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ABsTRACT. We consider the deformation of a geological structure with non-intersecting
faults that can be represented by a layered system of viscoelastic bodies satisfying rate- and
state-depending friction conditions along the common interfaces. We derive a mathematical
model that contains classical Dieterich- and Ruina-type friction as special cases and accounts
for possibly large tangential displacements. Semi-discretization in time by a Newmark scheme
leads to a coupled system of non-smooth, convex minimization problems for rate and state
to be solved in each time step. Additional spatial discretization by a mortar method and
piecewise constant finite elements allows for the decoupling of rate and state by a fixed
point iteration and efficient algebraic solution of the rate problem by truncated non-smooth
Newton methods. Numerical experiments with a spring slider and a layered multiscale system
illustrate the behavior of our model as well as the efficiency and reliability of the numerical
solver.
This research has been funded by Deutsche Forschungsgemeinschaft (DFG) through grant
CRC 1114 "Scaling Cascades in Complex Systems”, Project Number 235221301, Project B01

"Fault networks and scaling properties of deformation accumulation”.

1. INTRODUCTION

Stress accumulation and release in geological fault networks play a crucial role in earthquake
dynamics. The phenomenology of faults is ranging from subduction zones like the Nasca plate
and strike-slip faults like the San Andreas fault to multiscale fault systems like the Atacama
zone. Strongly varying time scales between the occurrence and duration of slip events suggest
to complement experimental studies in the field (or in the lab [35]) by numerical simulations.

In the underlying mathematical description, the Dieterich—Ruina model of rate- and state-
dependent friction (RSF) [37] has become a standard for the frictional behaviour along the
faults [7, 32, 34]. It can be regarded as an extension of simple Tresca friction with rate-
and state dependent friction coefficient p = p(V,0) that is increasing /decreasing with increas-
ing/decreasing sliding velocity or slip rate V' involving some relaxation effect as expressed by
the state #. The variational structure of RSF has been identified and first exploited by Pipping
et al. [30]

The simulation of rupture and slip events in seismic hazard analysis has quite a history
(cf., e.g., [3, 8 20, 24] and the references cited therein). Utilizing a discontinuous Galerkin
(DG) scheme in space in connection with arbitrary high-order (ADER) time integration, de
la Puente et al [10] developed a numerical method for the dynamic simulation of slip events.
This method was later generalized to three space dimensions [26] and cast into the software
package SeisSol that was successfully utilized for the simulation, e.g., of the 2016 Kaikoura

2010 Mathematics Subject Classification. 35Q86, 49J40, 74505, 65N55, 65K15.
Key words and phrases. rate- and state-dependend friction, multibody coupling, mortar methods, non-
smooth multigrid.
1



2

earthquake cascade [42]. More recently, a different approach based on a diffuse representation
of faults was first applied to subduction zones [I8, [41) [43] and later extended to strike-slip
faults [9]. This approach has the potential to allow for much more complicated fault systems
because the faults have to be no longer resolved exactly by the underlying finite element
mesh. However, this advantage currently comes with high computational cost due to a lack
of efficient algebraic solution techniques.

In this paper, we extend a variational approach to the simulation of subduction zones [29]
to a layered fault system with RSF. More precisely, we consider the deformation of a geo-
logical structure with non-intersecting faults that can be represented by I viscoelastic bodies
undergoing small viscoelastic deformations and large tangential displacements with RSF con-
tact conditions. Assuming existence of a sufficiently regular contact mapping, we formulate
a general mathematical model that contains Dieterich—Ruina friction as a special case. Fault
opening is forbidden for notational convenience, but could be included in a straightforward
way.

Time discretization is performed by a classical Newmark scheme, resulting in a coupled
system of non-smooth, convex minimization problems that has to be solved in each time step.
Decoupling this system by a fixed point iteration leads to a problem for the velocity (and
thus for the rate) with given state, and an independent state problem with given rate. Both
the rate and the state problem can be rewritten as convex minimization problems admitting
unique solutions. For a related coupled problem with unilateral contact, as arising from
the mathematical description of subduction zones, existence and uniqueness of solutions was
established by Pipping et al. [27, [30] using fixed point arguments.

Spatial discretization of the rate problem is performed by a mortar method in the spirit of
Krause and Wohlmuth [23, 46] [45]. This approach has the advantage that it provides nodal
block separation of the non-smooth nonlinearity which allows for direct application of globally
convergent Truncated Non-smooth Newton Multi-Grid (TNNMG) methods |14, 15 [16]. The
state problem is discretized by piece-wise constant finite elements. For given rate, the resulting
algebraic problem decouples into independent scalar problems for each of the nodal values,
which can be solved, e.g., by simple bisection or even explicitly.

In our numerical experiments, we consider a spring slider with I = 2 bodies and a layered
network with I = 5 bodies separated by 4 faults subject to prescribed velocities at the upper
boundary. We perform self-adaptive time stepping to efficiently resolve strongly varying ve-
locities during loading, rupture, and sliding. Spatial discretization is based on triangulations
as obtained by adaptive refinement concentrated at the faults. The associated hierarchy of
finite element spaces is used for the algebraic TNNMG solver of the rate problems with given
state as arising in the fixed point iteration mentioned above.

For the spring slider we observe the periodic occurrence of mostly unilateral slip events,
similar to related simulations of subduction zones [29]. These slip events are nicely captured
by adaptive time stepping, while the number of outer fixed point iterations and inner multigrid
iteration remains almost the same for all time steps. Simulation of the layered network exhibits
an interesting coincidence of periodic slip events along the upper fault with loading phases and
oscillatory behavior on the others. We observe essentially the same efficiency of time stepping,
fixed point iteration, and multigrid as for the spring slider which illustrates the robustness of
our numerical solution procedure, also with respect to the number of faults.
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FIGURE 1. A fault system I'" with I = 4 subdomains and I - 1 = 3 layered faults

2. MATHEMATICAL MODELLING

2.1. A layered fault system with rate-and state-dependent friction. We consider a
geological structure containing a system of faults which is represented by a deformable body
with reference domain Q c R?, d = 2, 3, that, along the faults, is decomposed into I subdomains
Qi i=1,...,1,

I
a-Uan.
i=1

We assume that these subdomains are non-empty, bounded Lipschitz domains, do not pene-
trate each other and are layered in the sense that at most two subdomains are in contact at
any point in RY (see Figure . Then, the subdomains can be ordered such that there is a
common interface Ffj i+l = Q;nQ1,i=1,...,] -1, and all other intersections of subdomains
are empty. Setting Fg 1= Fi 7+1 = @ for notational convenience, the boundary 0€2; of €); is dis-
F

i-1,i

jointly decomposed according to 9€; = FZD UFZN u(l
and a contact boundary, respectively. We set

UFle), into a Dirichlet, a Neumann,

I I I-1
rDzulrf, FN:UIMV, = Ulrfm.
1= 1= 1=

For v = (v1,...,vr) with v; : @; > R, i =1,...,I, we define the restrictions vy = (vr1,...,
UT7]_1) and vp = (0371, ... 7'UB,I—1) of v to TF with
vy = Ui+1|r5i+17 VB, = Uilrfm i=1,...,1-1,

denoting the restrictions from the top €;,1 and the bottom €;, respectively (see Figure . It

is convenient to identify vy = (vr1,..., vrr-1) and vg = (vB,1,...,vB 1) with functions vy

and vp defined on T'Y" by vr|pr =T and vg|pr =uBg =1, ,JI-1. Let n=(ny,...,ny)
1,1+ i,i+

where n; € R? stands for the outer normal to Q;,1=1,...1. Note that n; is an inward normal

to Q41 on Ffﬂl. In particular, np = (n7,1,...,n77-1) and np = —ng are top and bottom

normals on T'F", respectively. In the following, most quantities will be defined in terms of the
bottom side.

We suppose that a body force f acts on all of Q and surface forces f act on the Neumann
boundary I'V. On the Dirichlet boundary I'? the velocity (t) of the displacement field u(t)
of the deformable body € is fixed at all time instants ¢ > 0. We set u(t) = u(t) = 0 on TP for



convenience, though all further considerations can be generalized to the inhomogeneous case
in a straightforward way.

We assume that the boundary forces are compressive in the sense that no fault opening
occurs. This means that neighboring bodies ; and €;41, ¢ = 1,...,1 — 1, remain in contact
throughout the evolution.

We consider a deformation field

u = (Ul,.. . ,UI) € Hl(Ql)d X oo X Hl(Q[)d

where u; is the deformation of the subdomain €2;. Throughout the paper we assume that the
deformations u; within each subdomain €; are small, while the relative displacement between
different subdomains can be large. Thus we will use a (geometrically) linear elastic approach
inside of the subdomains 2; while the coupling conditions have to take care of potentially
large deformations.

Large deformation coupling conditions will be defined in terms of the deformed subdomains.
Given the deformation fields u; the associated displacements are given by Id +u; leading to the
deformed subdomains (Id +u;)(§2;). The actual contact surface of the deformed subdomains is
then given by C* = (Id +ug ) (I' ) n (Id +up ) (I'F). In the following, we assume that each Id +u;
is injective, i.e. that each wu; is regular enough to avoid self-penetration of ;. Furthermore,
we assume that deformations are small, such that different surfaces Ff ;+1 do not get in contact
after deformation. Then, the deformed contact boundary can be pulled back to the bottom
and top reference domain according to

It = (Id +up) ' (C*) c TF, 5% = (Id +ur) ™' (C*) c TF.

In the following, we will parameterize the top reference domain FITT’U over the bottom one Fg’u
by the bijective contact mapping

Tt Fg’“ - I‘?“, 7 = (Id +uz) ™ o (Id +up),

which maps each bottom point x € Fg’“ to the unique top point y € FF’U, such that the
corresponding displaced points (Id +up)(z) and (Id +ur)(y) coincide. As a consequence, the
deformed contact boundary C* can be parametrized both over I‘g’u using Id +upg = (Id +up)om"
and over F?’u using Id +up = (Id +upg) o (7%)~1.
Now, consider any piecewise defined scalar or vector field
v=(v1,...,v7) € HH(Q)F x - x HY Q)"

with k=1 or k =d. Then, we define the jump of v across the deformed contact boundary C*
on the contact reference domain Fg’u according to
(1) [v]"=vg—vpor®  onThH"

Contact conditions and friction laws will be stated in terms of normal and tangential com-
ponents on the deformed contact boundary C*. To this end, let ¢ = 1,...1 and denote by
n'(x) an outer normal to (Id +u;)(€);) at the point (Id +u;)(z), x € F5i+1 ﬂfg’u, i.e. n" is the
pullback of an oriented normal field of the deformed contact boundary C* = (Id +uB)(F£’u
to Fg’u using the map Id +up. Then we can decompose any vector field on Fg’” according to
its normal and tangential components with respect to the deformed configuration as

v = v +vpnY, vp =v-nY, vy = v —vpnt.



It is important to note that the tangential and normal component are defined in terms of the
u-dependent normal field n" that is defined (piecewise) on the deformed bottom subdomains
(Id +u;)(€2;) and not with respect to the normal field of the reference subdomains §2;.

We state a closed-fault condition (no penetration and no fault opening) by prescribing that
the relative motion of the deformed subdomains §2; and €2;,1 is tangential to the actual contact
surface C", i.e.

(2) 0=[u]" n"
As a consequence, the jump of the relative tangential velocity satisfies
[a]; = [a]" = ([@]" - n*)n* = [@]*  on "
The closed-fault condition is complemented by the balance of normal forces

(3) (o(u)n)p = ~w*(o(u)n)ror"

on Fg’“, where o (u) denotes the stress tensor on 2. Note that the normal force (o (u)n)r is a
force per surface area, such that the change of the area element induced by the pullback to Fg’u

using 7% has to be compensated by the weighting factor w® = \/det((D7*)TD7% + ng ® ng),
while the minus sign compensates for the change of the normal direction on opposing sides.
Note that the balance of normal forces can alternatively be phrased as a jump condition
with a transformed weighting factor w o (7%)!.

Utilizing [u],’ = [@]", we prescribe a rate- and state-dependent friction law of the form

(4) —op € dré([u]”, ) on I‘g’u.

Here, we used the decomposition (o (u)n)p = oy + o,,n" of the stress field (o(u)n)p on the
bottom side into its normal and tangential components

0y = 0y (u) = (a(u)n)p-n, ot = 0y(u) = (o (u)n)p = o, (u)n",

respectively, and O« ¢([@]", @) denotes the subdifferential of a state-dependent convex func-
tional ¢(-, ) to be described below. Note that the stress vector (o (u)n)p is computed with
respect to the reference normal np, while its decomposition in tangential and normal compo-
nents is computed with respect to the deformed configuration with the corresponding normal
n®. This reflects the fact that we assume small deformations within the subdomains while the
relative deformations of subdomains can be large.

For given relative slip rate [[4]"|, the evolution of the state « is given by

(5) —a=0a0(en|[@]"]) onTE",  -a4=0 onDF\IL"

with a second convex functional (-, |[%]"|). Note that the state a remains constant on T'F' \

I‘g’u where no contact occurs.

Assuming a visco—elastic Kelvin—Voigt material law, and fixing some final time Ty > 0, we
are now ready to state the following formal description of the deformation of a body 2 with
a layered fault system I'f" and rate- and state-dependent friction.

Problem 2.1 (Layered fault system with rate- and state dependent friction). Find
w Qx[0,T] »R? and o:Tpx[0,Tp] - R



such that
(6) o(u) = Ae(i) + Be(u) in QNTF (Kelvin—Voigt material)
(7) dive(u)+ f =pi in QNTF (balance of momentum)
with boundary conditions,
u=u=0 on TP (Dirichlet condition)

o(w)n=fN on TV (Neumann condition)
frictional contact conditions,
(8) [u]“-n"=0 on Fg’u (closed-fault condition)
(9) (o(u)n)p =-w'(o(u)n)por™  on Fg’“ (balance of normal forces)
(10) ~oy € O o([u]”, @) on Fg’u (state-dependent friction law)
contact state condition,
(11) —d € 0 (o, [[u]"]), on Fg’u (rate-dependent state law)
and non-contact interface conditions
(12) -a=0 on T I’g’u (non-contact state condition)
(13)  (o(u)n)p=0 on TT I‘g’“ (bottom Neumann condition)
(14) (o(u)n)r =0 on TT Fg’" (top Neumann condition)

holds for all t € [0,Ty]. Here, p > 0 is a constant material density, A and B stand for the
viscosity and elasticity tensor, respectively, and €(v) = %(Vv + (Vo)1) is the linearized strain
or strain rate tensor. In addition, we impose initial conditions on the displacement u, velocity
u, and state o.

Throughout the following, we assume that the tensor fields A und B have the symmetry
properties

Aijr = Aplij, Aijr = Ajirl, Bijki = Biiij, Bijk = Bjipl

such that the stress tensor o(u) and the bilinear forms induced by A and B are symmetric.

Note that Problem provides an extension of the model presented in [30] that describes
unilateral frictional contact of a deformable body with a rigid foundation. The tangential
velocity relative to the fixed rigid foundation appearing in [30] is now replaced by the relative
tangential velocity of adjacent deformable bodies.

A further extension to fault opening can be performed by replacing (8)) by the non-penetration
condition [u]"-n" < 0 together with dynamical freezing and thawing of rate- and state-
dependent friction , in case of opening or closing faults.

For ease of notation we will skip the superscript and mostly write [-] = [-]" in the sequel.

2.2. The Dieterich—Ruina model. The current form of the Dieterich-Ruina model of rate-
and state-dependent friction goes back to [37] (see also [II, [6 1T} 25] [33) 40] and the papers
cited therein). It is based on the following ansatz for the friction coefficient

% V Vot )
15 V,0) = log| — ) +blog | —
(15) p(V,0) uo+aog(vo)+ og(L
that depends on the rate V = |[%]| and involves positive parameters pg, Vp a, b, and L.



It is complemented by a suitable evolution of the state 8 > 0. Here, most popular choices
are

(16) 0=1- %0 (Dieterich’s law)
and
(17) 0 = —%Hlog (%9) (Ruina’s law).

Following [30], we briefly sketch how this completely phenomenological friction model trans-
lates into a corresponding state-dependent friction law and a rate-dependent state evo-
lution as postulated above. Starting from collinearity of relative tangential velocity and
stress
—oy|[u]] = [@]]oql,

we postulate the state equation |oy| = p*(V,0)|o,,| with normal stress o,, = 0,,(u) to obtain
(]
| [@]]
In analogy to Tresca friction, we now replace the solution dependent normal stress |o,,| = |o,,(w)]
by a given parameter |7, [30].

As p*(V,0) becomes negative and thus meaningless for

po+b+ log(Wo/L))

(18) =01 = o[ (V,0)

0<V < V,(0) =Voexp(
a

we replace p*(V,0) by its regularization

[ W (V,0) iV 2 Vi(0)
w(V.0) = { 0 otherwise

Then elementary calculations show that takes the form with the convex functional
¢*(-,0) : RY > R defined by

19) 5 (0.6) - { a6 (o 1os([o]/Vin(8)) o] + Vin(8))  if o] 2 Vi (6)

0 otherwise

It remains to show that the rate evolutions and can be rewritten according to
. Introducing the transformed state a = log#, Dieterich’s law takes the form (|11

with the scalar convex function
|4 _
(20) YDieterich (0, V') = Tate o

Ruina’s law is recovered in terms of by the same transformation and the scalar
convex function

(21) YRuina(, V) = % (%OP + log(V/L)a) .

Inserting the transformed state 6 = e“ into , we obtain the corresponding rate functional
(22) (;5(-,0{) = ¢*('7ea)'
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2.3. Weak formulation. We consider the Hilbert space H = H'(€)¢ x --- x H'(£;) with
the canonical inner product (v,w)y = Zle(vi,wi)m(ﬂi)d, vi,w; € HY(Q;), i=1,...,1, and
introduce the closed linear subspace

Ho={veH|v=0onTIP"}

of admissible displacements respecting the Dirichlet boundary conditions. The normal jump
condition is incorporated in the closed affine subspace

(23) HY = {veHy| [v]* n"=0}.

With the tensors A, B taken from @, we introduce the bilinear forms

(24)  a(v,w) = / Ae(v):e(w) dx, blv,w)= / Be(v):e(w) dz, v, w € Hy,
Q\I'F Q\I'F

involving the linear strain tensor £(v) = %(Vv +(vo)T), together with the linear functional

(25) L(v) = /va dx + /FN o ds, v € Hy.

To ensure that the bilinear forms are well defined, we assume that the tensor fields A und B
are uniformly elliptic in the sense that the bilinear forms induced by A(z) and B(z) on the
space of symmetric d x d matrices are elliptic with constants independent of x € ().

By inserting the stress—strain relation @ into the balance of momentum , testing with
v — U, integrating by parts, and exploiting the symmetry of o (u) together with the boundary
conditions on I'? and 'Y we then formally obtain

(26) (pti,v — 1)+ a(w,v—10) +b(u,v—1u) - (v -"10)
- / (o(u)n)p - (v—1i) ds + / (o (u)n)p - (v — @)y ds
'F T'F

for all v € Hy and t € (0,Tp). Here (-,-) stands for the pairing of Hy with its dual Hj. Using

the boundary conditions and , integral transformation from F?’u to Fg’u, and the
normal force balance @D we can rewrite the right hand side in as

/Fu(a(u)n)B (o) ds + /Fu(a(u)n)T (v — @)y ds
I I

B T

:/Fgu(a(u)n)g (Ww=il" + w=i)r o) ds+/rgu (e (wn)r - (v=i)r) o ds
:/Fu(a(u)n)B-[v—u]u ds.
-~

B

For given state «, we introduce the convex functional ®* on Hy according to
27) '(a)= [, 61" ) ds
e

with the convex functional ¢ taken from the friction law . Now let v satisfy the closed-
fault condition (§), i.e. v e H{ c Hy. Then, utilizing the decomposition (o (u)n)p = oy + o, n"
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together with the friction law ([0)), the closed-fault condition [v - @]*-n* = 0 on I'5", and the
definition of subdifferentials, we find that

(28) /FRH(U(u)n)B Jv-a]" ds> % (u,a) - (v, ).

Now we insert into , in order to obtain the desired weak form of the rate equation
(29) (pit,v —a) +a(u,v—-10) +b(u,v—u) + D“(v,a) - P“(4,0) 2 l(v—-u) VYveHy.
Similarly, for given velocity @ € H{ and thus given rate |[@]"|, we define the convex functional
T¥ on L3(T'F) by
(30) i) = [, ol ds
B

with the convex functional 1 taken from the state law , and test the state evolution
with 8 € L?(T'F") to obtain the weak formulation

(31) (&, 8= ) porry + T4(B,0) - U (a,0) 20 VB e LX(TT).

This formulation automatically satisfies the non-evolution condition for the state @ on
the non-contact boundary I' \I'F** since W is defined on L?(T'f") but only depends on values
of o on the contact boundary I'F>%.

We are now ready to state the weak formulation of Problem

Problem 2.2 (Weak formulation). Find
we HY((0,Ty), Ho) n H((0,Ty), HY) and a € H'((0,Ty), L*(I'F))
such that v € Hy and
(32) (pti,v—1)+a(u,v-10)+b(u,v—1u)+P"(v,a) - (4, ) > (v —1u) Yve Hy,
(33) (&, 8- ) porry + U*(B,4) — ¥ (a, i) 2 0 VB e LX)
holds for almost all t € (0,Ty) together with initial conditions
(34) u(0) =up, u(0) =ug, a(0)=ap
with given ug € HY® and 1o € HY® and aq € L*(I'F).

It is natural to start the evolution out of an equilibrium configuration, i.e., with an initial
displacement ug that solves the stationary problem

(35) ug € Hy" : b(ug,v) = £(v) Vv e Hy°.

In our numerical experiments to be reported below, (35)) is solved iteratively by a fixed point
iteration over the geometric nonlinearity, i.e., starting with u8 = (0, a new iterate u5+1 is

computed as the (up to tangential rigid body motions) unique solution of the corresponding

linear problem on Hg 0

To our knowledge, existence and uniqueness of solutions of Problem is widely open. In
case of unilateral frictional contact with a rigid foundation and Dieterich’s law , long-time
existence of solutions was established by Pipping [2§].
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3. SEMI-DISCRETIZATION IN TIME

Utilizing Rothe’s method [19, [36], we first perform a time discretization of Problem
leading to a sequence of continuous spatial problems to be (approximately) solved in each time
step. To this end, the time interval [0, 7] is partitioned into time steps 0 = tg < -+ <ty = Tp
with given step size 7, = t,+1 — tn, > 0, and we write 7 = 73, for notational convenience.

3.1. Rate problem with given state. We first consider the rate problem for given
state o € L2(T'f"). Following [30], we apply the classical Newmark scheme

T

Uy = Up-1 + 3 (ﬁn_l + un)

(36) n=1,...,N,

. 2 .. .
Up = Up—1 + TUp-1 + (%) (i1 + iip)

which is well-known to be energy-conserving, consistent with second order, and unconditionally
stable [17]. Utilizing (36]), we eliminate

. 2 /. . .
Up =72 (un - un—l) — Unp-1, _
(37> Up = Up-1+ %(un + ’lln_l), ’ n=1, e

from (29) at fixed time t = t,, and freeze the solution dependence in the closed-fault condition
and in the friction law at u,,_1 to obtain the spatial variational inequality

(38) i € HI™ 5 i, 0—in) + 2 (0,0)~ B (i 0) 2 L (wmiy), Yo € HL
forn=1,...,N. Here, we have set
(39) an(v,w) = %(pv,w) +a(v,w) + 5b(v,w)

with (-,-) denoting the canonical scalar product in L?(2) and
ln(v) =L(v) + (plin-1,v) + %(pﬂn_l, v) = 5b(tn-1,v) = b(Un-1,v).

Note that g is not given as an initial condition in the continuous Problem [2.2] Assuming
initial acceleration towards equilibrium, i is therefore computed from the auxiliar problem

(40) tip € Ho : (piig,v) +b(ug,v) = £(v) Vv € Hp.

Note that the jump terms [-]“, the contact boundary ' and the contact mapping m*
are all taken with respect to the last deformed state (Id +u,_1)(I'f") of the contact boundary.
This eliminates the geometric nonlinearity associated with large (relative) deformations of the
contact boundary, and we are left with the variational inequality on the affine subspace
Hy™* of Hy to be solved in each time step..

As ay(+,-) is symmetric and positive definite and ®(-, o) is convex, the variational inequality
(38) can be equivalently written as the minimization problem

(41) Uy € Hy" ™ J (4, a) < T (v, ) Vv e Hy"™
for the corresponding energy functional
J(v,a) = %an(v, v) + P (v, ) = £, (v).

The following lemma [12, Theorem 6.49] will be useful to show existence and uniqueness of a
solution.
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Lemma 3.1. Assume that g:T'F' xR® - R, s €N, is a non-negative function, such that g(x,-)
is lower semicontinuous for almost all x € Y. Then the induced functional

/ g(z,)dz: LAIT) > RU {+oo}
I‘F

s lower semicontinuous.

The convex functional ®“»'(-,«) defined in for the Dieterich-Ruina model is
proper and lower semicontinuous by Lemma[3.1] Furthermore, by the assumptions on A and
B, the bilinear form (A(z)+5B(x))(-):(-) on the symmetric d x d matrices is symmetric and
uniformly elliptic with respect to x € ). The following existence result therefore follows from
Korn’s second inequality and [13, Lemma 4.1].

Proposition 3.2. Let f ¢ L2(Q) and f~ ¢ L>(TN). Assume that u,_1, n=1,...,N, avoids
self-penetration so that the contact mapping 7"~ and thus Hy"" are well-defined. Then the
spatial rate problem has a unique solution w, € Hy"' and any given state « € L2(I‘F).

As a consequence of Proposition the solution operator R: L*(T't) - Hy",
(42) L*T") s aw R(a) =1, € HI™,

of the spatial rate problem is well-defined, if no self-penetration occurs in preceding time
steps. This is a strong assumption, as the contact conditions are taken explicitly.

3.2. State problem with given rate. Discretizing the state problem (33) with given ve-
locity 4, € Hy"' by the implicit Euler method and freezing the state law at u,—1 yields the
variational inequality

an e AT (o, B- o) p2rry + TYH(B,0) = TE (0, 1)
> (an_l,ﬁ—an)LQ(FF) V5EL2(FF)
which can be equivalently expressed as the minimization problem

(44) an e AT E(an, i) <E(B,0,) VB e LX(TF)

(43)

for the associated energy
g(ﬂau) = %(676)L2(FF) + 7P (67“) - (an*h/@)lﬂ(FF)'

Both for Dieterich’s law and Ruina’s law , the functional W(-, %) defined in is
convex, proper and, by Lemma , lower semicontinuous (see the proof of [30, Proposition 4.4]
for details). Hence, existence and uniqueness again follows from [I3, Lemma 4.1] .

Proposition 3.3. Both for Dieterich’s law and Ruina’s law , the spatial state prob-
lem has a unique solution o, € L2(TF) forn=1,... N and any given velocity 1 € Hy".

Proposition gives rise to the solution operator operator S: Hy"™' — L3(TT),
(45) H{™ ' s a0 S(1) = a, € LA(T),

of the spatial state problem (|43]).
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3.3. Coupled spatial problem. Combining and , the time discretization of Prob-
lem 2.2l now reads as follows.

Problem 3.4 (Semi-discretization in time). Find i, € H{" and o, € L*(TF) satisfying
Ay (U, 0 = Uy, ) + P (0, ) = P (g, vy) > U (0 = ay,), Yve Hi"
(Oén, B - an)LQ([‘F) + T‘Iju”kl (/85 un) - T\I]unil (anv un) 2 (O[n_l, 6 - an)LQ(FF) Vﬁ € LQ(FF)

form=1,... N with i, computed from and the auziliary problem , and given initial
conditions ug, g € H, o € L*>(T'F).

Recall, that Hy"™" is well-defined only if u,_; avoids self-penetration, because the contact
map w“»! is not available otherwise. This drawback could be overcome by introducing an
approximate contact map 7 as in the spatial discretization below.

For an unilateral version of Problem i.e., a subduction zone with rigid foundation
and Dieterich’s law, such difficulties do not occur and existence and uniqueness have been
shown in [27, Proposition 3.6.] based on Banach’s fixed point theorem. In case of Ruina’s law,
existence (but possibly no uniqueness) was established utilizing Schauders fixed point theorem
(see [27, Corollary 3.8.] or [30, Theorem 5.14]).

4. DISCRETIZATION IN TIME AND SPACE

For each i = 1,...,I we assume that the subdomain €; is polygonal and denote by 7; a
triangulation, i.e., a shape-regular, simplicial partition, of €; with vertices N;*. We introduce
the associated vector-valued, linear finite element space

S = {v e C(Q:)|v is linear on all T € T; and v|pp = 0}.

Assuming that the Dirichlet boundary FZ-D is resolved by 7;, we define the set of nodes
N =N~ FlD . The resulting partition 7 = UZ-I:1 T; of © leads to the associated product space

S=8 x--xSr=span{lpe; [peN, j=1,...,d} c Hy

with the nodes A = UL, AV, the nodal basis functions )\, € S;, p € AV;, and the unit vectors
ej € R%, j=1,...,d. We emphasize that the triangulations 7; and 7T;;1 do not need to match at
the common interface I‘le, i=1,...1-1, in the sense that the sets /\fmeﬂl and N1 r‘anHl
in general do not coincide. For ease of notation, we even assume N; n N = @ for i # j so that
we do not need to distinguish shared nodes and unshared nodes in the following presentation.

4.1. Mortar discretization of rate problem with given state. We consider the spatial
rate problem (B8] with given state o € L2(I'Y"). In order to incorporate non-penetration and
tangential friction along the fault system I't', we first introduce its triangulation

I-1
TM=UT" T ={F=Tnlf,|TeT),
i=1

with the nodes N7 = UL NE, NF = Nin Ff .+1, together with the corresponding trace space

SFZ(Ul,...,v[_l)CLQ(FF)d, 'UiESlFZSAFF s

7,1+1

spanned by the nodal basis Ayejlpr, p € NF, j=1,...,d. Note that the triangulation 7;F
F

and the associated finite element trace space S{” on Liin

are inherited from £2; (the bottom
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non-mortar side), and do not coincide with corresponding traces from €;,1 (the top mortar
side).

Mimicking the continuous case, the discretization of non-penetration condition and friction
law is based on an approximation 7 : f‘g - f‘g of the contact maping of %! from the
preceding time step with corresponding approximations fg c I'F and f; c TF of Fg’“”‘l,
and F?’u"‘l, respectively. The approximations 7 and fg come into play, because the top
and bottom interfaces of the deformed subdomains (Id +uy-1,:)(€2;) may not match due to
discretization errors that arise from enforcing non-penetration for wu,_;. In the following,
we assume that the non-mortar contact boundary fg is resolved by a subset of the fault
triangulation 77 . We refer to [5, 39] and the references cited therein for algorithms to compute
such approximations of non-matching discrete intersections.

In analogy to the jump of v € § across the discrete deformed contact boundary is then
defined by

[v]=vg—vpom on I'E.

In the spirit of [46], the non-penetration condition appearing in and the (tangential)
jumps appearing in the functionals ®“»-1 and W“»-! of the Dieterich—Ruina model will be
incorporated in a weak sense with respect to a discrete test space spanned by dual mortar
basis functions as introduced by Wohlmuth [44].

To this end, we first introduce the set of non-mortar contact nodes

NE=NF mﬁ
as well as the deformed contact set
€ = (1d +up-1,5)(T'R),
and we work with the pullback of the L2(C) inner product to I'5
(v,w)g = (vo(Id +un_1,B)_1, wo (Id +un_1’3)_1)L2(5).

Then the dual mortar basis functions ¢, g € NF . are defined to be piecewise linear on TF,
have the same support as Ag|pr, and satisfy the bi-orthogonality property

(Mplrr, <Pq)é =0pg Vp,qe NE (Kronecker-¢).

Note that dual mortar functions are typically discontinuous and therefore not contained in
ST, We refer to [44] [45] for details about the construction.
We now define the linear projection II: S — &, componentwise according to

(HU)] :ij =v; - Z ([Uj]790p>(,7)‘p7 ] = 17d
peN'F

Observe that here and in the following we denote by II the projection of both scalar and
R%valued functions. The projection II gives rise to the direct splitting

S=VeW
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of S into the image V =imII and the kernel W = kerII of II. Utilizing the fact that [A,] = A,
for p e NF', we find that these spaces can be written as

Vz{veS‘(m,gop)é=OVpe/\7F andjzl,...,d}
:span{upej‘upzﬂx\p,peN\JvF and j=1,...,d}
and
W={ve$|’u(p)=0Vp€N\JvF}=span{)\pej|perF and j=1,...,d}.

Thus, V consists of all functions in § which are weakly continuous across the deformed contact
boundary with respect to the pullback L? scalar product (-, -) ¢ and the associated dual mortar
space (notice that point-wise continuity does not hold in general).

Correspondingly, the basis functions p, = II\, spanning V are the usual hat functions A, on
the mortar side, which are extended in a weakly continuous way to the non-mortar side, while
the basis functions Ap,e; of W involve the usual hat functions A, p € NF on the non-mortar
side which drop down to zero across f‘g.

Both normal and tangential jumps of v € V are weakly zero. As a consequence, both (weak)
normal and tangential jumps can be represented in terms of the incremental space W. To this
end, we define a nodal approximation ng of the normal to the deformed contact set C by

PN

(46) ns = Z np)‘p|f§= Np = M,

peNF | ZFG’E)F nF|
where 7;)F denotes the set of simplices F ¢ 7;F with common vertex p € N¥, and np is an
approximate normal to the deformed face (Id +u,-1)p(F), e.g. the average of the normal on
(Id +up-1) g(F). We also introduce the approximate tangent space T,C = (span{n,})* c R?
to the deformed contact set C associated with the nodal approximate normal ny in p € NFE.
Similar to the continuous case, the discrete normal field ng to C is parametrized over f‘g

Next, we further split W into its normal and tangential part

W=W, eW,,
with
W, = {)\pa: ‘pe./\N/F,x espan{np}}, W, = {/\px ‘peﬁF,x eTpé}.

Excluding normal jumps, we now define a (non-conforming) finite element counterpart of the
solution space Hy"™" according to

(47) Sint =V @ W

Such a mortar approach to non-penetration has been suggested and first analyzed in [44].
The splitting suggests the unique decomposition

(48) v = vy + vy, veSyt

where
vpy=Tlv="> v(p)pyeV
N\NF
and
vy = (Id-Iv =), [v], Ap € W,
peN'F
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denoting the weak nodal jump of v at p e NF' by
[v], = (v =TI() (@) = ([0 ol )er € B

The nodal vectors [v]p clearly satisfy [’U]p ‘np=0forall pe NF. Hence, vy can be regarded

as a nodal approximation of the tangential jump of v along C pulled back to f‘g. Inserting
this approximation into and replacing the integrand ¢([v]", @) by its nodal interpolation
in ST, we obtain the approximate functional ®g 1Sy = R,

(19) Bs(v.0)= % o[t apl(o]) = (vl a(0)) [ Ands.

peNF

At this point, « is required to be continuous in a neighborhood of each node p € NF to
guarantee that nodal interpolation makes sense.

The mortar discretization of the rate problem with given, sufficiently regular state
a € L2(T'F) now reads as follows
(50)
iLn’g € Sg"’l : an(ﬂn’g, v - ’lln’g) + (I)g(v, a) - q)g(’L'Lnyg, a) > Zn,S(U - Q'Lm,s), You e Sg”fl,

for n=1,..., N. Here, the bilinear form a,(-,-) is taken from and we have set

ETL,S(,U) = 6(1)) + (,O'un_LS,'U) + %(pun—l,‘Sa 'l)) - %b(un—1787v) - b(un—l,37v)

with t,-1.5, Un-1,5, Un-1,5 taken from preceding time steps, by discrete analogues of , by
suitable finite element approximations g s, uo,s € S of the initial conditions g, ug € Hy°, or a
finite element approximation g s € S of the auxiliary problem . Existence and uniqueness
of discrete spatial solutions i, s € S;"', n=1,...,N, follows under the same conditions and
by the same arguments as in Proposition [3.2]

This mortar approach to (frictional) non-penetration directly extends elastic frictional con-
tact problems, i.e., to fault opening. We refer to [2I] 23] for further information and to [45]
for a detailed survey.

4.2. Piecewise constant discretization of state problem with given rate. We consider
the state problem with a given deformation rate. Let Cf' = {C, c T'F' | p e NT} be a
dual partition of the triangulation 7 of 'Y, We introduce the subspace BY ¢ L2(T'f") of
functions that are constant on each cell C), € CF, pe N, and the resulting piecewise constant
discretization

On B € BF : (an,Ba 5 - an,B)LQ(FF) + T\I’B(ﬁaﬂ) - T\IIB(an,Ba u) 2

51
(51 (n1.5: ~ n ) ooy V5 € BT

of the state problem with given @ € Sy"". Here, the nodal approximation ¥z : BF SR,

(52) Us(8,a) = 3 w(Bp).|[al,ICl,  BeB”,
peNF

of the functional W(-, 1) is obtained in the same way as the nodal approximation ®gs(-,a) of
®(-, ) in ([49).

Existence and uniqueness of discrete spatial solutions o, 5 € BY, n=1,...,N, follows in
the same way as in Proposition [3.3
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4.3. Fully discretized coupled spatial problem. Combining and , the discretiza-
tion of the coupled Problem [2:2]in time and space now reads as follows.

Problem 4.1 (Discretization in time and space). Find i, s € S;" ™" and oy, 3 € BY satisfying
an(Un,s,v = tlns) + Ps(v, an,8) = Ps(tn,s, nB) > ln,s(V—1ns) Vv eS8yt
(n,8: B = nB) parry + TUB(B,itn,s) = TVB(0n B, in,s) 2 (n-1,8, 8= Qn ) popry VB € BT
forn=1,...,N with given initial conditions ugs,tos € Sg"", aos € BE.
Iterative solution of Problem can be obtained from the fixed point iteration
(53) U;;_:% = Rs (wal,’:é +(1-w)ad 5), oz;fé =Sp(uys), v=01,...,

with initial iterate (ugvs, 049173) = (Un-1,5, an-1,8) and suitable relaxation parameter w € (0, 1].
Here, Sp:Sy™"' - BY and Rs: B - S,"" denote the solution operators of the state problem
with given rate (51) and the rate problem with given state (50|), respectively. Note that state
functions « € BY are continuous in a neighborhood of each node p e Nt and thus satisfy the
regularity assumptions made for nodal interpolation .

Extension of the convergence proof given in [27, 30] for an unilateral version of Problem
to the actual discretized multi-body problem is a subject of future research.

5. ALGEBRAIC SOLUTION

5.1. Fixed point iteration and state problem with given rate. The iterative solution
of the coupled Problem is performed by the fixed point iteration . The state problem
with given rate arising in each iteration step fully decouples into scalar algebraic problems
for a, g(p) and p e NI that can be solved explicitly or, e.g., by bisection.

The rate problem with given state , however, is a discretized frictional contact problem,
and its iterative solution is more involved.

5.2. Truncated non-smooth Newton multigrid for the rate problem with given
state. We now concentrate on the robust and efficient algebraic solution of the mortar-
discretized rate problem with given state o € BY. First, recall that the splitting
provides the basis representation

(54) V=D Uplp Y. Uphy
peNNF peN'F
of all v € S with coefficients v, = v(p), p € NANF and v, = [v], pe NF. We identify each
ve Sy with its coefficient vector (vp)penr. Then the discrete nonlinear functional
‘1)5(1), a) = Z @bp(vp)
peN'F

introduced in (49) has a separable structure in the sense that the coefficients v, € R? are
decoupled with respect to the nonlinearity ¢,.
The variational inequality can be equivalently rewritten as the minimization problem

(55) Ups € Sg""l : jg(ﬂn,g) < Js(v) You e Sg"_l

denoting

Js(v) = 3an(v,0) = lus(0) + 3 Ep(up).

peNF
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This formulation allows to construct and analyze globally convergent nonlinear Gauf—Seidel
relaxation methods [I3]. Based on the splitting

v _{{up:v|xe]Rd} for pe N' N NF,
> =

Sunfl — V, 7 _
0 2 W {2 eT,C forpe NF

peN
and some enumeration N = {p1,...,pp}, a new iterate is computed by successive subspace
minimization: Given an iterate u set wg = u and compute w;, i = 1,..., M by solving

(56) wiEZUZ'_1+Vi : Jg(wl)ﬁjg(w) Yw € w;_1 +Vpi7 1=1,..., M,

to obtain the new iterate w = wy;. However, such iterative schemes are well-known to suffer
from rapidly deteriorating convergence rates for decreasing mesh size.

The basic idea of Truncated Nonsmooth Newton Multigrid (TNNMG) methods [14] 15, [16]
is to complement nonlinear Gaufs—Seidel smoothing by additional line search into the
Newton-type search direction du, as obtained from the linear system

(57) T (W) lw (ayxw (ay0u = =T (@) lw (a)

on a suitable subspace W (@) c S§§"~'. Accounting for non-smoothness of ¢, p € NF . we select
the reduced subspace

W(a) =V +span{Ayz | @ e T,C | [a], | # Vin(a(p)), p e N7}

By freezing u(p) at those p where ¢, (1) is not smooth enough, the restriction Js|w (a)xw (a) to
W () is twice differentiable. Note that global convergence of nonlinear Gauf-Seidel smoothing
is preserved by any correction pdu such that p € [0, c0) is providing non-increasing energy
(58) Js(u+ pou) < Js(u).

In TNNMG methods, all three substeps, i.e., nonlinear Gauft—Seidel relaxation , evalu-
ation of the Newton-type search direction , and monotone line search , are typically
performed inexactly. A TNNMG iteration step applied to a given iterate u” € Sy™~' thus reads
as follows
(59)

u, = P(u”), 6u”= MG(jg(ﬁVNW(ﬂy)xW(ﬂu)» jé(au)|W(ﬁy))v u”*t =1, + p(ily, du”)ou”,

with corresponding inexact solution operators P, MG, and p.

More precisely, inexact Gaufs—Seidel relaxation P is obtained as follows. For each convex
(d = 1)-dimensional non-smooth minimization problem on the local tangent space V),
associated with the node p; € N¥, the quadratic part (i.e., the i-th diagonal block of the
stiffness matrix corresponding to the bilinear form a,(-,-) and the basis representation (54)))
is replaced by a scalar upper bound, e.g. its maximal eigenvalue. Then the resulting problem
is rotationally symmetric in V), and thus reduces to a scalar problem that can be solved by
bisection or even by an explicit formula (cf. [16, Example 5.2]). The same local preconditioning
approach is used for the linear d-dimensional problems in V,, for p; e N\ NF. We emphasize
that global convergence of nonlinear Gauf—Seidel relaxation is preserved in this way [16].

Since Js is strongly convex, the coefficient matrix Jg (4, )lw (a, )xw (a,) of the linear problem
is symmetric and positive definite on the subspace W (w4, ). Hence, its inexact solution
MG can be simply performed by one or more steps of a standard linear multigrid method with
minor modifications to deal with the special basis used in (54]) and the restriction to W (1, ).
For details on the choice of suitable coarse grid spaces or, equivalently, suitable restriction and
prolongation operators we refer, e.g., to [15] 38].
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Inexact line search providing a damping factor p, € [0,00) that guarantees monotonically
decreasing energy is finally performed by bisection.

The following convergence result is obtained as a special case of the abstract result |16,
Corollary 4.5] by making use of [16, Theorem 5.6 and Lemma 5.8| to incorporate the inexact
pre-smoothing P explained above.

Proposition 5.1. For any initial iterate u® € Sy the sequence v’ € Sy, v =1,..., gen-
erated by the TNNMG method converges to the unique solution of the mortar-discretized
rate problem with given state o € BY

The same convergence result applies, if more than one nonlinear pre-smoothing step or addi-
tional nonlinear post-smoothing is utilized. Note that TNNMG methods allow for straightfor-
ward extensions to fault opening by incorporating non-penetration into the nonlinear Gaufi—
Seidel smoother and enforcing feasibility of coarse corrections du” by an additional projection
step.

6. NUMERICAL EXPERIMENTS
6.1. General setup.

6.1.1. Problem description. In our two numerical experiments, we consider a rectangular de-
formable body in d = 2 space dimensions that is decomposed into I = 2 (spring slider) or I =5
(layered fault system) rectangular bodies by 1 or 4 planar faults, cf. Figure

FIGURE 2. Initial triangulations 7;(0), i=1,...,1, for the spring slider with
I =2 bodies (left) and a layered fault system with I =5 bodies (right).

In the spring slider experiment, the 2 bodies are both of the size 5m x 1m. They are
associated with the reference domains Q; = (-2.5,2.5) x (-1,0), Q2 = (-2.5,2.5) x (0,1) with
the interface

I = (-2.5,2.5) x {0}.
This setup corresponds to the one presented in [30], but features a deformable instead of a
rigid foundation.

The bodies of the layered fault system have the size 5m x 1m, 5m x 0.3m, 5m x 0.09m,
5m x 0.3m, and 5m x 1 m. They are associated with the reference domains

Q1 = (-2.5,2.5) x (~1.345,-0.345), Qy = (~2.5,2.5) x (~0.345, -0.045),
Qs = (~2.5,2.5) x (-0.045,0.045), Qu = (~2.5,2.5) x (0.045, 0.345),
Q5 = (-2.5,2.5) x (0.345,1.345)
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with the interface T'F,
rf = (-2.5,2.5)x{-0.345} u(-2.5,2.5) x {-0.045} U (-2.5,2.5) x {0.045} U (-2.5,2.5) x {0.345}.

The bodies consist of St. Venant Kirchhoff material and are subject to gravity, i.e., the
body force is constant and given by f = —pg-es with g denoting the gravitational constant.
We impose homogeneous Neumann boundary conditions f~ = 0 at the vertical boundary TV
of the associated reference configurations €2;, i =1,...,1. The system is fixed by homogeneous
Dirichlet conditions u(:,t) = (-, ¢) = 0, 0 < t < Ty at the foundation T'Y. At the upper Dirichlet
boundary F?, I =2, 5, the condition u(-,t) = vp &(t) - e1 prescribes a smooth transition from
zero velocity to constant loading speed vp = 2 x 1074 m/s with

(60) (t) = {%O - cos(dnt/To)), it ¢ < To/4

1 otherwise.

At the interfaces, T'f' = Uf;ll T f ;+1 We impose rate-and-state friction conditions with Dieterich’s
aging law.

The initial deformation u(-,0) is obtained by approximating the equilibrium configuration,
i.e., the solution of the stationary problem , by one step of the associated fixed point iter-
ation. The initial velocity field is set to zero, which is consistent with the Dirichlet conditions,
and the initial state field is chosen to be a(:,0) = —10 on I'F".

We consider the time interval [0,7p] with final time Tp = 60s, and the remaining material
parameters are given in Table

Bulk parameter Value Friction parameter Value

Bulk modulus £ 4.12 x 107 Pa || ref. velocity Vp 1x10%m/s

Poisson ratiov 0.3 ref. friction coeff. pg 0.6

mass density p 5 x 103kg/m? || a 0.010

gravity g 9.81N/kg b 0.015
charact. slip dist. L 1x10°m

TABLE 1. Material parameters

FI1GURE 3. Adaptively refined final triangulations T € 7;(K), 1=1,...,1 with
K =5 and 1274 vertices for the spring slider (left) and K =5 and 4057 vertices
for the layered fault system (right).
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6.1.2. Discretization and algebraic solution. In order to efficiently resolve strongly varying
dynamics ranging from slow interseismic loading to fast coseismic periods, corresponding time
step sizes are automatically selected according to the following adaptive strategy. For given
approximate solution at ¢,, of the coupled spatial Problem at time t,, € [0,Tp), as computed

by the old time step size 7,,-1, we choose 7,, = 7,_1 for n > 1 and 7_; = 104 Ty as an initial
1y (1)
at

guess for the new time step size 7,. Then, we compute approximate solutions (4, ;,a,

-(2)  (2)

tn + 27, by one step with step size 27,; and (4, ), a, ) by two time steps with step size 7,,.
If the criterion

1) (2) 1/2
(61) lon — ol 2oy < 6, m'/

holds with a suitable threshold d,, then we allow for coarsening: With the new guess 7,7 := 27,
the above procedure is repeated until is violated and we set 7, := 7,, /2 in this case. If the
criterion is already violated by the initial guess 7, = 7,—1, then we require refinement:
Successive bisection 7,7 := 7,5 /2 is applied until is met and we set 7, := 7,; in this case.
The threshold ¢, is selected in accordance with the accuracy of the inner fixed point iteration
to be specified below.

The spatial problems occurring in each time step are discretized with respect to triangula-
tions 7; = 7;(K), as resulting from K refinement steps applied to initial triangulations 7;(0) of
the subdomains €;, i =1,...,I. Note that the associated hierarchy of finite element spaces is
utilized for the algebraic TNNMG solver to be specified later on. For the spring slider and
the layered fault system, the initial triangulations 7;(0), 1=1,...,1, are shown in the left and
in the right picture of Figure |2 respectively.

For both geometries, refinement is concentrated at the interfaces by the following adaptive

procedure. Starting with 7;(0), we perform regular (red) refinement of all triangles T € 7;(k),
k >0, with diameter hr violating the criterion

(62) hy < (1+80d(T, T huin.

Here, d(T,TT") stands for the distance of T to I'f" and hpyy, = 6.25cm. Then, triangles with
two or three bisected edges as emerging through this procedure are also refined regularly until
only triangles with no or with only one bisected edge are left from 7(¥). The latter ones
are then refined by connecting the midpoint of this edge with the opposite vertex to obtain

conforming refined triangulations 7;(k+1). In order to preserve shape regularity, these (green)
closures are removed in advance of the next refinement step [2]. Refinement terminates with

K =k, once the criterion is met by all triangles T € ﬁ(k) and all i=1,...,1.
The resulting final triangulations are depicted in Figure For the spring slider (left),

the final triangulations 7;(K) are resulting from K = 5 adaptive refinement steps, have 1274
vertices in total, and 4.4cm < hp < 70.8 cm holds for the diameters hp of all T € 7;(K), 1=1,2.

For the layered fault system (right), the final triangulations 7;(K) are obtained after K =5
refinement steps, have 4057 vertices in total, and 3.2cm < hp < 10.8 cm holds for the diameters
hpof all Te T5) i=1,...5.

In the fixed point iteration , providing the decoupling of rate and state, we use the
relaxation parameter w = 1/2. The iteration is stopped, once the criterion

(63) HO&T';B - Oz;:é [ 7.2 (rF) < 10_157- m'/?
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is satisfied. Here, the parameter 0, is the same as in the time step selection criterion (61)).
This choice aims at comparable accuracy of fixed point iteration and time stepping, and the
actual value 0, = 1075 is motivated by systematic trial and error, cf. [29, Subsection 3.3].

The algebraic solution of the discrete state problem 43| with Dieterich’s aging law and given
rate is approximated by pointwise bisection. The iteration is stopped, once the error in each
node is uniformly bounded by the threshold 1072 m'/2,

Starting with the final iterate u?l’ S= u;s_“ips from the preceding time step, the algebraic solu-
tion of the discrete rate problem (50)) with given state is performed by a Truncated Nonsmooth
Newton Multigrid (TNNMG) method as described in Subsection In each iteration step,
the (truncated) linear correction is obtained by 5 steps of a classical multigrid V-cycle with
3 pre- and 3 post-smoothing steps. Here, we utilize the grid hierarchy provided by successive
refinement described above. The iteration is terminated, once the stopping criterion

(64) | =@, < 1078 W/2m /2

is satisfied with the time-dependent energy norm |- |, = an (-, -)"/? and ay(-,-) defined in [39).
This stopping criterion is selected to reduce the error of the inner multigrid iteration some
orders of magnitude below the error of the outer fixed point iteration which is intended to be
in the range of the discretization error.

The discretization and algorithms are implemented using the Dune framework [4] making
use of the dune-grid-glue library [5] for the mortar coupling.
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FIGURE 4. Spring slider: Evolution of the mean value of relative velocities

over I'F' from the initial loading phase to slip events (left) and zoom into the
slip events (right).

6.2. Spring slider.

6.2.1. Simulation results. In order to illustrate the behavior of the deformed bodies along
the fault I'"" = (-2.5,2.5) x {0}, the left picture of Figure [4] shows the mean value of the
approximate relative velocitiy | [t s]%"15| over I'" for the corresponding time instants t,,
n=1,...,N =145186. After a loading phase of about 22s, we observe 27 almost periodic
peaks in the relative velocity, indicating the occurrence of corresponding slip events. Observe
that periodicity is slightly perturbed in comparison with related numerical results for a rigid
foundation [30]. A zoom into the first 7 slip events as shown in the right picture of Figure
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FIGURE 5. Spring slider: Level lines (10 pm/s green, 102 pm/s blue, 103 pm/s
orange, 10*pm/s red) of the approximate relative velocity along I'Fover time
intervals associated with the first 6 slip events

reveals a highly oscillatory behavior of the approximate velocity. This is partly due to the well-
known lack of stability of the Newmark scheme [22], but also occurs for the highly dissipative
backward Euler method [31] and sufficiently fine time steps.

Figureshows the level lines of approximate relative velocities along the fault I'Y" (horizontal
axis) evolving over time (vertical axis) for six time intervals of 0.008 T = 0.4 s associated with
the first six slip events (top left to bottom right). The first (bilateral) slip event originates
from the midpoint of I'¥", the next one has two symmetric precursors on the left and right
hand side, and the third one is a unilateral event starting at the right hand side of T'*'. We
then observe a sequence of two further bilateral slip events beginning in the the middle, and
another unilateral event, initiated at the right end of the fault.

All slip events are preceded by small foreshocks indicating the origin of the later event,
as well as small aftershocks typically occurring at the right of left side of T'¥. Note that
these results considerably differ from related computations for a subduction zone with rigid
foundation that showed pure periodic behavior [29].

6.2.2. Adaptive time stepping and performance of the algebraic solver. We now describe the
performance of adaptive time step selection and of the algebraic solver consisting of the fixed
point iteration for the decoupling of rate and state and the TNNMG method for the rate
problem as explained in Subsection[5.2] The upper picture of Figure[6|shows the automatically
selected time step sizes 7, over corresponding time instants ¢, taken from the time interval
that begins shortly before the end of the initial loading phase. Observe that the occurrence
of slip events is nicely reflected by the reduction of the time step size by about 2 orders of
magnitude. According to the second picture, usually 2 - 4 fixed point iterations are required to
match the stopping criterion for the actual spatial problem with adaptively selected time
step. The third picture shows the sum of all inner multigrid iterations as needed to reach the
stopping criterion in each of these outer fixed point iteration steps. This sum often, but
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FIGURE 6. Spring slider: Adaptive time step selection and performance of the
algebraic solver

not always, increases and decreases with the number of required outer fixed point iterations
and is ranging from about 8 to 20.

6.3. Layered fault system.

6.3.1. Simulation results. Figure [7]indicates quite interesting stress accumulation and release
along the different faults. The four pictures show the mean value of the relative velocity on
the faults Ffﬁ, F§4, I’gg, and FfQ (top left to bottom right) over time. In the first picture

for the upper fault I‘j: 5, We observe a sequence of almost periodic slip events with almost the
same period and amplitude as for the spring slider, again after an initial loading phase of
about 20s. In both of the next two pictures, however, showing the average relative velocities
over the next two faults I’g 4 and I‘g 3, we see a loading phase that might have saturated after
a small jump at about 53s or lead to later slip events. As shown in the fourth picture, this
jump of average relative velocity also occurs at the lowest fault Ff 9, this time preceded by a
highly oscillatory loading phase. It is not clear at the moment whether these oscillations are
physical, e.g., associated with the fixed foundation of €1 or due to numerical artifacts which
would motivate future numerical and experimental investigations.

Figure ﬁ shows the level lines of approximate relative velocities along the upper fault Fﬁj 5
(horizontal axis) evolving over six time intervals (vertical axis) associated with the first six slip
events (top left to bottom right). Apart from the second slip event that has some foreshocks on
the left and right side of I’i 5 we observe bilateral events, i.e. ruptures nucleating towards the
center of the fault and spreading towards both edges, preceded by small foreshocks occurring in
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locities over the faults FfiH, 1=1,2,3,4, from FZS (top left) to FfQ (bottom
right).

the middle of I‘Z 5. In most (but not all) cases the slip events are followed by small aftershocks.
These observations are in strong analogy with the results of the spring slider experiment as
depicted in Figure

6.3.2. Adaptive time step selection and performance of the algebraic solver. The performance
of adaptive time step selection and of the algebraic solver as illustrated in Figure [9] hardly
differs from the spring slider experiment. Again, the slip events on Fﬁ: 5 are well-captured by
adaptive time stepping that is reducing the time step by about 2 orders of magnitude. The
number of outer fixed point iteration is still ranging from 2 to 4 and the sum of all inner
multigrid iterations in each of these steps is bounded by 20, apart from slightly larger values
at the end of the loading phase. This strongly confirms the efficiency and robustness of our
solution approach.
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