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Abstract. We consider the deformation of a geological structure with non-intersecting
faults that can be represented by a layered system of viscoelastic bodies satisfying rate- and
state-depending friction conditions along the common interfaces. We derive a mathematical
model that contains classical Dieterich- and Ruina-type friction as special cases and accounts
for possibly large tangential displacements. Semi-discretization in time by a Newmark scheme
leads to a coupled system of non-smooth, convex minimization problems for rate and state
to be solved in each time step. Additional spatial discretization by a mortar method and
piecewise constant finite elements allows for the decoupling of rate and state by a fixed
point iteration and efficient algebraic solution of the rate problem by truncated non-smooth
Newton methods. Numerical experiments with a spring slider and a layered multiscale system
illustrate the behavior of our model as well as the efficiency and reliability of the numerical
solver.
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1. Introduction

Stress accumulation and release in geological fault networks play a crucial role in earthquake
dynamics. The phenomenology of faults is ranging from subduction zones like the Nasca plate
and strike-slip faults like the San Andreas fault to multiscale fault systems like the Atacama
zone. Strongly varying time scales between the occurrence and duration of slip events suggest
to complement experimental studies in the field (or in the lab [35]) by numerical simulations.

In the underlying mathematical description, the Dieterich–Ruina model of rate- and state-
dependent friction (RSF) [37] has become a standard for the frictional behaviour along the
faults [7, 32, 34]. It can be regarded as an extension of simple Tresca friction with rate-
and state dependent friction coefficient µ = µ(V, θ) that is increasing/decreasing with increas-
ing/decreasing sliding velocity or slip rate V involving some relaxation effect as expressed by
the state θ. The variational structure of RSF has been identified and first exploited by Pipping
et al. [30]

The simulation of rupture and slip events in seismic hazard analysis has quite a history
(cf., e.g., [3, 8, 20, 24] and the references cited therein). Utilizing a discontinuous Galerkin
(DG) scheme in space in connection with arbitrary high-order (ADER) time integration, de
la Puente et al [10] developed a numerical method for the dynamic simulation of slip events.
This method was later generalized to three space dimensions [26] and cast into the software
package SeisSol that was successfully utilized for the simulation, e.g., of the 2016 Kaikōura
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earthquake cascade [42]. More recently, a different approach based on a diffuse representation
of faults was first applied to subduction zones [18, 41, 43] and later extended to strike-slip
faults [9]. This approach has the potential to allow for much more complicated fault systems
because the faults have to be no longer resolved exactly by the underlying finite element
mesh. However, this advantage currently comes with high computational cost due to a lack
of efficient algebraic solution techniques.

In this paper, we extend a variational approach to the simulation of subduction zones [29]
to a layered fault system with RSF. More precisely, we consider the deformation of a geo-
logical structure with non-intersecting faults that can be represented by I viscoelastic bodies
undergoing small viscoelastic deformations and large tangential displacements with RSF con-
tact conditions. Assuming existence of a sufficiently regular contact mapping, we formulate
a general mathematical model that contains Dieterich–Ruina friction as a special case. Fault
opening is forbidden for notational convenience, but could be included in a straightforward
way.

Time discretization is performed by a classical Newmark scheme, resulting in a coupled
system of non-smooth, convex minimization problems that has to be solved in each time step.
Decoupling this system by a fixed point iteration leads to a problem for the velocity (and
thus for the rate) with given state, and an independent state problem with given rate. Both
the rate and the state problem can be rewritten as convex minimization problems admitting
unique solutions. For a related coupled problem with unilateral contact, as arising from
the mathematical description of subduction zones, existence and uniqueness of solutions was
established by Pipping et al. [27, 30] using fixed point arguments.

Spatial discretization of the rate problem is performed by a mortar method in the spirit of
Krause and Wohlmuth [23, 46, 45]. This approach has the advantage that it provides nodal
block separation of the non-smooth nonlinearity which allows for direct application of globally
convergent Truncated Non-smooth Newton Multi-Grid (TNNMG) methods [14, 15, 16]. The
state problem is discretized by piece-wise constant finite elements. For given rate, the resulting
algebraic problem decouples into independent scalar problems for each of the nodal values,
which can be solved, e.g., by simple bisection or even explicitly.

In our numerical experiments, we consider a spring slider with I = 2 bodies and a layered
network with I = 5 bodies separated by 4 faults subject to prescribed velocities at the upper
boundary. We perform self-adaptive time stepping to efficiently resolve strongly varying ve-
locities during loading, rupture, and sliding. Spatial discretization is based on triangulations
as obtained by adaptive refinement concentrated at the faults. The associated hierarchy of
finite element spaces is used for the algebraic TNNMG solver of the rate problems with given
state as arising in the fixed point iteration mentioned above.

For the spring slider we observe the periodic occurrence of mostly unilateral slip events,
similar to related simulations of subduction zones [29]. These slip events are nicely captured
by adaptive time stepping, while the number of outer fixed point iterations and inner multigrid
iteration remains almost the same for all time steps. Simulation of the layered network exhibits
an interesting coincidence of periodic slip events along the upper fault with loading phases and
oscillatory behavior on the others. We observe essentially the same efficiency of time stepping,
fixed point iteration, and multigrid as for the spring slider which illustrates the robustness of
our numerical solution procedure, also with respect to the number of faults.
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Figure 1. A fault system ΓF with I = 4 subdomains and I − 1 = 3 layered faults

2. Mathematical modelling

2.1. A layered fault system with rate-and state-dependent friction. We consider a
geological structure containing a system of faults which is represented by a deformable body
with reference domain Ω ⊂ Rd, d = 2,3, that, along the faults, is decomposed into I subdomains
Ωi, i = 1, . . . , I,

Ω =
I

⋃
i=1

Ωi.

We assume that these subdomains are non-empty, bounded Lipschitz domains, do not pene-
trate each other and are layered in the sense that at most two subdomains are in contact at
any point in Rd (see Figure 1). Then, the subdomains can be ordered such that there is a
common interface ΓFi,i+1 = Ωi ∩Ωi+1, i = 1, . . . , I − 1, and all other intersections of subdomains
are empty. Setting ΓF0,1 = ΓFI,I+1 = ∅ for notational convenience, the boundary ∂Ωi of Ωi is dis-
jointly decomposed according to ∂Ωi = ΓDi ∪ΓNi ∪(ΓFi−1,i∪ΓFi,i+1), into a Dirichlet, a Neumann,
and a contact boundary, respectively. We set

ΓD =
I

⋃
i=1

ΓDi , ΓN =
I

⋃
i=1

ΓNi , ΓF =
I−1

⋃
i=1

ΓFi,i+1.

For v = (v1, . . . , vI) with vi ∶ Ωi → R, i = 1, . . . , I, we define the restrictions vT = (vT,1, . . . ,
vT,I−1) and vB = (vB,1, . . . , vB,I−1) of v to ΓF with

vT,i = vi+1∣ΓFi,i+1 , vB,i = vi∣ΓFi,i+1 i = 1, . . . , I − 1,

denoting the restrictions from the top Ωi+1 and the bottom Ωi, respectively (see Figure 1). It
is convenient to identify vT = (vT,1, . . . , vT,I−1) and vB = (vB,1, . . . , vB,I−1) with functions vT
and vB defined on ΓF by vT ∣ΓFi,i+1 = vT,i and vB ∣ΓFi,i+1 = vB,i, i = 1, . . . , I−1. Let n = (n1, . . . , nI)
where ni ∈ Rd stands for the outer normal to Ωi, i = 1, . . . I. Note that ni is an inward normal
to Ωi+1 on ΓFi,i+1. In particular, nT = (nT,1, . . . , nT,I−1) and nB = −nT are top and bottom
normals on ΓF , respectively. In the following, most quantities will be defined in terms of the
bottom side.

We suppose that a body force f acts on all of Ω and surface forces fN act on the Neumann
boundary ΓN . On the Dirichlet boundary ΓD the velocity u̇(t) of the displacement field u(t)
of the deformable body Ω is fixed at all time instants t > 0. We set u(t) = u̇(t) = 0 on ΓD for
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convenience, though all further considerations can be generalized to the inhomogeneous case
in a straightforward way.

We assume that the boundary forces are compressive in the sense that no fault opening
occurs. This means that neighboring bodies Ωi and Ωi+1, i = 1, . . . , I − 1, remain in contact
throughout the evolution.

We consider a deformation field

u = (u1, . . . , uI) ∈H1(Ω1)d ×⋯ ×H1(ΩI)d

where ui is the deformation of the subdomain Ωi. Throughout the paper we assume that the
deformations ui within each subdomain Ωi are small, while the relative displacement between
different subdomains can be large. Thus we will use a (geometrically) linear elastic approach
inside of the subdomains Ωi while the coupling conditions have to take care of potentially
large deformations.

Large deformation coupling conditions will be defined in terms of the deformed subdomains.
Given the deformation fields ui the associated displacements are given by Id+ui leading to the
deformed subdomains (Id+ui)(Ωi). The actual contact surface of the deformed subdomains is
then given by Cu = (Id+uB)(ΓF )∩(Id+uT )(ΓF ). In the following, we assume that each Id+ui
is injective, i.e. that each ui is regular enough to avoid self-penetration of Ωi. Furthermore,
we assume that deformations are small, such that different surfaces ΓFi,i+1 do not get in contact
after deformation. Then, the deformed contact boundary can be pulled back to the bottom
and top reference domain according to

ΓF,uB = (Id+uB)−1(Cu) ⊂ ΓF , ΓF,uT = (Id+uT )−1(Cu) ⊂ ΓF .

In the following, we will parameterize the top reference domain ΓF,uT over the bottom one ΓF,uB
by the bijective contact mapping

πu ∶ ΓF,uB → ΓF,uT , πu = (Id+uT )−1 ○ (Id+uB),

which maps each bottom point x ∈ ΓF,uB to the unique top point y ∈ ΓF,uT , such that the
corresponding displaced points (Id+uB)(x) and (Id+uT )(y) coincide. As a consequence, the
deformed contact boundary Cu can be parametrized both over ΓF,uB using Id+uB = (Id+uT )○πu

and over ΓF,uT using Id+uT = (Id+uB) ○ (πu)−1.
Now, consider any piecewise defined scalar or vector field

v = (v1, . . . , vI) ∈H1(Ω1)k ×⋯ ×H1(ΩI)k

with k = 1 or k = d. Then, we define the jump of v across the deformed contact boundary Cu
on the contact reference domain ΓF,uB according to

[v]u = vB − vT ○ πu on ΓF,uB .(1)

Contact conditions and friction laws will be stated in terms of normal and tangential com-
ponents on the deformed contact boundary Cu. To this end, let i = 1, . . . I and denote by
nu(x) an outer normal to (Id+ui)(Ωi) at the point (Id+ui)(x), x ∈ ΓFi,i+1 ∩ΓF,uB , i.e. nu is the
pullback of an oriented normal field of the deformed contact boundary Cu = (Id+uB)(ΓF,uB )
to ΓF,uB using the map Id+uB. Then we can decompose any vector field on ΓF,uB according to
its normal and tangential components with respect to the deformed configuration as

v = vt + vnnu, vn = v ⋅ nu, vt = v − vnnu.
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It is important to note that the tangential and normal component are defined in terms of the
u-dependent normal field nu that is defined (piecewise) on the deformed bottom subdomains
(Id+ui)(Ωi) and not with respect to the normal field of the reference subdomains Ωi.

We state a closed-fault condition (no penetration and no fault opening) by prescribing that
the relative motion of the deformed subdomains Ωi and Ωi+1 is tangential to the actual contact
surface Cu, i.e.

(2) 0 = [u̇]u ⋅ nu.

As a consequence, the jump of the relative tangential velocity satisfies

[u̇]ut = [u̇]u − ([u̇]u ⋅ nu)nu = [u̇]u on ΓF,uB .

The closed-fault condition is complemented by the balance of normal forces

(σ(u)n)B = −ωu(σ(u)n)T ○ πu(3)

on ΓF,uB , where σ(u) denotes the stress tensor on Ω. Note that the normal force (σ(u)n)T is a
force per surface area, such that the change of the area element induced by the pullback to ΓF,uB
using πu has to be compensated by the weighting factor ωu =

√
det((Dπu)TDπu + nB ⊗ nB),

while the minus sign compensates for the change of the normal direction on opposing sides.
Note that the balance of normal forces (3) can alternatively be phrased as a jump condition
with a transformed weighting factor ωu ○ (πu)−1.

Utilizing [u̇]ut = [u̇]u, we prescribe a rate- and state-dependent friction law of the form

(4) − σt ∈ ∂[u̇]uφ([u̇]
u , α) on ΓF,uB .

Here, we used the decomposition (σ(u)n)B = σt + σnnu of the stress field (σ(u)n)B on the
bottom side into its normal and tangential components

σn = σn(u) = (σ(u)n)B ⋅ nu, σt = σt(u) = (σ(u)n)B − σn(u)nu,

respectively, and ∂[u̇]uφ([u̇]
u , α) denotes the subdifferential of a state-dependent convex func-

tional φ(⋅, α) to be described below. Note that the stress vector (σ(u)n)B is computed with
respect to the reference normal nB, while its decomposition in tangential and normal compo-
nents is computed with respect to the deformed configuration with the corresponding normal
nu. This reflects the fact that we assume small deformations within the subdomains while the
relative deformations of subdomains can be large.

For given relative slip rate ∣[u̇]u∣, the evolution of the state α is given by

(5) − α̇ = ∂αψ(α, ∣[u̇]u∣) on ΓF,uB , −α̇ = 0 on ΓF ∖ ΓF,uB

with a second convex functional ψ(⋅, ∣[u̇]u∣). Note that the state α remains constant on ΓF ∖
ΓF,uB where no contact occurs.

Assuming a visco–elastic Kelvin–Voigt material law, and fixing some final time T0 > 0, we
are now ready to state the following formal description of the deformation of a body Ω with
a layered fault system ΓF and rate- and state-dependent friction.

Problem 2.1 (Layered fault system with rate- and state dependent friction). Find

u∶ Ω × [0, T0]→ Rd and α∶ ΓF × [0, T0]→ R
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such that

σ(u) =Aε(u̇) +Bε(u) in Ω ∖ ΓF (Kelvin–Voigt material)(6)

divσ(u) + f = ρü in Ω ∖ ΓF (balance of momentum)(7)
with boundary conditions,

u = u̇ = 0 on ΓD (Dirichlet condition)

σ(u)n = fN on ΓN (Neumann condition)
frictional contact conditions,

[u]u ⋅ nu = 0 on ΓF,uB (closed-fault condition)(8)

(σ(u)n)B = −ωu(σ(u)n)T ○ πu on ΓF,uB (balance of normal forces)(9)

−σt ∈ ∂[u̇]uφ([u̇]
u , α) on ΓF,uB (state-dependent friction law)(10)

contact state condition,

−α̇ ∈ ∂αψ(α, ∣[u̇]u∣), on ΓF,uB (rate-dependent state law)(11)
and non-contact interface conditions

−α̇ = 0 on ΓF ∖ ΓF,uB (non-contact state condition)(12)

(σ(u)n)B = 0 on ΓF ∖ ΓF,uB (bottom Neumann condition)(13)

(σ(u)n)T = 0 on ΓF ∖ ΓF,uT (top Neumann condition)(14)

holds for all t ∈ [0, T0]. Here, ρ > 0 is a constant material density, A and B stand for the
viscosity and elasticity tensor, respectively, and ε(v) = 1

2(∇v + (∇v)T ) is the linearized strain
or strain rate tensor. In addition, we impose initial conditions on the displacement u, velocity
u̇, and state α.

Throughout the following, we assume that the tensor fields A und B have the symmetry
properties

Aijkl =Aklij , Aijkl =Ajikl, Bijkl =Bklij , Bijkl =Bjikl

such that the stress tensor σ(u) and the bilinear forms induced by A and B are symmetric.
Note that Problem 2.1 provides an extension of the model presented in [30] that describes

unilateral frictional contact of a deformable body with a rigid foundation. The tangential
velocity relative to the fixed rigid foundation appearing in [30] is now replaced by the relative
tangential velocity of adjacent deformable bodies.

A further extension to fault opening can be performed by replacing (8) by the non-penetration
condition [u]u ⋅ nu ≤ 0 together with dynamical freezing and thawing of rate- and state-
dependent friction (10), (11) in case of opening or closing faults.

For ease of notation we will skip the superscript and mostly write [⋅] = [⋅]u in the sequel.

2.2. The Dieterich–Ruina model. The current form of the Dieterich–Ruina model of rate-
and state-dependent friction goes back to [37] (see also [1, 6, 11, 25, 33, 40] and the papers
cited therein). It is based on the following ansatz for the friction coefficient

(15) µ∗(V, θ) = µ0 + a log ( V
V0

) + b log (V0θ

L
)

that depends on the rate V = ∣ [u̇] ∣ and involves positive parameters µ0, V0 a, b, and L.
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It is complemented by a suitable evolution of the state θ > 0. Here, most popular choices
are

θ̇ = 1 − V
L
θ (Dieterich’s law)(16)

and

θ̇ = −V
L
θ log (V

L
θ) (Ruina’s law).(17)

Following [30], we briefly sketch how this completely phenomenological friction model trans-
lates into a corresponding state-dependent friction law (10) and a rate-dependent state evo-
lution (11) as postulated above. Starting from collinearity of relative tangential velocity and
stress

−σt∣ [u̇] ∣ = [u̇] ∣σt∣,
we postulate the state equation ∣σt∣ = µ∗(V, θ)∣σn∣ with normal stress σn = σn(u) to obtain

(18) − σt = ∣σn∣µ∗(V, θ)
[u̇]
∣ [u̇] ∣

.

In analogy to Tresca friction, we now replace the solution dependent normal stress ∣σn∣ = ∣σn(u)∣
by a given parameter ∣σ̄n∣ [30].

As µ∗(V, θ) becomes negative and thus meaningless for

0 ≤ V < Vm(θ) = V0 exp(−µ0 + b + log(θV0/L)
a

)

we replace µ∗(V, θ) by its regularization

µ(V, θ) = { µ∗(V, θ) if V ≥ Vm(θ)
0 otherwise .

Then elementary calculations show that (18) takes the form (10) with the convex functional
φ∗(⋅, θ) ∶ Rd → R defined by

(19) φ∗(v, θ) = { a∣σ̄n∣ (∣v∣ log(∣v∣/Vm(θ)) − ∣v∣ + Vm(θ)) if ∣v∣ ≥ Vm(θ)
0 otherwise .

It remains to show that the rate evolutions (16) and (17) can be rewritten according to
(11). Introducing the transformed state α = log θ, Dieterich’s law (16) takes the form (11)
with the scalar convex function

(20) ψDieterich(α,V ) = V
L
α + e−α.

Ruina’s law (17) is recovered in terms of (11) by the same transformation and the scalar
convex function

(21) ψRuina(α,V ) = V
L

(1

2
α2 + log(V /L)α) .

Inserting the transformed state θ = eα into (19), we obtain the corresponding rate functional

(22) φ(⋅, α) = φ∗(⋅, eα).
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2.3. Weak formulation. We consider the Hilbert space H = H1(Ω1)d × ⋯ ×H1(ΩI) with
the canonical inner product (v,w)H = ∑Ii=1(vi,wi)H1(Ωi)d , vi,wi ∈ H

1(Ωi), i = 1, . . . , I, and
introduce the closed linear subspace

H0 = {v ∈H ∣ v = 0 on ΓD}

of admissible displacements respecting the Dirichlet boundary conditions. The normal jump
condition is incorporated in the closed affine subspace

Hu
0 = {v ∈H0 ∣ [v]u ⋅ nu = 0}.(23)

With the tensors A, B taken from (6), we introduce the bilinear forms

(24) a(v,w) =
ˆ

Ω∖ΓF
Aε(v)∶ε(w) dx, b(v,w) =

ˆ
Ω∖ΓF

Bε(v)∶ε(w) dx, v,w ∈H0,

involving the linear strain tensor ε(v) = 1
2(∇v + (∇v)T ), together with the linear functional

(25) `(v) =
ˆ

Ω
fv dx +

ˆ
ΓN

fNv ds, v ∈H0.

To ensure that the bilinear forms are well defined, we assume that the tensor fields A und B
are uniformly elliptic in the sense that the bilinear forms induced by A(x) and B(x) on the
space of symmetric d × d matrices are elliptic with constants independent of x ∈ Ω.

By inserting the stress–strain relation (6) into the balance of momentum (7), testing with
v − u̇, integrating by parts, and exploiting the symmetry of σ(u) together with the boundary
conditions on ΓD and ΓN we then formally obtain

(26) ⟨ρü, v − u̇⟩ + a(u̇, v − u̇) + b(u, v − u̇) − `(v − u̇)

=
ˆ

ΓF
(σ(u)n)B ⋅ (v − u̇)B ds +

ˆ
ΓF

(σ(u)n)T ⋅ (v − u̇)T ds

for all v ∈ H0 and t ∈ (0, T0). Here ⟨⋅, ⋅⟩ stands for the pairing of H0 with its dual H∗
0 . Using

the boundary conditions (13) and (14), integral transformation from ΓF,uT to ΓF,uB , and the
normal force balance (9) we can rewrite the right hand side in (26) asˆ

ΓF,uB

(σ(u)n)B ⋅ (v − u̇)B ds +
ˆ

ΓF,uT

(σ(u)n)T ⋅ (v − u̇)T ds

=
ˆ

ΓF,uB

(σ(u)n)B ⋅ ([v − u̇]u + (v − u̇)T ○ πu) ds +
ˆ

ΓF,uB

ωu((σ(u)n)T ⋅ (v − u̇)T ) ○ πu ds

=
ˆ

ΓF,uB

(σ(u)n)B ⋅ [v − u̇]u ds.

For given state α, we introduce the convex functional Φu on H0 according to

(27) Φu(⋅, α) =
ˆ

ΓF,uB

φ([⋅]u , α) ds

with the convex functional φ taken from the friction law (10). Now let v satisfy the closed-
fault condition (8), i.e. v ∈Hu

0 ⊂H0. Then, utilizing the decomposition (σ(u)n)B = σt +σnnu
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together with the friction law (10), the closed-fault condition [v − u̇]u ⋅nu = 0 on ΓF,uB , and the
definition of subdifferentials, we find that

(28)
ˆ

ΓF,uB

(σ(u)n)B ⋅ [v − u̇]u ds ≥ Φu(u̇, α) −Φu(v,α).

Now we insert (28) into (26), in order to obtain the desired weak form of the rate equation

(29) ⟨ρü, v − u̇⟩ + a(u̇, v − u̇) + b(u, v − u̇) +Φu(v,α) −Φu(u̇, α) ≥ `(v − u̇) ∀v ∈Hu
0 .

Similarly, for given velocity u̇ ∈Hu
0 and thus given rate ∣[u̇]u∣, we define the convex functional

Ψu on L2(ΓF ) by

(30) Ψu(⋅, u̇) =
ˆ

ΓF,uB

ψ(⋅, ∣[u̇]u∣) ds

with the convex functional ψ taken from the state law (11), and test the state evolution (11)
with β ∈ L2(ΓF ) to obtain the weak formulation

(31) (α̇, β − α)L2(ΓF ) +Ψu(β, u̇) −Ψu(α, u̇) ≥ 0 ∀β ∈ L2(ΓF ).

This formulation automatically satisfies the non-evolution condition (12) for the state α on
the non-contact boundary ΓF ∖ΓF,u since Ψu is defined on L2(ΓF ) but only depends on values
of α on the contact boundary ΓF,u.

We are now ready to state the weak formulation of Problem 2.1

Problem 2.2 (Weak formulation). Find

u ∈H1((0, T0),H0) ∩H2((0, T0),H∗
0 ) and α ∈H1((0, T0), L2(ΓF ))

such that u̇ ∈Hu
0 and

⟨ρü, v − u̇⟩ + a(u̇, v − u̇) + b(u, v − u̇) +Φu(v,α) −Φu(u̇, α) ≥ `(v − u̇) ∀v ∈Hu
0 ,(32)

(α̇, β − α)L2(ΓF ) +Ψu(β, u̇) −Ψu(α, u̇) ≥ 0 ∀β ∈ L2(ΓF )(33)

holds for almost all t ∈ (0, T0) together with initial conditions

(34) u(0) = u0, u̇(0) = u̇0, α(0) = α0

with given u0 ∈Hu0
0 and u̇0 ∈Hu0

0 and α0 ∈ L2(ΓF ).

It is natural to start the evolution out of an equilibrium configuration, i.e., with an initial
displacement u0 that solves the stationary problem

(35) u0 ∈Hu0
0 ∶ b(u0, v) = `(v) ∀v ∈Hu0

0 .

In our numerical experiments to be reported below, (35) is solved iteratively by a fixed point
iteration over the geometric nonlinearity, i.e., starting with u0

0 = 0, a new iterate uν+1
0 is

computed as the (up to tangential rigid body motions) unique solution of the corresponding
linear problem on Huν0

0 .
To our knowledge, existence and uniqueness of solutions of Problem 2.2 is widely open. In

case of unilateral frictional contact with a rigid foundation and Dieterich’s law (16), long-time
existence of solutions was established by Pipping [28].
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3. Semi-discretization in time

Utilizing Rothe’s method [19, 36], we first perform a time discretization of Problem 2.2
leading to a sequence of continuous spatial problems to be (approximately) solved in each time
step. To this end, the time interval [0, T0] is partitioned into time steps 0 = t0 < ⋯ < tN = T0

with given step size τn = tn+1 − tn > 0, and we write τ = τn for notational convenience.

3.1. Rate problem with given state. We first consider the rate problem (29) for given
state α ∈ L2(ΓF ). Following [30], we apply the classical Newmark scheme

(36)
u̇n = u̇n−1 + τ

2 (ün−1 + ün)
un = un−1 + τ u̇n−1 + ( τ

2
)2 (ün−1 + ün)

, n = 1, . . . ,N,

which is well-known to be energy-conserving, consistent with second order, and unconditionally
stable [17]. Utilizing (36), we eliminate

(37) ün = 2
τ (u̇n − u̇n−1) − ün−1,

un = un−1 + τ
2(u̇n + u̇n−1),

, n = 1, . . . ,N,

from (29) at fixed time t = tn and freeze the solution dependence in the closed-fault condition
and in the friction law at un−1 to obtain the spatial variational inequality

(38) u̇n ∈Hun−1
0 ∶ an(u̇n, v− u̇n)+Φun−1(v,α)−Φun−1(u̇n, α) ≥ `n(v− u̇n), ∀v ∈Hun−1

0 ,

for n = 1, . . . ,N . Here, we have set

(39) an(v,w) = 2
τ (ρv,w) + a(v,w) + τ

2 b(v,w)

with (⋅, ⋅) denoting the canonical scalar product in L2(Ω) and

`n(v) = `(v) + (ρün−1, v) + 2
τ (ρu̇n−1, v) − τ

2 b(u̇n−1, v) − b(un−1, v).

Note that ü0 is not given as an initial condition in the continuous Problem 2.2. Assuming
initial acceleration towards equilibrium, ü0 is therefore computed from the auxiliar problem

(40) ü0 ∈H0 ∶ (ρü0, v) + b(u0, v) = `(v) ∀v ∈H0.

Note that the jump terms [⋅]u, the contact boundary ΓF,u, and the contact mapping πu

are all taken with respect to the last deformed state (Id+un−1)(ΓF ) of the contact boundary.
This eliminates the geometric nonlinearity associated with large (relative) deformations of the
contact boundary, and we are left with the variational inequality (38) on the affine subspace
Hun−1

0 of H0 to be solved in each time step..
As an(⋅, ⋅) is symmetric and positive definite and Φ(⋅, α) is convex, the variational inequality

(38) can be equivalently written as the minimization problem

(41) u̇n ∈Hun−1
0 ∶ J (u̇, α) ≤ J (v,α) ∀v ∈Hun−1

0

for the corresponding energy functional

J (v,α) = 1
2an(v, v) +Φun−1(v,α) − `n(v).

The following lemma [12, Theorem 6.49] will be useful to show existence and uniqueness of a
solution.
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Lemma 3.1. Assume that g ∶ ΓF ×Rs → R, s ∈ N, is a non-negative function, such that g(x, ⋅)
is lower semicontinuous for almost all x ∈ ΓF . Then the induced functionalˆ

ΓF
g(x, ⋅) dx ∶ L2(ΓF )→ R ∪ {+∞}

is lower semicontinuous.

The convex functional Φun−1(⋅, α) defined in (27) for the Dieterich–Ruina model (22) is
proper and lower semicontinuous by Lemma 3.1. Furthermore, by the assumptions on A and
B, the bilinear form (A(x)+ τ

2B(x))(⋅)∶ (⋅) on the symmetric d×d matrices is symmetric and
uniformly elliptic with respect to x ∈ Ω. The following existence result therefore follows from
Korn’s second inequality and [13, Lemma 4.1].

Proposition 3.2. Let f ∈ L2(Ω) and fN ∈ L2(ΓN). Assume that un−1, n = 1, . . . ,N , avoids
self-penetration so that the contact mapping πun−1 and thus Hun−1

0 are well-defined. Then the
spatial rate problem (38) has a unique solution u̇n ∈Hun−1

0 and any given state α ∈ L2(ΓF ).

As a consequence of Proposition 3.2, the solution operator R ∶ L2(ΓF )→Hun−1
0 ,

(42) L2(ΓF ) ∋ α ↦ R(α) = u̇n ∈Hun−1
0 ,

of the spatial rate problem (38) is well-defined, if no self-penetration occurs in preceding time
steps. This is a strong assumption, as the contact conditions are taken explicitly.

3.2. State problem with given rate. Discretizing the state problem (33) with given ve-
locity u̇n ∈ Hun−1

0 by the implicit Euler method and freezing the state law at un−1 yields the
variational inequality

αn ∈ L2(ΓF ) ∶ (αn, β − αn)L2(ΓF ) + τΨun−1(β, u̇) − τΨun−1(αn, u̇)

≥ (αn−1, β − αn)L2(ΓF ) ∀β ∈ L2(ΓF )
(43)

which can be equivalently expressed as the minimization problem

(44) αn ∈ L2(ΓF ) ∶ E(αn, u̇n) ≤ E(β, u̇n) ∀β ∈ L2(ΓF )

for the associated energy

E(β, u̇) = 1
2(β,β)L2(ΓF ) + τΨun−1(β, u̇) − (αn−1, β)L2(ΓF ).

Both for Dieterich’s law (20) and Ruina’s law (21), the functional Ψ(⋅, u̇) defined in (30) is
convex, proper and, by Lemma 3.1, lower semicontinuous (see the proof of [30, Proposition 4.4]
for details). Hence, existence and uniqueness again follows from [13, Lemma 4.1] .

Proposition 3.3. Both for Dieterich’s law (20) and Ruina’s law (21), the spatial state prob-
lem (43) has a unique solution αn ∈ L2(ΓF ) for n = 1, . . . ,N and any given velocity u̇ ∈Hun−1

0 .

Proposition 3.3 gives rise to the solution operator operator S ∶Hun−1
0 → L2(ΓF ),

(45) Hun−1
0 ∋ u̇↦ S(u̇) = αn ∈ L2(ΓF ),

of the spatial state problem (43).
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3.3. Coupled spatial problem. Combining (38) and (43), the time discretization of Prob-
lem 2.2 now reads as follows.

Problem 3.4 (Semi-discretization in time). Find u̇n ∈Hun−1
0 and αn ∈ L2(ΓF ) satisfying

an(u̇n, v − u̇n) +Φun−1(v,αn) −Φun−1(u̇n, αn) ≥ `n(v − u̇n), ∀v ∈Hun−1
0

(αn, β − αn)L2(ΓF ) + τΨun−1(β, u̇n) − τΨun−1(αn, u̇n) ≥ (αn−1, β − αn)L2(ΓF ) ∀β ∈ L2(ΓF )

for n = 1, . . . ,N with ün computed from (37) and the auxiliary problem (40), and given initial
conditions u0, u̇0 ∈Hu0

0 , α0 ∈ L2(ΓF ).

Recall, that Hun−1
0 is well-defined only if un−1 avoids self-penetration, because the contact

map πun−1 is not available otherwise. This drawback could be overcome by introducing an
approximate contact map π̃ as in the spatial discretization below.

For an unilateral version of Problem 3.4, i.e., a subduction zone with rigid foundation
and Dieterich’s law, such difficulties do not occur and existence and uniqueness have been
shown in [27, Proposition 3.6.] based on Banach’s fixed point theorem. In case of Ruina’s law,
existence (but possibly no uniqueness) was established utilizing Schauders fixed point theorem
(see [27, Corollary 3.8.] or [30, Theorem 5.14]).

4. Discretization in time and space

For each i = 1, . . . , I we assume that the subdomain Ωi is polygonal and denote by Ti a
triangulation, i.e., a shape-regular, simplicial partition, of Ωi with vertices N ∗

i . We introduce
the associated vector-valued, linear finite element space

Si = {v ∈ C(Ωi)d ∣ v is linear on all T ∈ Ti and v∣ΓDi = 0} .

Assuming that the Dirichlet boundary ΓDi is resolved by Ti, we define the set of nodes
Ni = N ∗

i ∖ ΓDi . The resulting partition T = ⋃Ii=1 Ti of Ω leads to the associated product space

S = S1 ×⋯ × SI = span{λpej ∣ p ∈ N , j = 1, . . . , d} ⊂H0

with the nodes N = ⋃Ii=1Ni, the nodal basis functions λp ∈ Si, p ∈ Ni, and the unit vectors
ej ∈ Rd, j = 1, . . . , d. We emphasize that the triangulations Ti and Ti+1 do not need to match at
the common interface ΓFi,i+1, i = 1, . . . I−1, in the sense that the sets Ni∩ΓFi,i+1 and Ni+1∩ΓFi,i+1

in general do not coincide. For ease of notation, we even assume Ni ∩Nj = ∅ for i ≠ j so that
we do not need to distinguish shared nodes and unshared nodes in the following presentation.

4.1. Mortar discretization of rate problem with given state. We consider the spatial
rate problem (38) with given state α ∈ L2(ΓF ). In order to incorporate non-penetration and
tangential friction along the fault system ΓF , we first introduce its triangulation

T F =
I−1

⋃
i=1

T Fi , T Fi = {F = T ∩ ΓFi,i+1 ∣ T ∈ Ti},

with the nodes NF = ⋃I−1
i=1 NF

i , NF
i = Ni ∩ΓFi,i+1, together with the corresponding trace space

SF = (v1, . . . , vI−1) ⊂ L2(ΓF )d, vi ∈ SFi = Si∣ΓFi,i+1 ,

spanned by the nodal basis λpej ∣ΓF , p ∈ NF , j = 1, . . . , d. Note that the triangulation T Fi
and the associated finite element trace space SFi on ΓFi,i+1 are inherited from Ωi (the bottom
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non-mortar side), and do not coincide with corresponding traces from Ωi+1 (the top mortar
side).

Mimicking the continuous case, the discretization of non-penetration condition and friction
law is based on an approximation π̃ ∶ Γ̃FB → Γ̃FT of the contact maping of πun−1 from the
preceding time step with corresponding approximations Γ̃FB ⊂ ΓF , and Γ̃FT ⊂ ΓF of ΓF,un−1B ,
and ΓF,un−1T , respectively. The approximations π̃ and Γ̃FB come into play, because the top
and bottom interfaces of the deformed subdomains (Id+un−1,i)(Ωi) may not match due to
discretization errors that arise from enforcing non-penetration for un−1. In the following,
we assume that the non-mortar contact boundary Γ̃FB is resolved by a subset of the fault
triangulation T F . We refer to [5, 39] and the references cited therein for algorithms to compute
such approximations of non-matching discrete intersections.

In analogy to (1) the jump of v ∈ S across the discrete deformed contact boundary is then
defined by

[̃v] = vB − vT ○ π̃ on Γ̃FB.

In the spirit of [46], the non-penetration condition appearing in (23) and the (tangential)
jumps appearing in the functionals Φun−1 and Ψun−1 of the Dieterich–Ruina model will be
incorporated in a weak sense with respect to a discrete test space spanned by dual mortar
basis functions as introduced by Wohlmuth [44].

To this end, we first introduce the set of non-mortar contact nodes

ÑF = NF ∩ Γ̃FB

as well as the deformed contact set

C̃ = (Id+un−1,B)(Γ̃FB),

and we work with the pullback of the L2(C̃) inner product to Γ̃FB

⟨v,w⟩
C̃
= (v ○ (Id+un−1,B)−1,w ○ (Id+un−1,B)−1)L2(C̃)

.

Then the dual mortar basis functions ϕq, q ∈ ÑF , are defined to be piecewise linear on T F ,
have the same support as λq ∣ΓF , and satisfy the bi-orthogonality property

⟨λp∣ΓF , ϕq⟩C̃ = δp,q ∀p, q ∈ ÑF (Kronecker-δ).

Note that dual mortar functions are typically discontinuous and therefore not contained in
SF . We refer to [44, 45] for details about the construction.

We now define the linear projection Π ∶ S → S, componentwise according to

(Πv)j = Πvj = vj − ∑
p∈ÑF

⟨[̃vj], ϕp⟩C̃λp, j = 1, . . . d.

Observe that here and in the following we denote by Π the projection of both scalar and
Rd-valued functions. The projection Π gives rise to the direct splitting

S = V ⊕W
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of S into the image V = im Π and the kernel W = ker Π of Π. Utilizing the fact that [̃λp] = λp
for p ∈ ÑF , we find that these spaces can be written as

V = {v ∈ S ∣ ⟨[̃v], ϕp⟩C̃ = 0 ∀p ∈ ÑF and j = 1, . . . , d}

= span{µpej ∣ µp = Πλp, p ∈ N ∖ ÑF and j = 1, . . . , d}
and

W = {v ∈ S ∣ v(p) = 0 ∀p ∈ N ∖ ÑF} = span{λpej ∣ p ∈ ÑF and j = 1, . . . , d} .
Thus, V consists of all functions in S which are weakly continuous across the deformed contact
boundary with respect to the pullback L2 scalar product ⟨⋅, ⋅⟩

C̃
and the associated dual mortar

space (notice that point-wise continuity does not hold in general).
Correspondingly, the basis functions µp = Πλp spanning V are the usual hat functions λp on

the mortar side, which are extended in a weakly continuous way to the non-mortar side, while
the basis functions λpej of W involve the usual hat functions λp, p ∈ ÑF on the non-mortar
side which drop down to zero across Γ̃FB.

Both normal and tangential jumps of v ∈ V are weakly zero. As a consequence, both (weak)
normal and tangential jumps can be represented in terms of the incremental spaceW. To this
end, we define a nodal approximation nS of the normal to the deformed contact set C̃ by

(46) nS = ∑
p∈ÑF

npλp∣Γ̃FB , np =
∑F ∈T Fp nF

∣∑F ∈T Fp nF ∣
,

where T Fp denotes the set of simplices F ∈ T Fi with common vertex p ∈ ÑF , and nF is an
approximate normal to the deformed face (Id+un−1)B(F ), e.g. the average of the normal on
(Id+un−1)B(F ). We also introduce the approximate tangent space TpC̃ = (span{np})⊥ ⊂ Rd

to the deformed contact set C̃ associated with the nodal approximate normal np in p ∈ ÑF .
Similar to the continuous case, the discrete normal field nS to C̃ is parametrized over Γ̃FB.

Next, we further split W into its normal and tangential part

W =Wn ⊕Wt,

with

Wn = {λpx ∣ p ∈ ÑF , x ∈ span{np}} , Wt = {λpx ∣ p ∈ ÑF , x ∈ TpC̃} .

Excluding normal jumps, we now define a (non-conforming) finite element counterpart of the
solution space Hun−1

0 according to

(47) Sun−10 = V ⊕Wt.

Such a mortar approach to non-penetration has been suggested and first analyzed in [44].
The splitting suggests the unique decomposition

(48) v = vV + vW , v ∈ Sun−10

where
vV = Πv = ∑

N∖ÑF

v(p)µp ∈ V

and
vW = (Id−Π)v = ∑

p∈ÑF

[v]p λp ∈Wt,
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denoting the weak nodal jump of v at p ∈ ÑF by

[v]p = (v −Π(v))(p) = (⟨[̃vj], ϕp⟩C̃)
d
j=1 ∈ Rd.

The nodal vectors [v]p clearly satisfy [v]p ⋅ np = 0 for all p ∈ ÑF . Hence, vW can be regarded
as a nodal approximation of the tangential jump of v along C̃ pulled back to Γ̃FB. Inserting
this approximation into (27) and replacing the integrand φ([v]u , α) by its nodal interpolation
in SF , we obtain the approximate functional ΦS ∶ Sun−10 → R,

(49) ΦS(v,α) = ∑
p∈ÑF

φp([v]p), φp([v]p) = φ([v]p , α(p))
ˆ

Γ̃FB

λp ds.

At this point, α is required to be continuous in a neighborhood of each node p ∈ ÑF to
guarantee that nodal interpolation makes sense.

The mortar discretization of the rate problem (38) with given, sufficiently regular state
α ∈ L2(ΓF ) now reads as follows
(50)
u̇n,S ∈ Sun−10 ∶ an(u̇n,S , v − u̇n,S) +ΦS(v,α) −ΦS(u̇n,S , α) ≥ `n,S(v − u̇n,S), ∀v ∈ Sun−10 ,

for n = 1, . . . ,N . Here, the bilinear form an(⋅, ⋅) is taken from (39) and we have set

`n,S(v) = `(v) + (ρün−1,S , v) + 2
τ (ρu̇n−1,S , v) − τ

2 b(u̇n−1,S , v) − b(un−1,S , v)

with ün−1,S , u̇n−1,S , un−1,S taken from preceding time steps, by discrete analogues of (37), by
suitable finite element approximations u̇0,S , u0,S ∈ S of the initial conditions u̇0, u0 ∈Hu0

0 , or a
finite element approximation ü0,S ∈ S of the auxiliary problem (40). Existence and uniqueness
of discrete spatial solutions u̇n,S ∈ Sun−10 , n = 1, . . . ,N , follows under the same conditions and
by the same arguments as in Proposition 3.2.

This mortar approach to (frictional) non-penetration directly extends elastic frictional con-
tact problems, i.e., to fault opening. We refer to [21, 23] for further information and to [45]
for a detailed survey.

4.2. Piecewise constant discretization of state problem with given rate. We consider
the state problem (43) with a given deformation rate. Let CF = {Cp ⊂ ΓF ∣ p ∈ NF } be a
dual partition of the triangulation T F of ΓF . We introduce the subspace BF ⊂ L2(ΓF ) of
functions that are constant on each cell Cp ∈ CF , p ∈ NF , and the resulting piecewise constant
discretization

(51)
αn,B ∈ BF ∶ (αn,B, β − αn,B)L2(ΓF )

+ τΨB(β, u̇) − τΨB(αn,B, u̇) ≥
(αn−1,B, β − αn,B)L2(ΓF )

∀β ∈ BF

of the state problem (43) with given u̇ ∈ Sun−10 . Here, the nodal approximation ΨB ∶ BF → R,

(52) ΨB(β, u̇) = ∑
p∈ÑF

ψ(β(p), ∣ [u̇]p ∣) ∣Cp∣ , β ∈ BF ,

of the functional Ψ(⋅, u̇) is obtained in the same way as the nodal approximation ΦS(⋅, α) of
Φ(⋅, α) in (49).

Existence and uniqueness of discrete spatial solutions αn,B ∈ BF , n = 1, . . . ,N , follows in
the same way as in Proposition 3.3.
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4.3. Fully discretized coupled spatial problem. Combining (50) and (51), the discretiza-
tion of the coupled Problem 2.2 in time and space now reads as follows.

Problem 4.1 (Discretization in time and space). Find u̇n,S ∈ Sun−10 and αn,B ∈ BF satisfying

an(u̇n,S , v − u̇n,S) +ΦS(v,αn,B) −ΦS(u̇n,S , αn,B) ≥ `n,S(v − u̇n,S) ∀v ∈ Sun−10

(αn,B, β − αn,B)L2(ΓF )
+ τΨB(β, u̇n,S) − τΨB(αn,B, u̇n,S) ≥ (αn−1,B, β − αn,B)L2(ΓF )

∀β ∈ BF

for n = 1, . . . ,N with given initial conditions u0,S , u̇0,S ∈ Sun−10 , α0,B ∈ BF .

Iterative solution of Problem 4.1 can be obtained from the fixed point iteration

(53) u̇ν+1
n,S = RS (ωαν+1

n,B + (1 − ω)ανn,B) , αν+1
n,B = SB (u̇νn,S) , ν = 0,1, . . . ,

with initial iterate (u̇0
n,S , α

0
n,B) = (u̇n−1,S , αn−1,B) and suitable relaxation parameter ω ∈ (0,1].

Here, SB ∶ Sun−10 → BF and RS ∶ BF → Sun−10 denote the solution operators of the state problem
with given rate (51) and the rate problem with given state (50), respectively. Note that state
functions α ∈ BF are continuous in a neighborhood of each node p ∈ NF and thus satisfy the
regularity assumptions made for nodal interpolation (49).

Extension of the convergence proof given in [27, 30] for an unilateral version of Problem 4.1
to the actual discretized multi-body problem is a subject of future research.

5. Algebraic solution

5.1. Fixed point iteration and state problem with given rate. The iterative solution
of the coupled Problem 4.1 is performed by the fixed point iteration (53). The state problem
with given rate (51) arising in each iteration step fully decouples into scalar algebraic problems
for αn,B(p) and p ∈ NF that can be solved explicitly or, e.g., by bisection.

The rate problem with given state (50), however, is a discretized frictional contact problem,
and its iterative solution is more involved.

5.2. Truncated non-smooth Newton multigrid for the rate problem with given
state. We now concentrate on the robust and efficient algebraic solution of the mortar-
discretized rate problem (50) with given state α ∈ BF . First, recall that the splitting (48)
provides the basis representation

(54) v = ∑
p∈N∖ÑF

vpµp + ∑
p∈ÑF

vpλp

of all v ∈ Sun−10 with coefficients vp = v(p), p ∈ N ∖ ÑF and vp = [v]p, p ∈ ÑF . We identify each
v ∈ Sun−10 with its coefficient vector (vp)p∈N . Then the discrete nonlinear functional

ΦS(v,α) = ∑
p∈ÑF

φp(vp)

introduced in (49) has a separable structure in the sense that the coefficients vp ∈ Rd are
decoupled with respect to the nonlinearity φp.

The variational inequality (50) can be equivalently rewritten as the minimization problem

(55) u̇n,S ∈ Sun−10 ∶ JS(u̇n,S) ≤ JS(v) ∀v ∈ Sun−10

denoting
JS(v) = 1

2an(v, v) − `n,S(v) + ∑
p∈ÑF

φp(vp).
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This formulation allows to construct and analyze globally convergent nonlinear Gauß–Seidel
relaxation methods [13]. Based on the splitting

Sun−10 = ∑
p∈N

Vp, Vp =
⎧⎪⎪⎨⎪⎪⎩

{µpx ∣ x ∈ Rd} for p ∈ N ∖ ÑF ,

{λpx ∣ x ∈ TpC̃} for p ∈ ÑF

and some enumeration N = {p1, . . . , pM}, a new iterate is computed by successive subspace
minimization: Given an iterate u set w0 = u and compute wi, i = 1, . . . ,M by solving

(56) wi ∈ wi−1 + Vpi ∶ JS(wi) ≤ JS(w) ∀w ∈ wi−1 + Vpi , i = 1, . . . ,M,

to obtain the new iterate u = wM . However, such iterative schemes are well-known to suffer
from rapidly deteriorating convergence rates for decreasing mesh size.

The basic idea of Truncated Nonsmooth Newton Multigrid (TNNMG) methods [14, 15, 16]
is to complement nonlinear Gauß–Seidel smoothing (56) by additional line search into the
Newton-type search direction δu, as obtained from the linear system

(57) J ′′
S (ū)∣W (ū)×W (ū)δu = −J ′

S(ū)∣W (ū)

on a suitable subspaceW (ū) ⊂ Sun−10 . Accounting for non-smoothness of φp, p ∈ ÑF , we select
the reduced subspace

W (ū) = V + span{λpx ∣ x ∈ TpC̃ ∣ [ū]p ∣ ≠ Vm(α(p)), p ∈ ÑF }.
By freezing ū(p) at those p where φp(ūp) is not smooth enough, the restriction JS ∣W (ū)×W (ū) to
W (ū) is twice differentiable. Note that global convergence of nonlinear Gauß–Seidel smoothing
(56) is preserved by any correction ρδu such that ρ ∈ [0,∞) is providing non-increasing energy

(58) JS(ū + ρδu) ≤ JS(ū).
In TNNMG methods, all three substeps, i.e., nonlinear Gauß–Seidel relaxation (56), evalu-

ation of the Newton-type search direction (57), and monotone line search (58), are typically
performed inexactly. A TNNMG iteration step applied to a given iterate uν ∈ Sun−10 thus reads
as follows
(59)
ūν = P (uν), δuν =MG(J ′′

S (ūν)∣W (ūν)×W (ūν),J
′
S(ūν)∣W (ūν)), uν+1 = ūν + ρ(ūν , δuν)δuν ,

with corresponding inexact solution operators P , MG, and ρ.
More precisely, inexact Gauß–Seidel relaxation P is obtained as follows. For each convex

(d − 1)-dimensional non-smooth minimization problem (56) on the local tangent space Vpi
associated with the node pi ∈ ÑF , the quadratic part (i.e., the i-th diagonal block of the
stiffness matrix corresponding to the bilinear form an(⋅, ⋅) and the basis representation (54))
is replaced by a scalar upper bound, e.g. its maximal eigenvalue. Then the resulting problem
is rotationally symmetric in Vpi and thus reduces to a scalar problem that can be solved by
bisection or even by an explicit formula (cf. [16, Example 5.2]). The same local preconditioning
approach is used for the linear d-dimensional problems in Vpi for pi ∈ N ∖ ÑF . We emphasize
that global convergence of nonlinear Gauß–Seidel relaxation (56) is preserved in this way [16].

Since JS is strongly convex, the coefficient matrix J ′′
S (ūν)∣W (ūν)×W (ūν) of the linear problem

(57) is symmetric and positive definite on the subspace W (ūν). Hence, its inexact solution
MG can be simply performed by one or more steps of a standard linear multigrid method with
minor modifications to deal with the special basis used in (54) and the restriction to W (ūν).
For details on the choice of suitable coarse grid spaces or, equivalently, suitable restriction and
prolongation operators we refer, e.g., to [15, 38].



18

Inexact line search providing a damping factor ρν ∈ [0,∞) that guarantees monotonically
decreasing energy (58) is finally performed by bisection.

The following convergence result is obtained as a special case of the abstract result [16,
Corollary 4.5] by making use of [16, Theorem 5.6 and Lemma 5.8] to incorporate the inexact
pre-smoothing P explained above.

Proposition 5.1. For any initial iterate u0 ∈ Sun−10 the sequence uν ∈ Sun−10 , ν = 1, . . . , gen-
erated by the TNNMG method (59) converges to the unique solution of the mortar-discretized
rate problem (50) with given state α ∈ BF .

The same convergence result applies, if more than one nonlinear pre-smoothing step or addi-
tional nonlinear post-smoothing is utilized. Note that TNNMG methods allow for straightfor-
ward extensions to fault opening by incorporating non-penetration into the nonlinear Gauß–
Seidel smoother and enforcing feasibility of coarse corrections δuν by an additional projection
step.

6. Numerical experiments

6.1. General setup.

6.1.1. Problem description. In our two numerical experiments, we consider a rectangular de-
formable body in d = 2 space dimensions that is decomposed into I = 2 (spring slider) or I = 5
(layered fault system) rectangular bodies by 1 or 4 planar faults, cf. Figure 2.

Figure 2. Initial triangulations T (0)
i , i = 1, . . . , I, for the spring slider with

I = 2 bodies (left) and a layered fault system with I = 5 bodies (right).

In the spring slider experiment, the 2 bodies are both of the size 5 m × 1 m. They are
associated with the reference domains Ω1 = (−2.5,2.5) × (−1,0), Ω2 = (−2.5,2.5) × (0,1) with
the interface

ΓF = (−2.5,2.5) × {0}.
This setup corresponds to the one presented in [30], but features a deformable instead of a
rigid foundation.

The bodies of the layered fault system have the size 5 m × 1 m, 5 m × 0.3 m, 5 m × 0.09 m,
5 m × 0.3 m, and 5 m × 1 m. They are associated with the reference domains

Ω1 = (−2.5,2.5) × (−1.345,−0.345), Ω2 = (−2.5,2.5) × (−0.345,−0.045),
Ω3 = (−2.5,2.5) × (−0.045,0.045), Ω4 = (−2.5,2.5) × (0.045,0.345),
Ω5 = (−2.5,2.5) × (0.345,1.345)
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with the interface ΓF ,

ΓF = (−2.5,2.5)×{−0.345}∪(−2.5,2.5)×{−0.045}∪(−2.5,2.5)×{0.045}∪(−2.5,2.5)×{0.345}.

The bodies consist of St. Venant Kirchhoff material and are subject to gravity, i.e., the
body force is constant and given by f = −ρg ⋅ e2 with g denoting the gravitational constant.
We impose homogeneous Neumann boundary conditions fN = 0 at the vertical boundary ΓN

of the associated reference configurations Ωi, i = 1, . . . , I. The system is fixed by homogeneous
Dirichlet conditions u(⋅, t) = u̇(⋅, t) = 0, 0 ≤ t ≤ T0 at the foundation ΓD1 . At the upper Dirichlet
boundary ΓDI , I = 2, 5, the condition u̇(⋅, t) = vD ξ(t) ⋅ e1 prescribes a smooth transition from
zero velocity to constant loading speed vD = 2 × 10−4 m/s with

(60) ξ(t) =
⎧⎪⎪⎨⎪⎪⎩

1
2(1 − cos(4πt/T0)), if t ≤ T0/4
1 otherwise.

At the interfaces, ΓF = ⋃I−1
i=1 ΓFi,i+1 we impose rate-and-state friction conditions with Dieterich’s

aging law.
The initial deformation u(⋅,0) is obtained by approximating the equilibrium configuration,

i.e., the solution of the stationary problem (35), by one step of the associated fixed point iter-
ation. The initial velocity field is set to zero, which is consistent with the Dirichlet conditions,
and the initial state field is chosen to be α(⋅,0) = −10 on ΓF .

We consider the time interval [0, T0] with final time T0 = 60 s, and the remaining material
parameters are given in Table 1.

Bulk parameter Value Friction parameter Value
Bulk modulus E 4.12 × 107 Pa ref. velocity V0 1 × 10−6 m/s
Poisson ratio ν 0.3 ref. friction coeff. µ0 0.6
mass density ρ 5 × 103 kg/m2 a 0.010
gravity g 9.81 N/kg b 0.015

charact. slip dist. L 1 × 10−5 m

Table 1. Material parameters

Figure 3. Adaptively refined final triangulations T ∈ T (K)

i , i = 1, . . . , I with
K = 5 and 1274 vertices for the spring slider (left) and K = 5 and 4057 vertices
for the layered fault system (right).
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6.1.2. Discretization and algebraic solution. In order to efficiently resolve strongly varying
dynamics ranging from slow interseismic loading to fast coseismic periods, corresponding time
step sizes are automatically selected according to the following adaptive strategy. For given
approximate solution at tn of the coupled spatial Problem 3.4 at time tn ∈ [0, T0), as computed
by the old time step size τn−1, we choose τ∗n = τn−1 for n ≥ 1 and τ−1 = 10−4 T0 as an initial
guess for the new time step size τn. Then, we compute approximate solutions (u̇(1)n+1, α

(1)
n+1) at

tn + 2τ∗n by one step with step size 2τ∗n and (u̇(2)n+1, α
(2)
n+1) by two time steps with step size τ∗n .

If the criterion

(61) ∥α(1)
n+1 − α

(2)
n+1∥L2(ΓF ) ≤ δτ m1/2

holds with a suitable threshold δτ , then we allow for coarsening: With the new guess τ∗n ∶= 2τ∗n
the above procedure is repeated until (61) is violated and we set τn ∶= τ∗n/2 in this case. If the
criterion (61) is already violated by the initial guess τ∗n = τn−1, then we require refinement:
Successive bisection τ∗n ∶= τ∗n/2 is applied until (61) is met and we set τn ∶= τ∗n in this case.
The threshold δτ is selected in accordance with the accuracy of the inner fixed point iteration
to be specified below.

The spatial problems occurring in each time step are discretized with respect to triangula-
tions Ti = T (K)

i , as resulting from K refinement steps applied to initial triangulations T (0)
i of

the subdomains Ωi, i = 1, . . . , I. Note that the associated hierarchy of finite element spaces is
utilized for the algebraic TNNMG solver to be specified later on. For the spring slider and
the layered fault system, the initial triangulations T (0)

i , i = 1, . . . , I, are shown in the left and
in the right picture of Figure 2, respectively.

For both geometries, refinement is concentrated at the interfaces by the following adaptive
procedure. Starting with T (0)

i , we perform regular (red) refinement of all triangles T ∈ T (k)
i ,

k ≥ 0, with diameter hT violating the criterion

(62) hT < (1 + 80d(T,ΓF )hmin.

Here, d(T,ΓF ) stands for the distance of T to ΓF and hmin = 6.25 cm. Then, triangles with
two or three bisected edges as emerging through this procedure are also refined regularly until
only triangles with no or with only one bisected edge are left from T (k). The latter ones
are then refined by connecting the midpoint of this edge with the opposite vertex to obtain
conforming refined triangulations T (k+1)

i . In order to preserve shape regularity, these (green)
closures are removed in advance of the next refinement step [2]. Refinement terminates with
K = k, once the criterion (62) is met by all triangles T ∈ T (k)

i and all i = 1, . . . , I.
The resulting final triangulations are depicted in Figure 3. For the spring slider (left),

the final triangulations T (K)

i are resulting from K = 5 adaptive refinement steps, have 1274

vertices in total, and 4.4 cm ≤ hT ≤ 70.8 cm holds for the diameters hT of all T ∈ T (K)

i , i = 1,2.
For the layered fault system (right), the final triangulations T (K)

i are obtained after K = 5
refinement steps, have 4057 vertices in total, and 3.2 cm ≤ hT ≤ 10.8 cm holds for the diameters
hT of all T ∈ T (K)

i , i = 1, . . . ,5.
In the fixed point iteration (53), providing the decoupling of rate and state, we use the

relaxation parameter ω = 1/2. The iteration is stopped, once the criterion

(63) ∥ανn,B − αν−1
n,B ∥L2(ΓF ) ≤ 10−1δτ m1/2
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is satisfied. Here, the parameter δτ is the same as in the time step selection criterion (61).
This choice aims at comparable accuracy of fixed point iteration and time stepping, and the
actual value δτ = 10−5 is motivated by systematic trial and error, cf. [29, Subsection 3.3].

The algebraic solution of the discrete state problem 43 with Dieterich’s aging law and given
rate is approximated by pointwise bisection. The iteration is stopped, once the error in each
node is uniformly bounded by the threshold 10−12 m1/2.

Starting with the final iterate u̇0
n,S = u̇

νstop
n−1,S from the preceding time step, the algebraic solu-

tion of the discrete rate problem (50) with given state is performed by a Truncated Nonsmooth
Newton Multigrid (TNNMG) method as described in Subsection 5.2. In each iteration step,
the (truncated) linear correction is obtained by 5 steps of a classical multigrid V-cycle with
3 pre- and 3 post-smoothing steps. Here, we utilize the grid hierarchy provided by successive
refinement described above. The iteration is terminated, once the stopping criterion

(64) ∥u̇ν − u̇ν−1∥n ≤ 10−8 W1/2m1/2

is satisfied with the time-dependent energy norm ∥ ⋅ ∥n = an(⋅, ⋅)1/2 and an(⋅, ⋅) defined in (39).
This stopping criterion is selected to reduce the error of the inner multigrid iteration some
orders of magnitude below the error of the outer fixed point iteration which is intended to be
in the range of the discretization error.

The discretization and algorithms are implemented using the Dune framework [4] making
use of the dune-grid-glue library [5] for the mortar coupling.
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Figure 4. Spring slider: Evolution of the mean value of relative velocities
over ΓF from the initial loading phase to slip events (left) and zoom into the
slip events (right).

6.2. Spring slider.

6.2.1. Simulation results. In order to illustrate the behavior of the deformed bodies along
the fault ΓF = (−2.5,2.5) × {0}, the left picture of Figure 4 shows the mean value of the
approximate relative velocitiy ∣ [u̇n,S]un−1,S ∣ over ΓF for the corresponding time instants tn,
n = 1, . . . ,N = 145186. After a loading phase of about 22 s, we observe 27 almost periodic
peaks in the relative velocity, indicating the occurrence of corresponding slip events. Observe
that periodicity is slightly perturbed in comparison with related numerical results for a rigid
foundation [30]. A zoom into the first 7 slip events as shown in the right picture of Figure 4
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Figure 5. Spring slider: Level lines (101 µm/s green, 102 µm/s blue, 103 µm/s
orange, 104 µm/s red) of the approximate relative velocity along ΓF over time
intervals associated with the first 6 slip events

reveals a highly oscillatory behavior of the approximate velocity. This is partly due to the well-
known lack of stability of the Newmark scheme [22], but also occurs for the highly dissipative
backward Euler method [31] and sufficiently fine time steps.

Figure 5 shows the level lines of approximate relative velocities along the fault ΓF (horizontal
axis) evolving over time (vertical axis) for six time intervals of 0.008 T0 = 0.4 s associated with
the first six slip events (top left to bottom right). The first (bilateral) slip event originates
from the midpoint of ΓF , the next one has two symmetric precursors on the left and right
hand side, and the third one is a unilateral event starting at the right hand side of ΓF . We
then observe a sequence of two further bilateral slip events beginning in the the middle, and
another unilateral event, initiated at the right end of the fault.

All slip events are preceded by small foreshocks indicating the origin of the later event,
as well as small aftershocks typically occurring at the right of left side of ΓF . Note that
these results considerably differ from related computations for a subduction zone with rigid
foundation that showed pure periodic behavior [29].

6.2.2. Adaptive time stepping and performance of the algebraic solver. We now describe the
performance of adaptive time step selection and of the algebraic solver consisting of the fixed
point iteration (53) for the decoupling of rate and state and the TNNMG method for the rate
problem as explained in Subsection 5.2. The upper picture of Figure 6 shows the automatically
selected time step sizes τn over corresponding time instants tn taken from the time interval
that begins shortly before the end of the initial loading phase. Observe that the occurrence
of slip events is nicely reflected by the reduction of the time step size by about 2 orders of
magnitude. According to the second picture, usually 2 - 4 fixed point iterations are required to
match the stopping criterion (63) for the actual spatial problem with adaptively selected time
step. The third picture shows the sum of all inner multigrid iterations as needed to reach the
stopping criterion (64) in each of these outer fixed point iteration steps. This sum often, but
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Figure 6. Spring slider: Adaptive time step selection and performance of the
algebraic solver

not always, increases and decreases with the number of required outer fixed point iterations
and is ranging from about 8 to 20.

6.3. Layered fault system.

6.3.1. Simulation results. Figure 7 indicates quite interesting stress accumulation and release
along the different faults. The four pictures show the mean value of the relative velocity on
the faults ΓF4,5, ΓF3,4, ΓF2,3, and ΓF1,2 (top left to bottom right) over time. In the first picture
for the upper fault ΓF4,5, we observe a sequence of almost periodic slip events with almost the
same period and amplitude as for the spring slider, again after an initial loading phase of
about 20 s. In both of the next two pictures, however, showing the average relative velocities
over the next two faults ΓF3,4 and ΓF2,3, we see a loading phase that might have saturated after
a small jump at about 53 s or lead to later slip events. As shown in the fourth picture, this
jump of average relative velocity also occurs at the lowest fault ΓF1,2, this time preceded by a
highly oscillatory loading phase. It is not clear at the moment whether these oscillations are
physical, e.g., associated with the fixed foundation of Ω1 or due to numerical artifacts which
would motivate future numerical and experimental investigations.

Figure 8 shows the level lines of approximate relative velocities along the upper fault ΓF4,5
(horizontal axis) evolving over six time intervals (vertical axis) associated with the first six slip
events (top left to bottom right). Apart from the second slip event that has some foreshocks on
the left and right side of ΓF4,5 we observe bilateral events, i.e. ruptures nucleating towards the
center of the fault and spreading towards both edges, preceded by small foreshocks occurring in
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Figure 7. Layered fault system: Evolution of the mean value of relative ve-
locities over the faults ΓFi,i+1, i = 1,2,3,4, from ΓF4,5 (top left) to ΓF1,2 (bottom
right).

the middle of ΓF4,5. In most (but not all) cases the slip events are followed by small aftershocks.
These observations are in strong analogy with the results of the spring slider experiment as
depicted in Figure 5.

6.3.2. Adaptive time step selection and performance of the algebraic solver. The performance
of adaptive time step selection and of the algebraic solver as illustrated in Figure 9 hardly
differs from the spring slider experiment. Again, the slip events on ΓF4,5 are well-captured by
adaptive time stepping that is reducing the time step by about 2 orders of magnitude. The
number of outer fixed point iteration is still ranging from 2 to 4 and the sum of all inner
multigrid iterations in each of these steps is bounded by 20, apart from slightly larger values
at the end of the loading phase. This strongly confirms the efficiency and robustness of our
solution approach.

References

[1] J. P. Ampuero and A. Rubin. Earthquake nucleation on rate and state faults – aging and slip laws. J.
Geophys. Res., 113(B1):B01302, Jan 2008.

[2] R. E. Bank, A. H. Sherman, and A. Weiser. Some refinement algorithms and data structures for regular
local mesh refinement. Scientific Computing, Applications of Mathematics and Computing to the Physical
Sciences, 1:3–17, 1983.



25

0 2 4
x coordinate [m]

27.55

27.60

27.65

27.70

27.75
ti

m
e

t
[s

]

0 2 4
x coordinate [m]

29.85

29.90

29.95

30.00

ti
m

e
t

[s
]

0 2 4
x coordinate [m]

32.1

32.2

32.3

32.4

ti
m

e
t

[s
]

0 2 4
x coordinate [m]

34.2

34.3

34.4

ti
m

e
t

[s
]

0 2 4
x coordinate [m]

35.9

36.0

36.1

ti
m

e
t

[s
]

0 2 4
x coordinate [m]

38.1

38.2

38.3

38.4

ti
m

e
t

[s
]

Figure 8. Layered fault system: Level lines (101 µm/s green, 102 µm/s blue,
103 µm/s orange, 104 µm/s red) of the approximate relative velocity along ΓF34

over time intervals associated with the first 6 slip events.

25 30 35 40 45 50 55 60

10−4

10−1

ta
u

25 30 35 40 45 50 55 60

2

4

fp
.

it
er

.

25 30 35 40 45 50 55 60

time [s]

10

20

m
u

lt
ig

ri
d

it
er

.

Figure 9. Layered fault system: Adaptive time step selection and perfor-
mance of the algebraic solver.



26

[3] S. Barbot, N. Lapusta, and J.-P. Avouac. Under the hood of the earthquake machine: Toward predictive
modeling of the seismic cycle. Science, 336(6082):707–710, 2012.

[4] P. Bastian, M. Blatt, A. Dedner, N.-A. Dreier, C. Engwer, R. Fritze, C. Gräser, C. Grüninger, D. Kempf,
R. Klöfkorn, M. Ohlberger, and O. Sander. The DUNE framework: Basic concepts and recent develop-
ments. Comput. Math. Appl., 2020.

[5] P. Bastian, G. Buse, and O. Sander. Infrastructure for the coupling of Dune grids. In Numerical Mathe-
matics and Advanced Applications 2009, pages 107–114. Springer, 2010.

[6] N. M. Beeler, T. E. Tullis, and J. D. Weeks. The roles of time and displacement in the evolution effect in
rock friction. Geophys. Res. Lett., 21(18):1987–1990, 1994.

[7] Y. Ben-Zion. Collective behavior of earthquakes and faults: Continuum-discrete transitions, progressive
evolutionary changes, and different dynamic regimes. Reviews of Geophysics, 46(4), 2008.

[8] A. Cochard and R. Madariaga. Dynamic faulting under rate-dependent friction. Pure and Applied Geo-
physics, 142(3):419–445, 1994.

[9] L. Dal Zilio, Y. van Dinther, T. V. Gerya, and C. C. Pranger. Seismic behaviour of mountain belts
controlled by plate convergence rate. Earth and Planetary Science Letters, 482:81–92, 2018.

[10] J. de la Puente, J.-P. Ampuero, and M. Käser. Dynamic rupture modeling on unstructured meshes using
a discontinuous Galerkin method. Journal of Geophysical Research: Solid Earth, 114(B10), 2009.

[11] A. Fagereng and V. Toy. Geology of the earthquake source: an introduction. Geological Society, London,
Special Publications, 359(1):1–16, 2011.

[12] I. Fonseca and G. Leoni. Modern Methods in the Calculus of Variations: Lˆp Spaces. Springer Science &
Business Media, 2007.

[13] R. Glowinski. Numerical methods for non-linear variational problems. Springer Verlag, 1984.
[14] C. Gräser. Convex Minimization and Phase Field Models. PhD thesis, Freie Universität Berlin, 2011.
[15] C. Gräser, U. Sack, and O. Sander. Truncated nonsmooth Newton multigrid methods for convex mini-

mization problems. In M. Bercovier, M. Gander, R. Kornhuber, and O. Widlund, editors, Domain De-
composition Methods in Science and Engineering XVIII, volume 70 of LNCSE, pages 129–136. Springer,
2009.

[16] C. Gräser and O. Sander. Truncated nonsmooth Newton multigrid methods for block-separable minimiza-
tion problems. IMA J. Numer. Anal., 39:454–481, 2019.

[17] E. Hairer, C. Lubich, and G. Wanner. Geometric Numerical Integration: Structure-Preserving Algorithms
for Ordinary Differential Equations, volume 31. Springer-Verlag Berlin Heidelberg, 2nd edition, 2006.

[18] R. Herrendörfer, Y. Van Dinther, T. Gerya, and L. A. Dalguer. Earthquake supercycle in subduction
zones controlled by the width of the seismogenic zone. Nature Geoscience, 8(6):471–474, 2015.

[19] J. Kavcur. Method of Rothe in evolution equations. In Equadiff 6, pages 23–34. Springer, 1986.
[20] N. Kato. Interaction of slip on asperities: Numerical simulation of seismic cycles on a two-dimensional

planar fault with nonuniform frictional property. Journal of Geophysical Research: Solid Earth, 109(B12),
2004.

[21] R. H. Krause. A nonsmooth multiscale method for solving frictional two-body contact problems in 2d and
3d with multigrid efficiency. SIAM Journal on Scientific Computing, 31(2):1399–1423, 2009.

[22] R. H. Krause and M. Walloth. Presentation and comparison of selected algorithms for dynamic contact
based on the newmark scheme. Applied Numerical Mathematics, 62(10):1393–1410, 2012.

[23] R. H. Krause and B. I. Wohlmuth. A Dirichlet–Neumann type algorithm for contact problems with friction.
Computing and Visualization in Science, 5(3):139–148, 2002.

[24] N. Lapusta, J. R. Rice, Y. Ben-Zion, and G. Zheng. Elastodynamic analysis for slow tectonic loading with
spontaneous rupture episodes on faults with rate-and state-dependent friction. Journal of Geophysical
Research: Solid Earth, 105(B10):23765–23789, 2000.

[25] C. Marone. Laboratory-derived friction laws and their application to seismic faulting. Annual Review of
Earth and Planetary Sciences, 26(1):643–696, 1998.

[26] C. Pelties, J. De la Puente, J.-P. Ampuero, G. B. Brietzke, and M. Käser. Three-dimensional dynamic
rupture simulation with a high-order discontinuous Galerkin method on unstructured tetrahedral meshes.
Journal of Geophysical Research: Solid Earth, 117(B2), 2012.

[27] E. Pipping. Dynamic problems of rate- and state friction in viscoelasticity. PhD thesis, Freie Universität
Berlin, 2014.



27

[28] E. Pipping. Existence of long-time solutions to dynamic problems of viscoelasticity with rate-and-state
friction. ZAMM-Journal of Applied Mathematics and Mechanics/Zeitschrift für Angewandte Mathematik
und Mechanik, 99(11):e201800263, 2019.

[29] E. Pipping, R. Kornhuber, M. Rosenau, and O. Oncken. On the efficient and reliable numerical solution
of rate-and-state friction problems. Geophysical Journal International, 204(3):1858–1866, 2016.

[30] E. Pipping, O. Sander, and R. Kornhuber. Variational formulation of rate- and state-dependent fric-
tion problems. ZAMM - Journal of Applied Mathematics and Mechanics / Zeitschrift für Angewandte
Mathematik und Mechanik, 95(4):377–395, 2015.

[31] J. Podlesny. Multiscale Modelling and Simulation of Deformation Accumulation in Fault Networks. PhD
thesis, Freie Universität Berlin, 2021.

[32] K. Ranjith and J. R. Rice. Stability of quasi-static slip in a single degree of freedom elastic system with
rate and state dependent friction. Journal of the Mechanics and Physics of Solids, 47(6):1207–1218, 1999.

[33] J. R. Rice and Y. Ben-Zion. Slip complexity in earthquake fault models. Proceedings of the National
Academy of Sciences, 93(9):3811–3818, 1996.

[34] J. R. Rice, N. Lapusta, and K. Ranjith. Rate and state dependent friction and the stability of sliding
between elastically deformable solids. Journal of the Mechanics and Physics of Solids, 49(9):1865–1898,
2001.

[35] M. Rosenau, J. Lohrmann, and O. Oncken. Shocks in a box: An analogue model of subduction earthquake
cycles with application to seismotectonic forearc evolution. Journal of Geophysical Research: Solid Earth,
114(B1), 2009.

[36] E. Rothe. Zweidimensionale parabolische Randwertaufgaben als Grenzfall eindimensionaler Randwertauf-
gaben. Mathematische Annalen, 102(1):650–670, 1930.

[37] A. Ruina. Slip instability and state variable friction laws. J. Geophys. Res., 88(B12):10359–10370, 1983.
[38] O. Sander. Multidimensional Coupling in a Human Knee Model. PhD thesis, Freie Universität Berlin,

2008.
[39] O. Sander. The PSurface library. Comp.Vis. Sci., 14(8):353–370, 2011.
[40] C. Scholz. Earthquakes and friction laws. Nature, 391(6662):37–42, Jan 1998.
[41] S. V. Sobolev and I. A. Muldashev. Modeling seismic cycles of great megathrust earthquakes across the

scales with focus at postseismic phase. Geochemistry, Geophysics, Geosystems, 18(12):4387–4408, 2017.
[42] T. Ulrich, A.-A. Gabriel, J.-P. Ampuero, and W. Xu. Dynamic viability of the 2016 mw 7.8 Kaikōura
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