the process including the reaction kinetics is highlighted very well.

As mentioned above, in the works [PJPT17, BJV ™20, [HVJ22] the determination of the quantities cf,
X 0s, and 9f stems from equilibrium thermodynamical closing relations deduced by Gibbs minimization.
This approach rests on the assumption that chemical reactions take place on much faster time scales than
flow and transport so that they can be assumed to be in local equilibrium. In Section [3]we therefore discuss
the local equilibrium of fast dissipative processes in the GENERIC framework and deduce equations
for the effective system. For this, we follow the ideas of [MPS21]. We apply this approach to the
equilibration of temperature in the two-phase system and to the equilibration of chemical reactions.
These considerations put us in the position to show in Section that the models and originate
from the reactive two-phase Darcy flow model deduced in Sec. by equilibration of the fast reactions.
Finally, Section [5| provides first analytical results on the existence of weak solutions for the models. Here
we take into account the discretization scheme used in [HV.J22] for the numerical simulations and we
critically discuss the mathematical assumptions with respect to the evidence of the thermodynamical
properties given by the chemical composition of the rock samples considered in [PJPT17, [HVI22].

2 GENERIC structure of reactive two-phase systems
Short introduction to the GENERIC framework The thermodynamical modeling framework of

GENERIC (General Equations of Non-Equilibrium Reversible Irreversible Coupling) was introduced by
Ottinger and Grmela in |[GO97, [OG97|. It characterizes the evolution of a thermodynamical system in



Symbol(s)  Unit Definition Reference

Q Spatial domain in R? (2.4)

v; m st Velocity of solid-s and fluid-f

P, Momentum density of solid-s and fluid-f (2.9)

C; Concentration density vector of solid-s and fluid-f ,, Ex
U; Jm™3 Internal energy density of solid-s and fluid-f (2.9)

S JK ! m™3 Entropy density of solid-s and fluid-f 23),211),(22)
E; Jm™3 Total energy density of solid-s and fluid-f R.1),.11

M; kg mol ™! Vector of molar masses of solid-s and fluid-f ,Ex. E

0; kg m—3 Mass density of solid-s and fluid-f

e Pa Pressure of solid-s and fluid-f

0; K Temperature of solid-s and fluid-f

1 J mol~* Chemical potential of solid-s and fluid-f @2.12)

10) vol. fr. Porosity , (1.2), Sec.
0i kg m—3 “pure” mass density of solid-s and fluid-f (1.1), (1.2), (4.6)

¢t C wt. fr. SiO, content of solid-s and fluid-f Sec

X wt. fr. H,0 in solid (1.2, Sec.

q State vector Sec. E (12.9)
qg=0iq Partial time derivative of g ([T-1),(T-2), (2:3)
Q0 State space and its dual Sec. [2

n,& Element of Q* 2.19a

& J Total energy functional Sec.

8 JK! Total entropy functional Sec. 2| ([2.11),
J Poisson operator Sec. |2 (2.14)

K Onsager operator Sec. , (12.24)
DA Functional derivative Sec. 2] (2.13)

T Transformation between state spaces

L,Ix Fréchet derivative of T, . := DT and its adjoint I

Table 1:  List of most recurring symbols with references to definitions, sections and relevant examples.

terms of a state space Q with dual Q*, thermodynamical potentials such as energy € and entropy 8, and
geometric structures J and K, which encode the reversible (Hamiltonian) or irreversible (Onsager) nature
of the process. Characteristically for this, the Poisson structure J(q) : Q* — Q is antisymmetric J* = —J
and satisfies Jacobi’s identity, whereas the Onsager operator K(q) : 9 — Q is positively semidefinite
(&, K(q)¢) > 0 for all ¢ € 9* and symmetric K* = K. The triple (Q, &,J) forms a Hamiltonian system
for reversible dynamics and the triple (Q,8,K) forms an Onsager, resp. gradient system for dissipative
dynamics. A GENERIC system (Q, &,8,J,K) couples the two via the non-interaction conditions (NIC)

J(q)D8(q) = 0 =K(q)DE(q), (2.1)
and the mass conservation condition
J(g)DM(q) = 0 = K(q)DM(q) (2.2)

for the total mass M of the system. We call conditions and degeneracy conditions. Above,
D denotes the Fréchet derivative of the driving functional with respect to q. The properties of J and
K together with the NIC ensure the compatibility of the system with the laws of thermodynamics
and ensures the conservation of the total mass of the system. The evolution of a state vector
q : [0, T] = Q describing the mechanical and thermodynamical properties of the system is then given by

orq = J(q)DE(q) +K(q)DS(q) - (2.3)



For more details on the GENERIC framework we refer to [GO97,/0G97] and with regard to transformation
properties of GENERIC systems also to [ZPT21].

In [ZPT21] we discussed the GENERIC framework for reactive fluid flows. In this section we extend
these results to multiphase systems. For this, we will introduce a two-phase Darcy model in Sec.
and study a multiphase system with diffusion and chemical reactions between the two phases in Sec.
Subsequently, we will combine these results in Sec. to obtain the GENERIC structure of reactive
two-phase Darcy flows.

Kinematics of two-phase flows We follow here the approach to the theory of porous media as
outlined e.g. in [EhI09] and describe the two-phase system, consisting of a fluid (f) and a solid (s) phase,
in the Eulerian frame, where Q(t) C R? denotes the domain in Eulerian coordinates at time ¢ € [0, T].
To each phase i € {f,s} there is an associated reference domain ; C R? and a sufficiently smooth flow
map ¥, : [0, T] x Q; = R, (t,2) € [0, T] x Q; = = = x;(t, %) € Q(t), so that

Qt) == {x € RY, & = x,(t, ;) for some &; € Q;} for i€ {s,f}. (2.4)

When there is no chance for misunderstanding we omit indicating the time dependence of the current
configuration, i.e., we write Q for (¢). The motion of phase i is characterized by the following ODE
Cauchy problem

ox;(t, ) = vi(t,x;(t, %)) for all 7 € Q;, t € [0,T], (2.5a)
x;(0,Z) =T for all 7 € Q;, (2.5b)

where v; : [0, T] x Q(t) — R denotes the Eulerian velocity field of phase i and we ask that
vs(t, ) = ve(t,-) on ON(t). (2.6)

In order to ensure that the flow map is orientation-preserving we claim that its Jacobi determinant is
positive, i.e., - -
Vi:=detVy,; >0, (2.7)

and we denote the Jacobi matrix by
Fy:=Vx;, where (F)u = (VX;)u = (9z,(X:)r) (2.8)

T are the coordinates of the Lagrangian domain €; of phase i.

where & = (Z1,...,%q)

2.1 Two-phase Darcy flow

We now deduce the GENERIC structure for a two-phase Darcy model without reactions but with an
interphase friction term. For this we extend our findings from [ZPT21], Sec. 6] to the two-phase setting. To
keep the presentation concise, we directly start the considerations in Eulerian coordinates. As described
above, the state g € Q of the multiphase flow is defined by a vector of fluid (f) and solid (s) quantities

P,:Q—R?
C,:Q— RM
(g | Us:Q2—=R
q‘<qf>_ P QR (29)
Cf:Q—)RNf
UfiQ-)R

In each phase i € {s,f} there are N; components with a vector of concentrations C; = (C’Zk)kN:1 € RN
and a corresponding vector of molar masses M; = (Mlk)iv:l € R%i, such that each phase has the mass
density o; and the total mass density is giot defined by

N;
0i=) M;Cipr=M; C; and gy = 0s + 0r- (2.10)
k=1



Additionally, each phase has a separate momentum P; and internal energy U;. At this point we ob-

serve that the quantities here defined account already for the volume fraction of the respective phase.

Definitions of “pure” and “partial” quantities and their relation to volume fractions are treated in Sec. [£:2}
Above notation allows us to define the functionals for total energy & and entropy 8 as

P,
&(q) := / Es(qy) + Er(g;)dx  with E;(g;) = |29| +U; (2.11a)
Q i

S(q) = /QSS(CS,US) +Sf(Cf7Uf) da:, (2.11b)

where the total energy and entropy densities are E' = E; + Fr and S = Sg + St. The entropies satisfy the
Gibbs relations

T 1 /~L1

? = Sl' — Czaclsl — UianSl', 97 = aU,;Sh 97 = 30751 (2.12)
separately for each phase i € {s,f} with pressure m;, temperature ;, and chemical potential p;. This
gives the driving forces for the GENERIC evolution as

Pg/os (}
0 ts /05
1 1/6,
D&é(q)=n= DS8(q) =€ = 5 2.1
@=n=1p | (9)=¢ o | (2.13)
0 i/ O
1 1/65

where we will denote with the subscript DA, &, and 7, the a-component of the vectors DA, &, n. The
reversible dynamics of the system follows the evolution given by the Poisson structure

Ip.p, JIp.c. Ip.u, 0 0 0 Jp,p,0:= —(VD)TPi—V.(Pi(@D),
:I%CSPS 8 8 8 8 8 Ip,c,0:=—(VD)'Cy,
U,P .
_ sPs th p,L1:==-V-(C; 2.14
J(q) 0 0 0 “]]PfPf °HPfo JPfo Wit JClPlD v (07 ® D) ’ ( )
0 0 0  Jo.p, 0 0 Jp,p,0:=-U;VO+ V(Om),
0 0 0  Jyp 0 0 Ju,p,0:= V- (U;0) +mV-0O.

The irreversible processes are encoded in an Onsager operator

. , Sise + K Kie + K& Kie + K
K@) = () D) = (e e ) e e ] )
Ki(q) Kel(q) 0 Kiise T Ky KB + Kb KE 4 KE

where each of the blocks K;; for ¢, € {s,f} is a 3 x 3 block acting on the derivatives of 8 with respect
to q; = (P;,C;,U;)". Single-phase effects are solely encoded in the diagonal operators Kg, Kg and
interaction terms are encoded in all the components of K. We consider irreversible processes due to
single-phase Stokesian viscous dissipation K¢, . and heat transport K{ . Phase interaction is due to
interfacial friction K% ~and due to heat exchange Kffe First we consider the single-phase effect of viscous

fric
dissipation
Kpp' D=~V - (20,0, V0 + 0,¢te(VO)Ly)
Ky es 0 o= (2000 Viws|? + 0:¢i tr(Visw;)?) O,
Ky 'O = — (20, M V0 + 0:¢itr(VO) 1) : Vo,
Kpes 'O = V - ((20:0Visv; + 0,Gitr(View;)T)D)

Kpp' 0 Kpp'
- 0 0 0 with (2.16)

where \;, ¢; are the viscous parameter of the solid and fluid Stokes dissipation and v; = P;/g; the single-
phase velocity. Furthermore we have the symmetric gradient Vi1 = %(VD +VOT). The heat conduction



is given by the operator

00 0
=10 0 0 | with KMO:=—V.(02kVD), (2.17)
0 0 K

where k; is the heat conduction of each phase. The heat exchange is of the 6 x 6 block form

00 0 00 0
00 0 00 0

K K\ 00 41 0 0 —1

(Kffe ng)_khe(‘” 00 0 00 0 (2.18)
00 0 00 0
00 -1 0 0 +1

for some some given heat exchange coefficient function kpe(g) > 0. The isotropic Darcy interaction

between the two phases is generated by the dual dissipation potential

Kp 050
2 05+ 6

\I]?ric(qa £) = |w|2 de ’ (2193“)
where w = p, —Ep, — (aéy, + (1 — )&y, ). Here v = (vs—vs¢) and a(q) € (0, 1) is arbitrary and controls
how much of the generated entropy is converted into heat of the solid and fluid phase, respectively. The
Onsager operator corresponding to this dual dissipation is

+1 0 —ya -1 0 —(1l-a)
0 0 0 0 0 0
_ 0505 —ya 0 ~v2a? Yo 0 [vPa(l—a)
Kgric = Kp(q) 010 _1 0 o i 0 ~1-a) | (2.19b)
0 0 0 0 0 0
—y(1—a) 0 yPa(l—a) v(1-a) 0 [(1-a)

Based on these definitions, the GENERIC evolution of the compressible two-phase flow reads

P.+V- (Ps®vs) = —Vrys— Kpy+ V- oy, (2.20a)
P; +V - (Pi®v;) = —Vr; + Kpy+ V- oy, (2.20b)
C.+V-(Ci®v,) = (2.20c)
Ci+V-(Crovg) = (2.20d)
Us+ V- (Ugvg) = —mv vs + aKp|y* + kne(051 — 0771 + V- (kV0s) (2.20¢)
Us + V- (Upvs) = —mV - vs + (1 — @) Kp |y — kne(05 — 0771 + V - (ke V), (2.20f)

with the Cauchy stress tensor o; = 2\;(Vsv;) + (;(V - v;)1; for each phase. Using the fundamental Gibbs
relation one can verify that J(g)D8(q) = 0 and K(g)D&(q) = 0 hold even true on the level of each
individual dissipative process, i.e., heat transport, heat exchange, Stokes dissipation, Darcy dissipation.
The Darcy friction is objective and conserves the total momentum. The total mass density of the system
evolves according to

at@tot + V- OtotV = 07 where OtotV = QsVs + 0fVs. (221)

2.2 Two-phase reaction-diffusion system

We now discuss the gradient/Onsager structure of a two-phase system that allows for the diffusion of
species and intra-phase as well as inter-phase chemical reactions among the species. For this, we suitably
adapt the results of [ZPT21] Sec. 5 & 6.1] to the two-phase setting. For this two-phase system of solid
(s) and fluid (f) phase in Eulerian coordinates we consider the state vector ¢ = (gy, q,) from . In



particular, we assume that the two-phase system is composed of N = Ng+ Nt chemical species Z1, ..., Zy.
Hereby, the first Ny species Z1,...,Zy, belong to the solid phase and the Ny species Zn,.,,...,ZN
belong to the fluid phase and we denote by Cjy the particle density of species Zy, k € {1,...,N}.
Accordingly, we set Cy := (Cy,...,Cn,) " = (Cf,...,Cx) ", Cr:= (Cn,,y,---,On) T = (CL,....CN) T,
and C = (Cy,...,Cn)". The total energy and entropy of the system are of the form (2.11]), with the
chemical part of the entropy of logarithmic type, i.e., S; in is of the form

N;
Sl(CZ, UZ) = S:h(Ul> + ZC}%(IH C]ZC — 1) (2.22)
k=1

with S (U;) a thermal contribution. This leads to the driving force
D¢, Si(Ci,U;) = (InCj) o, - (2.23)

We further assume that the conservative contribution to dynamics is represented by the operator J from
(2.14). In analogy to (2.15)) we introduce the general structure of the Onsager operator for the two-phase
reaction-diffusion system as follows

ss TS 0 0 0
o K with K7 := [0 K 0 d K = KISae, 4 KA (2.24)
rd =\ gbs kA rd T C;C; and ve;c; = B¢,y CiC; )
rd rd 0 0 0

for i,j € {s,f}. In this way the operators K} only account for dissipative interactions of the vectors
of concentrations in terms of chemical reactions Kréagj and diffusion K%ffcj, whereas dissipation due to

changes in momentum P; and internal energy U; is not considered for i € {s,f}. We note that K¢&ie,

describes intra-phase chemical reactions for ¢ = j and inter-phase chemical reactions for ¢ # j. Following
[ZPT21], Eq. (6.9)] we now introduce the Onsager operators K&'e: and K‘élffcj.

Onsager operator for diffusion.  Following [ZPT21l Sec. 5 & 6.1] we introduce the Eulerian dual
dissipation potential for diffusion

Whig(g;m) == /Q sMccVn:Vn de (2.25)

for any n = (ny,m) = (Mc,,Mc,)- Differentiation with respect to i and integration by parts under the
assumption of homogeneous boundary conditions gives the Onsager operator

; M M
diff,, . . _ C.C; C:C;¢ NxN
K%%p =-V (Mccvn) with Mo <Mc’fcs MC’fo) eR (226)

a positively semidefinite matrix of diffusion coefficients, which may depend on the state vector q. Com-

paring (2.26) with (2.24]) shows that
K&'e,0 =V - (Mg,c,VO) with Mg, ¢, € RN (2.27)

and O indicates where the argument has to be placed.

Onsager operator for chemical reactions. Assume that above N chemical species react with each
other in R chemical reactions according to

k"
O Zi4 . A e+ e s g1+ AN ZN % B Z14. . A BN ZN+Bie i1 Zit - A BN DN, (2:28)

for r =1,..., R. For each reaction r there are the vectors of stoichiometric coefficients a” = (af, af) =
(af,...,a’) and B = (BL,BF) = (B}, ..., B%) € NY, as well as the forward and backward reaction rates



k', k" > 0, which may depend on the state g. The equations governing the reaction kinetics are given
by an ODE system of the form

R
4Ci = (Ka)C” ~ K(@)C™") (a; = ) fori € {51}, (2.29)

r=1

where we use the notation C* := C{"* --- C{N and where di denotes the material time derivative with
respect to the velocity of phase i. The material time derivative is generated by J, see (2.20c]) & ([2.20d)).
Furthermore, we assume a detailed balance condition, i.e., there exists a steady state C.¢, such that

k(q) = k. (q)C% = k" (q)C2; forallr =1,...,R. (2.30)

Under this condition the system (2.29) can be written as an Onsager system, cf. e.g. [Miell]. Based on
[ZPT21, Sec. 5] we introduce the dual dissipation potential for chemical reactions

Ueac(@sm) = /Q% (") -Hee(q) <:”) dz, (2.31a)

N¢ f
with the Onsager operator Hee. Due to (2.23)) it follows that the Onsager operator has the following

expression
R a” ﬁr
"(q & C o
HCC(q) = Z k'(B )g ((Cref> , <Cref> ) ° ’ (231b)

r=1
S = (@~ B) @ (0"~ 87) (2.31)
U—v f
Lu,v) = {k’g“_log” oru v, (2.31d)
v foru=w.

Comparing (2.31b)) with (2.24) we gather that

Kreac Kreac
Heelq) = C:C. "C:Cr ) and (2.32a)
Kéie. Kéie,

Bk c\* [ c\* o
Kge, = Y k(Bq)£<(0ref) ’<Cref> )(a;_ﬁg)@;(a;_ﬁ;) for i,j € {s,f}.  (2.32b)

r=1
Example 2.1 (Rock dehydration). Consider the process of dehydration of serpentinite
(Mg, Fe)381205(OH)4 + (Mg, Fe)(OH)Q = (Mg, FC)QSiO4 + 3H,O

as an example for a single reaction in a two phase system with four species corresponding to antig-
orite Z1 = (Mg, Fe)3Si205(0H)y, brucite Zy = (Mg, Fe)(OH)s, olivine Z3 = (Mg, Fe)2Si04 and water
Z4y = Hs0. Therefore we have the liquid phase composed only by water and the remaining miner-
als forming the solid part. If we consider purely Mg-minerals then the vector of molecular masses is
M = (277.11,58.32,140.69, 18.01) expressed in g/mol with stoichiometric coefficients

o, = (1,1,0), ar = (0),
/63:(0’0’2)7 ﬁf:(?))'

Note that conservation of mass is ensured by My - (as — B;) + M - (or — B¢) = 0. Finally, the system
of ODEs reads

Cl 2 3 1

o Cs = k(q) (C3)" (C4) o C,C> 1
' CB (CS,ref)2 (C4,ref)3 Cl,refCQ,ref -2
C, -3



2.3 Two-phase reactive Darcy flow

Here we combine our findings from Sections[2.1] and [2.2] to obtain the GENERIC structure for a two-phase
Darcy flow with reactions and diffusion of chemical species. We thus again consider the state vector g
from , the driving functionals € and § from with the properties of the chemical part of the
entropy as in and the properties of the chemical species as discussed in Sec. The Poisson
operator J for reversible dynamics is again given by (2.14)), while the Onsager operator for the coupled
dissipative processes results by the sum of Kgpy from (2.15) and K,q from , ie.,

Kraspn = Kia + Kspn - (2.33)
Following the lines of [ZPT21, Sec. 6.1] it can be checked that this choice of driving functionals and

operators complies with the degeneracy conditions (2.1) and (2.2). Moreover, the evolution equations of
the GENERIC system for the reactive two-phase Darcy flow read

P, +V-(P,®v)=—-Vr,— Kpy+V-oy, (2.34a)
P;+V- (Ps @ vg) = —Vﬂ'f + Kpy + V- oy, (2.34b)
C.+V-(Cs®vy) Zkr (Cﬁr - car) (al — Br), (2.34c)
Ci +V-(Cr @ vy) Zkr (cﬁr - C‘f) (al — Br), (2.34d)
Us + V- (Usvs) = =1V - vg + aKply[? 4+ kne(051 — 071) + V - (kV6,), (2.34e)
Uf +V- (Uf'Uf) = —mV v + (1 - Oé)KD"')’|2 — khe(es - Gf_l) + V- (kaGf) . (2.34f)

Our deduction shows that the two-phase system has a GENERIC structure. This in particular
brings about that each phase has its own individual internal energy, entropy, and temperature. It is our
goal to show that the porous-media models and result from system and its GENERIC
structure. For this we shall investigate the limit to a joint system’s temperature by assuming that heat
can be equilibrated infinitely fast throughout the phases. In addition we will assume that the chemical
reactions take place on much faster time scales than diffusion and Darcy flow. To this end we subsequently
study on a formal level the equilibration of fast dissipative processes within the GENERIC framework.

3 Equilibration of fast dissipative processes
We consider GENERIC systems of the form
q = J(q)Dé(q) +K(q)DS(q) (3.1a)

where the irreversible processes encoded in K are of the form

K(q) = Kslow(q) + 5_1Kfast(q)7 (31b)

and where J, K satisfy the usual conditions of a GENERIC system. The NIC for K is satisfied for slow
and fast processes separately, i.e., Kgow(q)DE(q) = 0 and Kgusi(q)DE(g) = 0. We are interested in
deriving the effective dynamics for solutions q : [0, T] — Q of as € — 0. Based on the considerations
in previous sections, we are interested in two particular cases, i.e., the limit of fast exchange of thermal
energy and the limit of fast reactions. In the following we present two possible approaches based on
considerations in [MPS21], [ZPT21] that are closely linked to the Gibbs-minimization formalism described
in [BPL8&2].
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3.1 Fast exchange of thermal energy

We consider a GENERIC system where energy and entropy are of the form

|PS|2 |Pf|2
Eq=| —+ —+Us+ Urdx 3.2a
(q) Q 20s 20¢ f ( )
8(q) = / S5(q,Us) + Se(4, Ur) d (3.2b)
Q

and we write ¢ = (Pg, Py,...,Us,Ur) = (4,Us,Ur). To simplify the notation for the next consideration
we introduced ¢, which contains all state variables except for the internal energies.

Remark 3.1. Note that S; for i € {s,{} does not depend on the momentum and that the entropy
of one phase does not depend on any variables of the other phase. While this structural assumption
might be quite restrictive and prevent entropies that feature interaction between phases such as in the
Flory-Huggins theory [Flo42] [Hug41], this is necessary in order to guarantee the non-interaction condition
J(q)D8(q) = 0 for J in the current form. In general, Flory-Huggins theory features phase-separation via
a non-concave entropy, which we also exclude here.

Corresponding to this 3-component representation of the state variable ¢ = (4, Us, Ut), we consider fast
processes of the form

0 0 0
Krse = [0 +1 —1], (3.3)
0 -1 +1

without any dependence on g. Due to D&(q) = (D;€(q),1,1)T we satisfy the NIC for the fast processes,
ie., KestDE(q) = 0. Then fast exchange of thermal energy is equivalent to the requirement

¢u. = Du.8(q) = Du,8(q) = &u, (3.4)

which correspondingly gives us the linear system with Lagrange multipliers

q 0
U; i\
——
=:A
0=Dy.8(q) — D, 8(q) = 6,1 — 0. (3.5b)

The advantage of the formulation with Lagrange multipliers is that it is directly accessible from the full
model, but it has the disadvantage of increasing the number of unknowns.

Remark 3.2 (NIC for effective dynamics). Using the chain rule we have

Sealt) = (Dela), A) =0,
S 5(a(1)) = (DS(a), Ko (4)DS()) + {DS(a).A) > 0.

>0 =0

This shows that the effective dynamics complies with thermodynamic consistency.

The system ([3.5) with Lagrange multipliers presents one possibility to write the fast thermal equili-
bration limit of the general evolution. Alternatively, we can define the simple transformation

Tu(q) = (4,U =Us + Ut) = q, (3.6)
which, using (3.4]), is invertible on the set that also satisfies (3.4]). If we define

8(q) =8(T;' (@),  &(@) :=¢&(T5' (@),
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and using Ly = DTy (q) gives the transformed evolution

J(@) = L J(T5'(9)) Ly,

Kslow(q) - ILJU Kslow (T[_Jl(q)) *Ua
governing the reduced dynamics for s = 0 = 0 via

a4 = J(@)DE(q) + Kaion(2)DS(Q)- (3.7)
We give a simple ODE example, which shows how this reduction can be performed in more detail.

Example 3.3 (Fast thermal equilibration ODE). Consider g = (21, ¥2, p1, P2, U1, u2) € RS as state vari-
able, where x; denotes position, p; the momentum, and wu; the internal energy of the components/phases
i € {1,2}. The total energy E and entropy S of the system are

2m1

E(q) = tu Slg) =Y Silwiu),
i %
using the entropy S;(z;,u;) for each separate phase and with the Gibbs relations 9,,S; = 1/6; and
0x,S; = m;/0; defining temperature 6; and pressure m;. Consider the GENERIC system

q = J(q)DE(q) +K(q)DS(g), (3.8a)
where the GENERIC structure is defined and NIC J(g)D8(q) = 0 satisfied by using

000 1 0 00 9 w1 /61
SNy i ez
Z g
Ja)=1 0o-1 0 0 om |, DE@=]|T% |, DS = 3 . (3.8b)
0 0 -7 0 0 0 ma 1/6:
0 0 0 —m 0 0 % 1/62
For the dissipation K(q) = Kgow(q) + ¢ 'Ktast (@) and with m;v; = p; we use
TN T 012 1
—v
Kaow(q) =01k1{ 00 0 0 o' 0 | +62ka| 000 1 0—vs |, Keast = [ 0000 0 0 |, (3.8¢)
00 —v1 04020 000 0 0 0O 0000 -+1—1
00 0 0 0 O 000 —v2 0 +v3 0000 -1 +1
and observe that it satisfies the other NIC K(q)DE(q) = 0. We obtain the following evolution equations
. Di .
r; =V = 72, P = T — kﬂ)i, (39&)
m;
_— 2, _—1/p-1 __ p—1
U1 = —mor + ko] +e (07 —657), (3.9b)
Uiy = —Tovy + kovl + 71051 — 071), (3.9¢)
for ¢ € {1,2}. We introduce an oscillator with w; € R4 and heat capacities ¢; € Ry such that
i—Vi(zi
Si(xi, ui) = ¢ log(ui.(x)) = ¢;log 0, Vi(z;) = swizy,
so that ¢;0; = u; — Vi(x) and m; = —9,V;. Using 6; = 63 = 0, for the total internal energy we get

u=uy +us = (1 +¢2)0 + Vi(x1) + Va(z2). Correspondingly, the energy E and entropy S = S + S5 can
be expressed in q = (z1, T2, p1,p2, u) € R® with

~ 2 ~ — V] —Vz
B@) =2+ 2 tu, S(rn,ws,u) = (0 + ) log (LU0 ) (3.10a)
Note that S is not a sum of contributions from both components. Using the operators
00 1 0 0 00 0 0 0 000 0 O
IS A T 8 ¢ 8.0 AN
T={93%0 ¢ m) Kstow =0k | 00 6 0 o | T0k2{ 000 T 5, | (3.10b)
0 0 —m —m2 O 00 —v1 0 +vf 000 —vg +v3

the effective dynamics is ¢ = J(@)DE(§)+Ksiow ()DS(@). An exemplary solution is shown in Fig. |2, where
the left panel shows the energetics of the full solution g(¢), and the right panel shows the convergence of
the temperatures 6; to the temperature 6 of the effective solution q(t).

*
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Figure 2: Solution of GENERIC system with ¢ = 1072 and k1 = ks = 1/5, m1 = 1, mg = 1/2,
c1=1,¢c =2 w =1, wy =4 with q(t = 0) = (0,0,1,-2,1,1)" and g(t = 0) = (0,0,1,-2,2)".
Numerical solution showing (left) kinetic energy Fyin; = p? /2m;, thermal energy Einerm,;i = ¢;0; = u;—V;
potential energy V; and total energy E and (right) temperatures of full model 6; and effective model 6.

3.2 Fast reactions equilibrium

Similar to what is presented in [MPS21], we apply now the aforementioned method to systems where
fast chemical reactions happen on a very short time scale compared to the other involved slow processes.
In this case, however, it is not necessary to distinguish between a solid and a liquid phase, but rather
between the species involved.

Consider a system where R possible reactions with stoichiometric coefficients a”, 3" € N}’ between N
species occur. The particle density is denoted by the N-tuple C = (C;)Y.,. We assume that the total
energy and total entropy of the system can be expressed in the following way

E(q) = Q|123£|)+Ud:n (3.11a)
S(q)Z/QS(fi,C)dw, (3.11b)

where ¢ = (P,U,C) = (G,C) with U being the internal energy of the system and P the momentum
density. We consider fast processes of the form

0 0
Kfast = (O H) 5 (312)

where H = )" (a" — 8") ® (o — 3") is the reactive operator. In order to have mass conservation and
to satisfy the NIC, we require that the vector of particle masses M lies in the kernel of the matrix H,
ie, M- (a"—3") = 0 for all reactions r = 1,..., R. Then a fast reactions limit is equivalent to the
equilibrium condition

(@"—B")-DcS(g) =0, forallre{l,...,R}, (3.13)

Introducing the constrained dynamics by using Lagrange multipliers A, the effective dynamics can be
written as

0= (&) =9@0e@ + KanaD8@) + (5= " gy ) (3.14)

0=(a"—B")DcS(q) forall r € {1,...,R}. | (3.14b)

Remark 3.4 (NIC for effective dynamics). Similarly as in Remark one confirms that the total energy
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is conserved and entropy is non-decreasing:

Sela) = (De(a),A) =0, (3.15)
S 5(a(t)) = (DS(a), Ko (4)DS()) + {DS(a).A) >0, (3.16)
>0 =0

where we have used M - (" — 3") = 0.

The constrained system (3.14a)) presents one way to write the fast reactions limit. Another possibility
is to define a transformation T¢ that reduces the number of variables based on the condition (3.13)).
In order to build this transformation we use the method presented in [MPS21], similar to the reduction
presented [ZPT21]. We start by considering the space

I':=span{a” —3"|r =1,...,R} Cc RY, (3.17)
and its orthogonal complement I'*. After finding a basis {v1, ..., v, } of I'", we construct the adjoint of
the transformation Q as Q" = (vy,...,v,,) € R¥X™. Finally the transformation can be defined as

Telg) = (4,CH =QC) =g, (3.18)
which is invertible on the set defined by (3.13)). We define
£(q) = &(T' (@), 8(a) = 8(T5'(@)), (3.19)

and set Le = DT¢(q). This gives the transformed operators

1(a) = Le (T (@) Le (3.20a)
IKslow(q) = IL4C’ Kslow (Tal((})) *C’v (320b)

governing the reduced dynamics for (a”™ — 3") - u = 0 for every r € {1,..., R} via

g = J(@)DE(q) + Kaow(7)DS(q).

Note that the determination of effective equations of state E(q), S(g) and derived quantities is similar
to that in the Gibbs minimization process, e.g. cf. [BPL82|], which in general is performed for non-convex
potentials with the goal to determine the possible phases a mixture attains under the constraint of a
prescribed composition of materials.

We now give an explicit example on how the reduction approach can be applied to rock dehydration
processes.

Example 3.5 (Fast reactions equilibration for rock dehydration processes.). Consider the following
process where water chemically bound to a rock is released

hydrous solid = mnon-hydrous solid + HyO,

and the state ¢ = (U,C)T = (U, Cs,h,C'Synh,Cf,HQO)—r = (u,C1,Co,Ct) " with Csy and Cg .y, being
the concentrations of the hydrous and non-hydrous solid respectively, and w the internal energy. The
stoichiometric coefficients for forward and backward reactions are o = (1,0,0)" and 8 = (0,1,1)" and
the vector of particle masses M = (M, My, Mf)T7 with My = M7 — M. One can see immediately that
(e — B) - M = 0 and thus the condition for conservation of mass is satisfied. For this example we focus
only on dissipative processes but the transformation we are going to show applies in the same way to the
reversible contributions. Consider then the following Onsager system

8tq = (Kslow(q) + %Kfast(q)) DS(Q) )
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where
Kuu Kul KuZ Kuf

K _ | K K Kioo Kye Koo\ — 0  Oixs
Slow = 1 Ko, Kop Koo Ko | fast = \Ogsn  H ) -

K Kp Kp Kg

The total entropy is of Boltzmann type and has the typical "log” structure

ta) = | BT (g

*) dx where Ag(y) :==ylogy —y+1,

%

and where C*(u) = (Cf (u), C3(u), Cf (u)) " is the vector of positive concentrations related to the detailed-
balance condition. We can directly compute the driving force

D=5, (Dc8), = (&) =toeCi/C;.

The reduction @ is build from a basis of the orthogonal space of span {ax — 3}
0= My My M
T \My M, 0 )°
Combining @ with the identity for u we define the nonlinear mapping

q:=Tc(q) = (4, QC) = (u, oot Onv) ",

where g,y is the mass density of the non-volatile solid, meaning the mass density of the solid that has no
chemically bound water. In order to find out the transformed Onsager operator we need to linearize T¢
and compute its adjoint:

1 0 0

1 0 0 0 . 0 M, M,

Le:=DTe={0 My M, M|, Le = 0 My M,

0 My My, O 0 My 0

The transformed Onsager operator is then given by (3.20b))
Kuu Yicq1,2,6 Kuili Kui My + Ky Mo
LK(Q)L* = Zie{l,2,f} MiK;y Zi,je{1,2,f} M;Ki; M; Zie{l,Q,f} Mi(Kil + Ki2)M2
MoKy, + MoKy, Zie{l,Z,f} Mo (Kyi + Koi) M; ZLJE{LQ} MK Mo

This transformed operator and the entropy functional have to satisfy the conditions and ,
respectively. One can see that it is verified by using Tal. On the set where the equilibrium condition,
i.e., @1 = pg + pr, is satisfied the transformation T is invertible and we can reconstruct the vector of
concentrations via C = T5'(q)

G = % {K* + ]\Qj:v + Qtj\};Q(inv_ f(u, otot, an)} ; with K* := C;lkhc;?QO’
[ e s (] B
Cr= St 2 iy oy BT

with f(u, gtot, Onv) = <]€;:V — Qt‘;\}HQSHV)Q + (K*2 T 2[](\zninv I 2K (]\e;;tzo an)) .
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Remark 3.6 (Equations of state for concentrations and thermodynamic quantities). In Example we
examplarily showed the reduction of the GENERIC structure under fast processes, which is based on
the assumption that T¢ is invertible. Therefore, we can write the original concentrations C; using an
equation of state in terms of the new variable. Similarly, we can express all other derived thermodynamic
quantities in terms of the new variables, e.g., chemical potential, temperature and pressure by

0(q) = 0(T5 @), (@) =mTs (@), (@) =m(T3'(@), Ci(@) = (T5H(@)o, (3.21)

Remark 3.7 (The Gibbs energy minimization method). The Gibbs energy minimization method is used
for a wide variety of applications to multiphase/multicomponent systems [KP0G], especially in geosciences
where the size and heterogeneity of the system makes it disadvantageous to apply the direct approach
described in Sec. The main idea behind this method is to find the system composition for which its
Gibbs energy is minimized, eventually subject to mass constraints. It can be shown by standard laws
of thermodynamics [Conl7] that a stable configuration corresponds to a minimum of the Gibbs energy.
Although this idea could be applied to other free energies, the energy dependence on pressure 7 and
temperature 6 makes it particularly suited for geological applications. We focus here on the application
of Gibbs energy minimization to chemical reactions and show that the equilibrium conditions met by
this approach are . We consider the Gibbs energy related to a reactive system where reactions are
described through a stoichiometric expression like with N different components:

G .= G™3(r,0,C),  with C = (C;), . (3.22)

We recall also that the Gibbs energy of a system can be obtained by means of a Legendre transform
applied to the internal energy or Helmholtz free energy. Let us assume for the moment that only one
reaction occurs. We define a new variable called extent of reaction & : Q@ — [0,1] and write

C=C"+(B-a),
where C° = C(t = 0). We can rewrite (3.22) as a function of &:
G*® .= G¥(m,0,¢), (3.23)

then, by keeping pressure and temperature fixed and recalling that 0cG = u, the necessary condition
for a minimum implies

DG (§) = (B—a) - p =0, (3.24)

which is again (3.13]) for a single reaction.

4 Damped-Hamiltonian structure of models (1.1) and ({I.2)

4.1 Limit of fast irreversible processes

In this section we reproduce the results from [PJPT17] in GENERIC form. The two-phase system
introduced therein aims to model rock dehydration processes at their primal stage, that is when bounded
water is released via chemical reactions and starts flowing through the newborn pore system. Although
for the moment we will consider only one single reaction, other reactions are possibly involved in rock
dehydration processes. Our example is the following dehydration reaction

(Mg, Fe)4gSi34085(OH)62 + 20(1\/[g7 Fe)(OH)Q = 34(Mg, Fe)28i04 + 51H>0,
where antigorite [(Mg, Fe)4sSizqOss5(OH)g2] together with brucite [(Mg, Fe)(OHz)] are transformed into

olivine [(Mg, Fe)2SiOy4] and a fluid phase [H2O]. Antigorite is an abundant mineral in rocks that undergo
subduction and is relevant in subduction zone dynamics because of its high water content. The reaction
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of antigorite and brucite to olivine and fluid is further discussed in Example in a simplified version.
We start from the full two-phase GENERIC system of the form

P, +V - (Pi®vy)=—-Vr,— Kpy+V-os, (4.1a)
Pf‘FV'(Pf@’Uf)Z—Vﬂ'f—FKD")’—FV'O'f, (4.1b)
Ci+V-(Cy®vy) Zk’“ (cﬁr - cﬂ“’) (al — Br), (4.1¢)
Ci+ V- (Cr@vy) ZH (cﬁr - CO") (af — Br), (4.1d)
Us + V- (Usvs) = =V - vg + aKply[? + kne(05 1 — 071) + V - (kV6,), (4.1e)
Uf + V- (Uf'Uf) = —mV v + (1 — Oé)KD"')’|2 — khe(9;1 — Hf_l) + V- (kaGf) , (4.1f)

and assume that both heat-exchange and reactions are fast, i.e., kpe, k™ — c0.

Fast thermal exchange Using fast heat-exchange we find new state variables with a combined internal
energy U = U; + Uy, following the evolution equation

U+V- (Usvs 4+ Upvg) = =7V - v — eV - vp + KD|*7|2 + V- (kV0) (4.2)

where k = ks + k. We can express U; = U;(Cs, Ct,U) and all resulting thermodynamic quantities using
the new state variable § = (P, Cy, P¢, Ct,U) under the assumption of 65 = ;. As outlined in the
previous section, this also produces an energy and entropy

. P P?
&(q) = s+ L 4 Ude, 4.3
(Q) 20 20¢ ( )
8(&) = S(Csa Cfv U) diB, (44)
Q

such that &(g) = &(q) and 8(§) = S(q). This results in the new evolution ¢ = J(g)DE(q) + K(q)DS(§).
The previous Example provides a practical recipe how the effective GENERIC dynamics is con-
structed.

Fast reactions In a similar spirit, we assume fast reactions and transform the fast reactions via
(Cs,Cr)T — Q(C4, Cr) T, where the column vectors of Q" span the space I'* orthogonal to the stoichio-
metric space I' defined in . Since M € A+ we will always use the conservation of total mass
as one evolution equation. As suggested in [PJPT17|, we also assume that the dehydration processes
can be formulated in terms of the mass density of non-volatile solids ony = 05(1 — X}), which can be
obtained through the transformation . Here, 0 < X}, < 1 is the relative hydrous content of the solid
(rock) phase, that can potentially converted into the fluid phase. The precise definition of X} depends on
the interpretation of the components in M = (Mg, M;)". Having the invertibility of the corresponding
equilibrium constraints from the Gibbs minimization we can write C; = C;(q) and all remaining ther-
modynamic quantities with the help of the reduced concentration-like variables C+ = (0, oy, ) = QC
assuming that the reactions are in equilibrium. As before, we can define the driving energy £(q) and
entropy 8(q) for this evolution in terms of the new state variable § = (Pg, Pg, U, C*). While details of
this construction depend on the stoichiometry and the original entropy density, the final result maintains
the GENERIC structure with modified operators and driving functionals. A concrete example relating
to fast dehydration reactions as in was provided in Example

4.2 Discussion of model (|1.1)

We assume that by the limit of fast irreversible processes for heat exchange and reactions we have
obtained a GENERIC formulation for q = (Pg, P¢,U,C*)T with driving energy &(§) and entropy $(g)
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as they were constructed before. In geoscientific applications, however, evolution equations are usually
formulated in certain compositional variables [PJP™17, BJV 20, [HVJ22], which we address below.

For simplicity, we assume that the reduced concentrations are ct = (0tot, Onv ), 1.€., the total mass
density and the mass density of non-volatile solids. For more complex systems and other slow processes
one might have to include further state variables into ct.

For each phase i € {s,f} we assume the existence of volume fractions ¢; : Q — [0,1], such that

0<¢i(x) <1 for all x € Q and (4.5a)
os(x) + pe(x) =1 forallz € Q. (4.5b)

Based on these variables it is now possible to define “pure” mass densities, i.e., the value of p; if only
phase ¢ would be present in the system,

0i == % , for i € {s,{}. (4.6)

Similarly, it is possible to generalize the previous relation for any extensive variable A" and distinguish
it between “pure” and “partial” where the former will be denoted by A* and related via

Al(x) = A'(z)ps(x),  forie {s,f}.
Remark 1 (Weight fractions). Another commonly used variable is the weight fraction X}, of a given
chemical compound h, where h could be a species C; itself or just part of it. Here we are interested in
the weight fraction of bound water within the solid phase. We will denote it by Xyn,0 and introduce
:Qs(l - XngO) = Onv = @s(]- - XbHQO) - @nv (47)
for the system described above.

In total this gives the following evolution equations for the two-phase system

0;Ps= -V - (Ps®vs) — Vrs + Kp (vs — vg) (4.8a)
0Py = -V - (P; ®@vs) — Vrr — Kp (v — vs) (4.8b)
U+ V- (U, + Upvg) = —m,V - vy — 1V - 0p + Kp |vg — vs|* + V- (V) (4.8¢)
Drotor = 0 (1 — ) 0s + d¢0s) = —V - (1 — ¢5) 050 + Peorve) , (4.8d)
Oony = 0i((1 = ¢1)0ny) = =V - ((1 — Ps) 0nv Vs + Qnv k jk) 5 (4.8¢)

where at this point the evolution for the volume fraction ¢ is not yet determined. For a discussion of
this evolution we refer to [MRI3, [Ehl09]. However, we will assume that the solid is immobile, i.e., vy =0
such that

(1 — ¢t = 0))nv(t = 0)
Onv (t) ’
e.g. see |PJPT17, Eq. 11]. In this equation, as discussed in Example Os, Ot are given by an equation
of state as in and the weight fraction for water is given by (4.7).
Neglecting the diffusion flux in the non-volatile solid and making the identification of the Darcy
flux v = —Kp IV, setting the temperature to a given constant, the evolution equations for the mass
densities become

Pe(t) =1— (4.9)

9t (0s(1 — Xpm,0)(1 — ¢¢)) =0, (4.10a)

O (0s(1 — ) + 01¢¢) = V - (ﬁ@fvm) : (4.10b)
D

This is, in fact, an evolution system for the unknowns g,, and gi.t. However, the construction
in [PJPT17] suggests that a change of variables in the sense of [ZPT21] should be applied, where the
equations of state are determined as functions of temperature 8 and fluid pressure 7¢. This is the model

from [PJP™17].
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4.3 Discussion of model (|1.2)

Analogously to what is described in Sec. we can obtain system as a GENERIC system in the
limit of fast irreversible processes for temperature and reactions equilibration. In this case we will also
account for reactions in which other species are released along with the fluid and are subject to diffusion.
An example for this type of reaction is:

(Mg, Fe)488134085(OH)62 - 34(Mg, Fe)QSiO4 + 31H20 + ].OSiOQaq N

where SiO2™1 on the product-side (right) diffuses within the fluid. Therefore we extend the GENERIC
system by adding the diffusive Onsager operator . Herein, since no solid-state diffusion is
assumed here, we set all diffusion coefficients except for that of Ctgio, to zero. System is then
recovered taking the limits of fast heat exchange and of fast reactions, for which we assume the reduced
concentration vector to be C*+ = (0tots Onv, 0Si0,)- By assuming zero solid velocity, i.e., vs = 0 and
conservation of the non-volatile mass density oy, the evolution equations of C* give exactly —
(1.2¢). Furthermore, it should be noted that in applications a variable is often used to denoted the total
amount of a particular chemical element or constituent in a compound/phase. In this way, the content
of k-th component in the i-th phase can be defined as follows

k. MirCik
Oi

G
In equations (1.2]) we omit the superscript SiO9 since no misunderstanding is possible. In fact, (1.2b)
is the evolution equation for ggio, = 0s¢s(1 — @) + orcr .

4.4 Geological interpretation of the models

The model defined by the set of equations 7 resp. , describes the general case of fluid flow
through a porous rock where mass is exchanged between the fluid and the solid phase by mineral dissolu-
tion and precipitation. The assumption of an immobile solid, i.e., of zero solid velocity, is valid for small
length scales (sub-um to mm) where gravitational effects can be neglected because the density contrast
is small compared to the variations in fluid pressure controlled by the local thermodynamic equilibrium.

On such small length scales the large-scale temperature gradients, see Fig. [1} can be neglected and
thus, for a given pressure and temperature, the local bulk composition controls when the dehydration
reaction occurs. Therefore, chemical heterogeneities, i.e., local bulk composition variations in the domain,
and chemical processes such as reactive fluid flow dominate rock dehydration on small length scales. Such
variations in the composition are taken into account in model in terms of the silicon dioxide SiO9
content ¢ and its diffusion and transport.

The focus of this study on the dehydration reaction of antigorite and brucite sets certain limits to
the range of variables of models and , especially the values for temperature, pressure and c;.
Pressure and temperature are confined to values that occur during ongoing subduction and ¢ is limited
to values where the minerals of interest are stable.

As antigorite and brucite form solid solutions between magnesium (Mg)- and iron (Fe)-endmembers,
the reaction occurs not at a single point in 7- space but rather in a divariant 7-6 field. The onset of
the reaction typically occurs at around 350 °C with the reaction of Fe-rich antigorite and brucite and
is limited to higher temperatures by the stability limit of Mg-rich brucite at around 550 °C. Pressures
depend on the depth at which the slab reaches those temperatures and on the fluid pressure that is
controlled by the local thermodynamic equilibrium of the reaction. Typical lithostatic pressures, i.e.
the pressure exerted on the solid by the overlying rock column, are in the range of 1-2.5 GPa (for a
compilation of 7-6 paths during subduction see e.g. [SVKA10]).

The third variable controlling the stable mineral assemblage is the rock composition. A serpentinite
that consists entirely of antigorite has a bulk Si content of ¢; ~ 0.205. However, Si is distributed
heterogeneously in the rock and ¢s can therefore vary on smaller local domains within the rock. At
low temperatures, ¢s values below 0.205 lead to an increase of brucite abundance. A domain with a Si
content of ¢s &~ 0.17 contains significant amounts of brucite and antigorite at lower temperatures. At

19



Antigorite

017 0.175 0.18 0.185 0.19 0.195 0.2 0.205
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Figure 3: Abundances (volume fraction) of antigorite (hydrated mineral) and olivine (dehydrated mineral)
as a function of silica content in the solid (¢;) and pressure () for a fixed temperature § = 480 °C. An
almost olivine-pure mineral assemblage forms at c; =~ 0.19 for pressures below 1 GPa while for higher
values antigorite becomes the dominant phase. Again, we underline that these plots are for a given
composition at a given temperature, however the qualitative behaviour does not change for composition
and temperature within the range of values discussed in Section [4.4]

higher temperatures, this domain will form an almost pure olivine mineral assemblage. We therefore limit
the range of c¢; values to 0.17 — 0.205 because in this range the mineral assemblage consists of various
proportions of antigorite, olivine and brucite. For values ¢; > 0.205 talc, another hydrous mineral that
dehydrates to the dry mineral orthopyroxene, becomes stable. This dehydration reaction however is not
within the scope of this study.

5 Towards the analysis of models (1.1)) and (|1.2)

In this section we discuss first steps and results on the mathematical analysis of models and .
Our approach combines a Galerkin approximation in space with an implicit Euler scheme in time as to
provide a convergence result for a discretization scheme close to that already used in m HVI22)
for their numerical implementation. As a first step, we revisit the two models and reformulate them as a
system of parabolic equations by means of a suitable transformation of variables. Based on this we state
first existence results, which are deduced in detail in [ZT23]. Our mathematical results require certain
smoothness assumptions for the transformation maps and the resulting coefficient functions. We validate
them in detail for specific thermodynamical rock data in Sections and This perusal will show
that the mathematical assumptions are met in a certain ”good” range of the thermodynamical data set
but violated in another regime of the data set. We prove that a well-prepared initial datum keeps a
solution within the good range for all times.

In this section we will denote the “pure” mass densities by o5 and gf in contrast to o5 and g in model

and (L),
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Figure 4: Pressure-temperature dependence of solid density, fluid density, solid-bound H2O content and
fluid composition wrt. SiO5 for a typical serpentinite bulk rock composition as also used in the model of
[HVJ22]. Their model uses these pre-computed values as lookup tables to close the system of equations.
One can see the qualitative changes of these functions for different values of (, §). More specifically, the
rapid change in color for the solid mass density in the top left corner at fixed 6 with varying = corresponds
to a kink w.r.t. m of the type shown in Fig. [5}

5.1 Results and challenges of model (1.1
5.1.1 Parabolic form of system (1.1)

Model (|1.1)) consists of the conservation of the mass of non-volatile species (|1.1a)) and of the conservation
of total mass ([1.1b)). As a direct consequence of relation ([L.1al) the porosity ¢ can be explicitly determined
as follows o (1)
_ 2(1-X)(1—¢

¢=1-"0%y
It is further assumed in for the mass densities o5 and ¢ of the solid and the fluid, and for the
fraction X}, of fluid stored in the solid that

(5.1)

0 = 0s(m,0), of = o¢(m,0), and Xy, = Xy (r,0)

5.2
are functions of pressure 7 and temperature 6. (52)

Although the closed mathematical expression for these functions is not known, the values of g, of, X1,
in dependence of 7 and 6 can be recovered from thermodynamical data tables. An example of data so
produced is shown in Fig. [l Due to this, also the porosity can be seen as a function of m and 6, while
also dependent on the initial data 2, X}? as well , i.e. gives

el(1-xH(

(;5:1——&(7“9)(1 ) (;5(7r ). (5.3)
Similarly, the terms appearing in (1.1b]) can be rewritten as functions of 7 and 0, i.e., we introduce
o(m,0) = (ar(m,0)(,0) + ds(m,0)(1 — §(w,6))) and (5.4)
K(r,0) = ot(m 0)Ky(d(m,0)) = 6¢(r,0)~(r,0) with constants s, p > 0 (5.5)
1
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for the total mass and for the permeability. Then (|1.1b]) takes the form

8,0(m,0) =V -K(r,0)Vr. (5.6)
Now we set
and we assume that
for all # > 0 fixed the function g(-,#) is invertible in m, (5.8a)
the inverse function ¢~ (-, ) is continuously differentiable, and (5.8b)
1
there are constants 0 < ¢, < ¢* such that X < 9,57 '(0,0) = < Ci . (5.8¢)

dro(o'(o(m,0),0),0)
Thus, for any 6 > 0 fixed we find
m=7(0,0) ==& '(0,0). (5.9)

Due to the fast equilibration of temperature discussed for the model (|1.1)) in Sec. 4} we can assume that
6 is constant in space. Thus, in view of (5.8) together with the chain rule and the rule for differentiating
the inverse we calculate

Vr =V(p,0) = 0,7(0,0)Vo= Vo (5.10)

This gives the relation

~ ~ N K(7(o,8),0
K(m,0)Vr = K(0,0)Vo with K(o,0) = aﬂé(;i”g’ 2) ;) (5.11)
Hence, can be rewritten as a parabolic equation for the total mass density o
80 =V -K(0,0)Vo. (5.12)
Furthermore, for K we make the assumptions
for all 6 > 0 fixed the function K(p,8) is continuous and (5.13a)
there are constants 0 < k, < k* such that k, < K(Q, 0) < k* for all o €R. (5.13b)

We point out that above assumptions (5.13)) are satisfied if K is continuous and uniformly bounded, and
if properties ([5.8) hold true. This, in turn, is closely linked to the properties of the given functions ¢(-, ),
és(’a 0)7 éf('a 0); and Xh-

5.1.2 Existence of a weak solution

Thanks to the above assumptions ((5.13) one can deduce the existence of a weak solution ¢ : [0,7] x Q —
(0,00) for the transformed system. Since the assumptions guarantee the bijectivity of the
transformation map one can also infer the existence of a weak solution 7 : [0,7] x  — (0,00) for the
original system . Our existence result reads as follows:

Theorem 5.1 (Existence of a weak solution for system (5.12)). Let T > 0 and let Q@ C R? be a bounded
Lipschitz domain. Let Q1 := (0, T) x Q denote the space-time cylinder and set

Vi=HYQ). (5.14)

Then the following statements hold true:
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1. Let o9 € V' be a given initial datum and assume that IA((-,O) satisfies (5.13)). Then there exists a

function
o€ HY 0, T; V)N L*0, T; V)N L>(0, T; L*(Q)) N C°([0, T]; L*()), (5.15a)

which satisfies

/ (5tgv + IA((Q,G)VQ . Vv) dzdt =0 for allv e L*(0,T;V) (5.15b)

T

and 0(0) = go.

2. Further assume that there are constants 0 < r, < r* such that r. < go(x) < r* holds true for a.e.
x € Q for the initial datum og. Then for all t € [0, T] also a solution o satisfies r. < o(t,z) < r*
for a.e. x € Q.

Comments on the proof: We refer to [ZT23] Sec. 3, 4] for the details of the proof. Here we give a
short outline of the main steps.

To 1. In order to prove the existence of a weak solution satisfying we introduce a discretization
in time T, := {t° =0, t* = k7 for 7 = T/N, k =1,..., N € N} and a Galerkin approximation in space
by finite-dimensional subspaces V™ = span{ei,...,e,} C V, n € N such that |J, V" C V densely,
with e;, ¢ = 1,...,n denoting a basis of V" . By invoking [Zei86, Prop. 2.8, p. 53] we obtain for every
time-step £ < N, all N € N, and all n € N the existence of a vector of coefficients 7% = (o7%,..., o7k)
providing an element o7% = Z?:l o7%e; € V™ that solves the system of n nonlinear equations

_ Tk—1 .
Z/ Qm Q’” eiej + K(o7*,0)07FVe; - Vej) der=0 forallj=1,...,n. (5.16)
Q

By testing (b with o7F € V™ and summing up over k¥ <1 € {1,..., N} one obtains the following a
priori estimates uniformly for all n € Nand 7 =T/N, N € N:

l

%HQ;ZHQL?(Q) + ZTk*||vQ:1k”2L?(Q,Rd) < %HQZLOHQL'Z(Q) = ”P’RQOH%Q(Q) ) hence:
l
%HQ;—LZH%Z(Q) + ZT/“*HQ:/CH%/ < (% + Tk*)”PnQOH%Q(Q) ) (5.17)
k=1

where P, 00 is the projection of the initial datum g9 € V into V" and where we have also used (5.13)).
For each k € {1,..., N}, with N € N fixed, as n — oo, this provides the existence of a (not relabelled)
subsequence (07%),en and of an element o™% € V such that

ok~ o™ inV asn—oo. (5.18)

By the compact embedding V' € L?(£2) and the boundedness of K we conclude by the dominated conver-
gence theorem that K(o7*)VP,v — K(o7F)Vu for every test function v € V and for all k € {1,..., N},
and 7 = T/N, N € N. Therefore we deduce by weak-strong convergence arguments that

=
I

‘rk 1
Z / Ot 4 R(e 0V VB da (5.19)
¢ n — o0

'rk ‘r —
0 = Z / o™ +K(o™,0)Vp T’“-Vv”“) dz for allv™ € V. (5.19b)

We introduce the piecewise constant 0., ¢ , and affine o, interpolants in time, i.e., for any ¢ € (¢!, k],
k=1,...,N we set

t_t]TC71 T]C_’_tﬁ_t

Thk—1 7 k
: : well as t,.(t) : =t 5.20
. pn - e as well as - (t) T ( )
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and we write ¢, (t) = (0™ — 0"*"1)/7, k € {1,..., N}, for the time-derivative of the affine interpolant
0-. We approximate any test function v € L2(0,T; V) by

1 [t
vk = f/ v(s)ds
T Jik—1

i

and use these values to introduce the interpolants v,, v., and v, as in (5.20). This ensures strong

Yrs

convergence of the interpolants, i.e., U, v, ,v, — v strongly in L?(0, T; V). Moreover, for the interpolants
(0,0, 0r) the estimate (5.17)) together with (5.19) provides the following bounds uniformly in 7 = T/N,
N eN:

lo: B0, m;z2(0)) + le_llBo, ;020 + llor B0, T522000) < C, (5.21a)
lo-lL20mv) < C, (5.21b)
orllLzomvey < C, (5.21¢)

with a constant C' > 0 independent of 7 = T/N and N € N. Accordingly, one concludes the existence of
a (not relabelled) subsequence and of a limit g of regularity (5.15a)) such that the following convergence
properties hold true:

0,,0,0- = o weakly-xin L™(0,T; L*(Q)), (5.22a)

0.,00 — o weaklyin L?(0,T;V), (5.22b)

0 — o weakly in L?(0,T;V*), (5.22¢)

2,,0 — o strongly in L*(0,T; L*(Q)), (5.22d)

0, (t),0_(t), 0-(t) 5 p(t)  weakly-x in V* for all t € [0, T]. (5.22¢)

Here, convergences (5.22a))-([5.22d) follow from standard compactness arguments. Moreover, convergence
is deduced from estimates (5.21b]) and (5.21c) by means of a time-discrete version of the Aubin-
Lions lemma, cf. [DJ12] Thm. 1]. We further observe that estimates (5.21a)) and (5.21c|) result in a
uniform bound for the interpolants in BV (0, T; V*). From this, the pointwise convergence in time ([5.22¢
ensues by means of Helly’s selection principle [MR15, Thm. B.5.10, p. 610]. Convergence results (5.22
then enable us to pass to the limit in 7 = T/N — 0 as N — oo in (5.19b)) and to conclude the validity
of the weak formulation . In addition, convergence result @ allows it to deduce that the
initial datum is attained, i.e. that o(0) = go in V. Let us also note that the regularity o € H(0,T; V*)N
L2(0, T; V)NL>®(0,T; L*(Q2)) in ensues from convergence results (5.22), while o € C°([0, T]; L*(2))
is a consequence of the regularity in Bochner spaces for the Gelfand triple V € L?(Q) C V*.

To 2. Assume that the initial datum satisfies r, < gg < r* a.e. in 2. We observe that the functions
max{o — 7*,0}|/0,y and min{p — r,,0}|[0 ¢ for all ¢ € [0, T] are admissible test functions for since
they are compositions of Lipschitz-continuous functions with Sobolev functions, cf. [MMT79]. Subsequent
integration by parts in time results in the relations

0 = |[lmax{o(t) = 1", 0}|2(q) — |l max{oo — r*,0}[72q) +/ K(0,0)Ve- Vodzds,
Q:N[o>r~]
QiN[e<r.

for any ¢ € (0, T]. In both expressions, the second term is zero due to the boundedness of the initial
datum. Moreover, in both expressions the third term is non-negative thanks to . Thus, necessarily
max{o(t) — r*,0} = min{o(t) — 7,0} = 0 a.e. in Q, which concludes the proof of statement 2. O
Remark 5.2 (Boundary conditions). For simplicity we have formulated Thm. with homogeneous
Neumann boundary conditions K(g(t),0)Vo(t) - n = 0 on 99 for all ¢ € [0, T] with 7 the outer unit
normal vector to 9€2. This can be extended to inhomogeneous Neumann boundary conditions for a
prescribed datum h € H~/2(9Q,R%), so that additionally features the term fOT Joq v dS dt.
Introducing ) # IpQ C 0N as the Dirichlet boundary and dx§2 = 9Q\IpS?, Thm. can also be adapted
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to inhomogeneous Dirichlet boundary conditions on dp2. For this, consider g € H'(Q) an extension of
the given Dirichlet datum into the domain 2 and replace g in by the shifted function g+ g, where
both g and the test functions v are now chosen in Vy := {u € H'(Q)|u = 0 on dpQ} in space. This
setting even provides a unique weak solution. We note that also statement 2. can be adapted to the case
of inhomogeneous Dirichlet conditions: Given gp € H'/?(0pQ) such that gp € [r«,7*] a.e. on IpQ and
g € H*() an extension of gp into £ one observes that max{o+g—7*,0} € V; and min{o+g—r.,0} € Vo
are admissible test functions, so that the proof of 2. can be reproduced.

5.1.3 Perusal of assumptions (5.8)) & (5.13)) for thermodynamical rock data

-8
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Figure 5: on the left: Example of § = g(m, 8) for a given composition and at fixed temperature of 480°C.
One can see the continuity and strict monotonicity of ¢ which in return guarantee the existence of a
continuous inverse g—'. On the right: plot of the derivative 95/d7 for two possible discretizations. It

can bee seen that it is discontinuous at m = 1.2GPa and that is bounded from below and above satisfying

assumption ([5.8¢]).

In the following we validate the mathematical assumptions and with the thermodynamical
rock data used in [PJPT17]. Figure [5|shows the total mass density ¢ = g(7) as a function of pressure
in its geologically relevant range of 0.8-2 GPa, see also Sec. [£:4] Fig. [f| confirms that g is a continuous
and strictly monotone function of pressure 7, hence bijective. Yet, it also turns out that the map suffers
from a kink at 7 = 1.2 GPa, which hampers the assumption of continuous differentiability of § and its
inverse g1, cf. . Indeed, this kink coincides with a phase transformation between antigorite and
olivine as shown is Fig. 3] and in Fig. It therefore also appears in the porosity ¢ = (;3(71, #) and in the
coefficient function IN((W, 0) at m = 1.2 GPa, see Fig. @ As expected this translates into a discontinuity of
the coefficient function ﬁ(, 0) at o ~ 2600 kg/m>. We further point out that the porosity shown in F ig@
is strictly positive and bounded from below by the value ¢(2GPa,480°C) = 0.035 > 0. In turn, we find
the coefficient function IA((, 0) to be uniformly bounded from above and from below by a value strictly
larger than zero, so that assumption is satisfied.

As the violation of the continuity assumptions for IA((, #) and are concerned, we point
out that the analytical results given in Thm. 2. predict that the weak solution o(t, ) for all ¢ € [0, T]
stays confined between values 0 < r, < r* a.e. in 2, if the initial datum gg is chosen with this property.
In other words, if the initial datum is chosen with values strictly below or strictly above the critical value
of o = 2600 kg/m? (corresponding to the critical pressure of 1.2 GPa), then also the solution will not
exceed this value apart from a set of zero measure at any later time ¢ € (0, T]. Thus, under this additional
assumption on the initial datum, all the assumptions and are met and therefore existence of
a unique weak solution is guaranteed by Thm. 1. However, this also means that in this setting the
phase transition, with o exceeding the critical value on sets of positive measure, cannot be described by
Thm. [5.1] using the original thermodynamical data set. Instead, in order to cover also this case, one would
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have to mollify 3(-,6) and K(-,6) in a small neighbourhood of the non-smoothness. From a geological
perspective, even though the interesting pressure range is between 0.8-2 GPa, it is very difficult for a
geological system to experience this complete range. Usually, pressure variations are very small and =
is confined to a neighborhood of a certain value. Therefore it is usually sufficient to study one of either
areas below or above 1.2 GPa. Additionally let us point out that the phase stability, hence the position
of the kink, varies with temperature and rock composition: If the system has a high iron content, one
would find this kink in the mass density for higher values of pressure, cf. [HV.J22]. As explained in Fig.
[3 for the composition and temperature of this specific example, antigorite, the hydrated rock, is stable
for pressure values above 1.2 GPa and olivine, the dehydrated rock, is stable at pressure values below 1.2
GPa. In conclusion, since the interest lies in the investigation of the dehydration process, we can confine
the analysis to the regime below 1.2 GPa.

vol. frac.)

0.05 =107

0 102 10°
08 1 12 14 16 18 2 08 1 12 14 16 18 2 2500 2595 2600 2605 2610 2615 2620 2625 2630 2635
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Figure 6: Example of ¢ = ¢(m, 6), K(ﬂ, 0) and K(Tf‘, ) for a given composition and at fixed temperature
of 480°C. For these simulations we have set ratio between permeability of the medium and viscosity of
the fluid K /p = 1. Thus, positivity and continuity of K relies on ¢, which never reaches zero.

5.2 Results and challenges of model (|1.2))

Although the application of a similar approach as the one used in Section might seem straightforward,
the thermodynamical data behind the model (1.2]) hide a series of challenges that require a special
treatment. We dedicate this section to their description.

5.2.1 Parabolic form of system (1.2)

Also in model (1.2)) it is assumed that the quantities

of pressure m, concentration c¢s, and temperature 6.

Again, their analytical form is unknown, but their values can be determined from thermodynamical data
tables. Combining (5.23) and (1.2c]) also the porosity ¢ can be understood as a function of the variables
(7, ¢cs,0) as follows

6 =1 T ey = Hm ). (5:21)
Based on this we introduce the notation

01(m,cs,0) = 0r(T, s, 0)h(T, s, 0) + Bs(m, s, 0) (1 — b(m, 5, 0)) (5.25a)

02(m, s, 0) = 0r(T, s, 0)p(, s, )8 (7, 5, 0) + Bs(m, s, 0) (1 — B(, 6, 0)) s, (5.25b)

Ki(m,c,0) = a¢(m, cs, 0)Kg((r, cs,0)), (5.25¢)

Ko(m,cs,0) = op(m, cs, 0)c(, s, 0) K p(d(m, cs,0)) (5.25d)
Ky(d(m,cs,0)) = g&(w,cs,a)?’, (5.25¢)
D(m,e,0) = (7, cs,0)p(m, s, 0) Do, (5.25¢)
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with constants k, u, D. > 0. Thus, equations and can be rewritten as follows
0i01(m,c5,0) = V- <I~(1(7T,cs,<9)V7r) ,
Ouda(m,cs,0) = V- (Ra(r, 0, 0)Vr +B(m, e, ) Ve (m, s, ))

This is a PDE system of the form

0,0(q,0) =V - (KD(Q,G)Vq) =0 with

e ~ él ad K1 0
= =(Z")], Kp:=|=~ o~ o~
q (c) @ <92> D <K2 1 8,&D acsch>

where we have used the chain rule Vés = 0,6V + 0,6 Ves. Now we set

o= 0(q,9)
and make the following assumptions on the map @ and its inverse

for every 6 > 0 fixed the function g(-,0) is continuously differentiable in g

and invertible in g and the inverse

971(-, 0) is continuously differentiable.

We note that assumptions (|5.29) amount to the following conditions

For all § > 0 the Jacobian Dgg(-,0) = (gﬂglg.’ z; gc**glg.’ ZD is continuous with
T2\ cs Y2\ "

det D48(q,0) > 0 for all admissible g € R?, and also
Dgéfl(-, 0) = Dq§(§71(~79), 0)~! is a continuous function in g.

Then we have
q=20 "(0.0) = G(e.0)
and system (5.27)) can be rewritten as a parabolic PDE system of the form
where we used the relations
Vg =0,4(0,0)Ve and Kp(e,0) :=Kp(d(e,0),0)d,d(e,0).
We now state the following assumptions on Kp:

For all § > 0 the matrix ]E?D(~7 0) has the following properties:
e Kp(-,0) : R? — R**? is continuous,

. KD(q, 6) : R**? — R**? is bounded and positively definite uniformly wrt. (q, 6),

i.e., there are constants 0 < K, < K* s.th. for all (q,6) and all v € R? there holds :

K, |v]* <v-Kp(g,0)v < K*|v]?.

5.2.2 Existence of weak solutions

(5.26a)

(5.26b)

(5.27a)

(5.27b)

(5.28)

(5.29a)

(5.30a)

(5.30b)
(5.30¢)

(5.31)

(5.32a)

(5.32b)

(5.33a)
(5.33b)

We observe that assumptions (5.30) and (5.33)) are the immediate translation of the assumptions from
the scalar-valued to the vector-valued setting. Accordingly, we here state the following existence result.
Its proof closely follows the outline given in Section and we refer the reader to [2123] Sec. 3, 4] for

further details.
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Figure 7: Plots of the total mass density g1 = g1(, s, 0). On the left a 2D plot showing the discretization
grid resulting from an interpolation of the thermodynamic dataset. The non-differentiability points are
marked with a red line in the right plot. This shows the division into three main areas ((0.8,1)GPa x
(0.17,0.196), (0.8,1)GPa x (0.196,0.2) and the remaining part of the domain) delimited by two straight
lines and one curve with a contact point around (1GPa, 0.195). These three subdivisions and the values
for which g; is continuous but not differentiable are more clearly seen in the 3D plot on the right.

Theorem 5.3 (Existence of a weak solution for system (5.32)). Let the prerequisites of Theorem [5.1] be
satisfied and denote V :=V x V. Then the following statements hold true:
1. Let go € V be a given initial datum and assume that Kp(-,0) satisfies (5.33). Then there exists a
function

o€ HY (0, T; V)N L*0,T; V) N L>®(0, T; L*(2,R?)) N C°([0, T]; L*(Q; R?)), (5.34a)

which satisfies

/ (8tg v+ Kp(e,0)Ve: Vv) dzdt =0 for allv € L*(0,T; V). (5.34b)
Qr

and 9(0) = go-

2. Further assume that there are constants 0 < r1. < r} and 0 < ro,. < 15 such that ri. < gjo(x) < 7§
as well as ro. < 020(x) < 75 holds true for a.e. x € Q for the initial datum o = (010, 020) "
Then for all t € [0,T] also a solution @ = (01,02)" satisfies r1. < o01(t,x) < 7§ as well as

Tox < 02(t,x) <15 for a.e. x € Q.

5.2.3 Perusal of assumptions (5.30) & ([5.33)) for thermodynamical rock data

Firstly we recall that system is written in terms of ¢ = (7, ¢;) T, i.e., in terms of the pressure 7 and
the concentration of silica in the solid ¢s. A close inspection of the thermodynamical rock data sets reveals
that the introduction of this additional complexity causes the resulting mass densities to have regions of
non-invertibility and non-differentiability, as it can be seen in Figures [7] and [8] for the mass densities g;
and g2. This is in analogy to the kink in the thermodynamical data of model shown in Fig. @ More
precisely, we see in Fig. [7] that the total mass density g is strictly monotonously increasing with respect
to pressure and silica-content, but that kinks arise in the region of the antigorite-olivine phase transition
discussed in Fig. |3l Similarly, also Fig. [§|shows a monotone behavior of the total silica-mass density go in
pressure and silica-content, also with kinks arising at the antigorite-olivine phase transition. Obviously,
within this region assumptions and are not satisfied.

Additionally we point out that in the gradient of the silica concentration in the fluid & drives
the diffusion process. Hence, it would be natural to chose ¢ as a variable. However, as Fig. [0 reveals,
in wide areas of the data range ¢ is constant with respect to cg, so that the function is not invertible in
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Figure 9: The figure shows isolevels for the function &/(m,é) at # = 480°C. One can see that in most
parts of the considered domain we have dcg/Ocs = 0 which translates to no diffusion occurring in the
system. However it is worth noticing that there is a small area in the bottom right corner where this
condition is not met. In addition, a discontinuity point where the lines are more dense can be seen around
¢s ~ 0.195. This discontinuity would, i.e., invalidates assumption

these areas. This is the reason why system is written in terms of the variables m and c¢s. Indeed,
such plateau regions followed by kinks as in Fig. [9]are common in thermodynamical rock data sets. They
are also predicted in in the case of non-convex thermodynamical functions, which is again closely
related to phase stability.

As can be seen from , in regions where 9¢¢/dcs = 0, diffusion of silica is absent and the math-
ematical classification of the PDE system becomes unclear. Similar to Section [5.1.3] one may also try
here to confine the initial data to a data range that ensures the validity of assumptions and .
Then the results of Theorem would also guarantee that solutions are confined to that data range
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for all times ¢t € (0,7]. However, as can be seen from the positive definiteness of ﬁD, and hence
the classification of the PDE system, is not solely linked to the positive definiteness of the Jacobian
Dgo but also to the values of the material constants x,u, and D, contributing to the non-symmetric
coefficient matrix K in . These material constants are, in fact, the main contributors, together
with 0¢/dcs and d¢ /I, to the parabolicity of the system. In the literature, see e.g. [WWO9T], it is
discussed that potential values for D, and u range from 1078-107m?/s and 10~*Pa-s while for the
permeability x one finds 10717-10714m?, see e.g. [MI99]. An unprecise tuning of the system might lead to
fail the assumption . This is exemplary seen in Figure where we have plotted the eigenvalues
of symK =1 / 2(K + K '). In the considered range of pressure and concentration it turns out that its
smallest eigenvalue is negative whereas the largest eigenvalue is positive. In fact, the uniform positive
definiteness of K, i.e., a lower bound as in , is equivalent to symf( being positive definite.

As a further difficulty it turns out that the computation of the thermodynamical data set is highly
sensitive to the total composition and therefore to the function ¢. This creates approximation errors in
the plateau region where 9¢t/0cs = 0 that may cause backward diffusion in the system.

Different strategies can be deployed to circumvent this problem: the interpolation of the approximated
¢ function could be constructed to ensure that 9¢/dcs = 0 > § > 0. Alternatively, more sophisticated
and invasive solutions rely on extensions of the system that account for further geophysical phenomena
that could help mitigate this behavior. One possibility is to include more species and phases, which would
lead to a change in the landscape of ¢, possibly avoiding a plateau of the previous type. In general, non-
convex regions in the energy landscape can produce 0¢/dcs = 0 of different signs, indicating that phase
separation is taking place. In such a case, higher-order derivatives as in the Cahn-Hilliard model might
help to ensure the mathematical well-posedness of the problem.

Smallest eigenvalue of symf(

141 ‘ ~7.16 x 10°

—107

< -
0— o
k 4

—-10°

0.8¢ i 1 i L L | —7.16 x 10°
0.17 0.175 0.18 0.185 0.19 0.195 0.2
CS (wt. fr.) )
4 Largest eigenvalue of symK 145 x 101
1010
<12
o
g 10!]
&1
108
08" ; : : : : 1.7 x 107
0.17 0.175 0.18 0.185 0.19 0.195 0.2

CS (wt. fr.)

Figure 10: The figure shows the eigenvalue for the symmetrized operator symk =1/ Q(R' + K ) for
0 = 480°C. For the considered range of pressure and concentration the smallest eigenvalue is well kept
below 0 while the largest is clearly positive.
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