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ABSTRACT. We study a moisture model for warm clouds that has been used by Klein
and Majda in [21] as a basis for multiscale asymptotic expansions for deep convective
phenomena. These moisture balance equations correspond to a bulk microphysics closure
in the spirit of Kessler [20] and Grabowski and Smolarkiewicz [15], in which water is
present in the gaseous state as water vapor and in the liquid phase as cloud water
and rain water. It thereby contains closures for the phase changes condensation and
evaporation, as well as the processes of autoconversion of cloud water into rainwater and
the collection of cloud water by the falling rain droplets. Phase changes are associated
with enormous amounts of latent heat and therefore provide a strong coupling to the
thermodynamic equation.

In this work we assume the velocity field to be given and prove rigorously the global
existence and uniqueness of uniformly bounded solutions of the moisture model with
viscosity, diffusion and heat conduction. To guarantee local well-posedness we first need
to establish local existence results for linear parabolic equations, subject to the Robin
boundary conditions on the cylindric type of domains under consideration. We then
derive a priori estimates, for proving the maximum principle, using the Stampacchia
method, as well as the iterative method by Alikakos [1] to obtain uniform boundedness.
The evaporation term is of power law type, with an exponent in general less or equal
to one and therefore making the proof of uniqueness more challenging. However, these
difficulties can be circumvented by introducing new unknowns, which satisfy the required

cancellation and monotonicity properties in the source terms.

1. INTRODUCTION

Latent heat conversions due to phase changes of water in the atmosphere do to a great
extent influence the energy balance, which is made evident by the following statement
of Emanuel in [34] on p.5: “If all the water vapor near the surface on a hot muggy day
were condensed out, the air would warm by about 35°C”. Although the total amount of
moisture even under saturated conditions is small compared to the dry air components, its
effect on the dynamics can be enormous, getting visible e.g. in thunderstorms. To obtain a
better understanding of such complex processes involving the interaction of deep convective
phenomena with their environments, Klein and Majda [21] incorporated moisture processes
into the asymptotic framework by performing very careful nondimensionalisations. Their
studies involving multiple scales are thereby based on a warm cloud model, where water is
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present in gaseous and liquid form. Using this setting in further works they in particular
also revealed interesting new results on the modulation of gravity waves by columnar
clouds [31, 32]. The closure for the source terms of the moisture quantities in that work
corresponds to a basic form of a bulk microphysics model in the spirit of Kessler [20] and
Grabowski and Smolarkiewicz [15]. In the present work we establish global well-posedness
of the moisture model coupled through the phase changes to the thermodynamic equation,
where we assume the velocity field to be given. The coupling to the primitive equations
will be studied in a forthcoming paper by taking over the ideas of Cao and Titi [7] for
their recent breakthrough on the global solvability of the latter system. Moreover, cases
of partial diffusions, arising from the asymptotical analysis in [21], will be analyzed in a
future work too based on the results by Cao et al.[3, 4, 5, 6].

To the best of our knowledge the mathematical analysis of moisture models with phase
changes has been investigated only in a few papers, see Coti-Zelati et al.[2, 8, 9, 10],
Li and Titi [25], and Majda and Souganidis [27]. The models studied by Coti-Zelati et
al.[2, 8, 9, 10] consist of one moisture quantity coupled to the temperature and contain
only the process of condensation during upward motion, see e.g. [18]. Since the source term
considered in [2, 8, 9, 10] is modeled via a Heavy side function as a switching term be-
tween saturated and undersaturated regions, an approach based on differential inclusions
and variational techniques was used in these papers. The moisture model investigated
in [25, 27] is a coupled nonlinear system of the moisture to the barotropic and the first
baroclinic models of the velocity, where the source term in the moisture is the precipita-
tion. This model proposed by Frierson et al.[14] for the tropical atmosphere involves a
small convective adjustment time scale parameter in the precipitation term. The rigorous
analysis was carried out in [25] for both the finite-time relaxation system and the in-
stantaneous relaxation limiting system, including the global well-posedness and the strong
convergence of the relaxation limit. Some moisture models without phase changes coupled
to the primitive equations were also considered by Guo and Huang [16, 17].

The model we are analyzing in this paper is physically more refined and consists of three
moisture quantities for water vapor, cloud water and rain water and contains besides all
the phase changes due to condensation and evaporation also the autoconversion of cloud
water to rain water after a certain threshold is reached, as well as a closure for the collection
of cloud water by the falling rain droplets.

In the remainder of the introduction we first introduce the moisture model in the setting
of Klein and Majda [21] with additional diffusion, viscosity and heat conduction in carte-
sian coordinates. We then reformulate the system in pressure coordinates, which have the
advantage that under the assumption of hydrostatic balance the continuity equation takes
the form of the incompressibility condition. Although we assume the velocity field to be
given this property is very useful when deriving a priori estimates, since it allows for can-
cellations of integral terms involving the advection terms. In the pressure coordinates the
vertical diffusion term becomes nonlinear and we make here the standard approximation
by linearizing around a given background temperature profile, see also [2, 8, 26, 30]. In



GLOBAL WELL-POSEDNESS NONLINEAR MOISTURE DYNAMICS WITH PHASE CHANGES 3

section 2 we then formulate the full problem with boundary and side conditions and state
the main result on the global existence and uniqueness of solutions.

Section 3 contains the proof of local existence and some appropriate a priori estimates.
The local existence is proved based on the results established in section A for linear
parabolic equations, subject to the Robin boundary conditions on the cylindric type of
domains. The a priori estimates are derived by using the Stampaccia type arguments and
the iterative methods of Alikakos [1].

Section 4 contains the proof of the well-posedness, i.e., the uniqueness and the contin-
uous dependence of the solutions on the initial data. The proof is based on the typical
L?-type estimates for the difference between two solutions. Here the main difficulty is
caused by the evaporation source term which is of power law type in ¢, with an exponent,
generally, less or equal to 1, see (1.18), below. This possible lack of Lipschitz continuity
is overcome by introducing new unknowns, for which the source terms satisfy certain can-
cellation and monotonicity properties in the estimates, such that the uniqueness of the
solution can be concluded also for the original unknowns.

The Appendix is a technical section, which gives the necessary results for some linear
parabolic equations subject to the Robin boundary conditions on the cylindric domains.
These parabolic equations are motivated by the problem considered in the present paper.
Due to the cylindric domains not being smooth, the corresponding parabolic theory re-
quired for our analysis cannot be found explicitly in the existing literature. Therefore, for
the sake of completeness, the derivations are carried out here in detail.

1.1. Moisture model in cartesian coordinates. In the following p,T,p,u = (u,v),w
are the density, temperature, pressure, as well as horizontal and vertical velocity compo-
nents respectively. The thermodynamic equation is given by

= =28, +D'T, (1.1)

where D denotes here, and in what follows, the turbulent or molecular diffusion/viscosity
operators, for which we will assume the simple closure in form of the full Laplacian. The
term ST accounts for the diabatic source and sink terms, such as latent heating, radiation
effects, etc., (see e.g.also [8, 9, 21]), but we will in the following only focus on the effect of
latent heat in association with phase changes. The total derivative contains the advection
with respect to the given velocity field (u,v,w) is denoted by:

D

Di = Oy + u0; + v0y + w0, . (1.2)
The ideal gas law with the gas constant R reads

p=RpT. (1.3)

Remark 1.1. Due to the difference of the gas constant for dry air and water vapor, for
moist air more precisely the virtual temperature, or the density temperature respectively if
also condensed water is present, should be used in (1.3). Moreover, the heat capacities in

the presence of moisture vary as well. Notably, since these corrections are small, they are



4 SABINE HITTMEIR, RUPERT KLEIN, JINKAI LI, AND EDRISS S. TITI

neglected in the following. For more details on the thermodynamics of moist air we refer,
e.g., to [13].

To describe the state of the atmosphere a common thermodynamic quantity used is the

potential temperature
y—1

=T @) , (1.4

which is conserved during isentropic motions. Here and in the following the isentropic

exponent y denotes the ratio of heat capacities v = ¢, /cy satisfying

-1 _ R
Y Cp
Then 6 satisfies
Do 0 T
—_— == DT). 1.
2 = (S +D'T) (15)

In the case of moisture being present typically the water vapor mixing ratio, defined as
the ratio of the density of p, over the density of dry air pg,
Pv
W= (1.6)
is used for a measure of quantification. If saturation effects occur, then water is also present
in liquid form as cloud water and rain water which are represented by the additional
moisture quantities
QC:&a QT:&' (17)
Pd Pd
We focus here on warm clouds, where water is present only in gaseous and liquid form,
i.e., no ice or snow phases occur.
For these mixing ratios for water vapor, cloud water and rain water we have the following

moisture balances

D
=L = Sew—Sea+ D4, (1.8)
D
Dqtc - Scd - Sac - Scr + D(chc, (19)
D \%
D(-;T - %az(p(h) = Sac + Scr - Sev + DqTQT 9 (110)

where Sey, Sed, Sac, Ser are the rates of evaporation of rain water, the condensation of
water vapor to cloud water and the inverse evaporation process, the auto-conversion of
cloud water into rainwater by accumulation of microscopic droplets, and the collection of
cloud water by falling rain. Moreover V denotes the terminal velocity of falling rain and
is assumed to be constant.
The key quantity to appear in the following explicit expressions for the source terms is
the saturation mixing ratio
Gos = 222, (1.11)
Pd
which gives the threshold for saturation as follows
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e undersaturated region: ¢, < qys,

e saturated region: q, = qus,

e oversaturated region: q, > qus-
Denoting E = R/R, as the ratio of the individual gas constants for dry air and water
vapor, the saturation vapor mixing ratio satisfies

Ees(T)
p—es(T)’

with the saturation vapor pressure es; as a function of 7" being defined by the Clausius-

Qus(p, T) = (1.12)

Clapeyron equation:

x(T) = ex(Tp) exp (; (;0 - ;)) , (1.13)

where the latent heat per unit mass of water vapor L is here and in the following assumed
to be constant, which in general varies slightly with temperature. From this formula it is
obvious that es increases in T, thereby quantifying the fact that the warmer the air is, the
more moisture it can carry. Only positive temperature values are meaningful. Typically,
the reference temperature Ty = 273.15K is used.

The Clausius-Clapeyron equation is only meaningful for temperature ranges found in
the troposphere, thus in particular as es vanishes with decreasing values in T', we shall
pose in the following the natural assumption

es(T) =0 and qus(p,T)=0, forT<T, (1.14)

for some constant T > 0 K, which will also be helpful for proving nonnegativity of the
solutions. Moreover the saturation mixing ratio q,s is assumed to be nonnegative and
bounded, that is

0< (va(Pa T) < q:sy (115)

for a positive constant g;,. For deriving uniqueness of the solutions we need additionally
the Lipschitz continuity of ¢, i.e., we assume

|QUS(p7T1) - qu(Pa TQ)’ < C‘Tl - TQ‘ s (116)

where C' is a positive constant.

1.2. Explicit expressions for the source terms. Condensation sets free enormous
amounts of latent heat, which causes a warming of the surrounding environment, and
therefore is a source in the thermodynamic equation. Evaporation on the other hand
enters as a sink displaying its cooling effect. The temperature source term accounting for
the effects due to latent heat is therefore given by

L
ST = *(Scd - Sev) 3 (1'17)

p
see e.g.[13, 21]. All other non-moisture related diabatic sources for potential tempera-
ture like e.g. radiation effects are not being considered here. For the source terms of the
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mixing ratios we take over the setting of Klein and Majda [21] corresponding to a bulk

microphysics closure in the spirit of Kessler [22] and Grabowski and Smolarkiewicz [15]:

Sev = CevT(%—f)ﬁ(qu - C]v)+, B € (0,1], (1.18)
Ser = Ceregr (1.19)
Sae = Caclde = dac) ™, (1.20)
where Cpy, Cer, Cye are dimensionless rate constants. Moreover (g)* = max{0,g} and

the constant ¢, > 0 denotes the threshold for cloud water mixing ratio beyond which
autoconversion of cloud water into precipitation becomes active. The exponent (3 in the
evaporation term Se, in the literature typically appears to be chosen as 8 ~ 0.5, see
e.g. [21, 15] and references therein.

As we will see below, exponents € (0, 1) cause difficulties in the analysis, in particular
for the uniqueness of the solutions. In a forthcoming paper we will also demonstrate how
in the case 8 = 1, which is used in the modelling of precipitating clouds e.g.in [11, 19, 28],
existence and uniqueness of solutions can be proven without diffusivity imposing higher
regularity on the initial data.

We shall use the closure of the condensation term in a similar fashion to [21]

Scd = Ccd(Qv - QUS)QC + Ccn(Qv - C_Ivs)+ , (121)

which is in the literature often defined implicitely via the equation of water vapor at
saturation, see e.g. [15].

1.3. The dynamics in pressure coordinates. Since the density of air varies strongly
throughout the troposphere, the incompressibility assumption is only justified when de-
scribing shallow phenomena, and thus in general the full compressible governing equations
need to be considered. However, under the assumption of hydrostatic balance

o _ _
82_ .gp7

which in particular guarantees the pressure to decrease monotonically in height, the pres-
sure can be used as the vertical coordinate. This has the main advantage that the conti-
nuity equation takes the form of the incompressibility condition

dp

Ot + Oyv + Opw = 0 where W=

(1.22)

see Lions et al. [26] and Petcu et al. [30].
We therefore reformulate the dynamics in pressure coordinates

(z,y,p)
using hereafter the notation
vy = (u,v), Vi = (0z,0y), Ah=8§+a§.

Due to the different units of the horizontal and the vertical derivatives in pressure coordi-
nates, it is inappropriate to combine them into a single gradient operator. The same holds
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for the velocity components having different units in vertical and horizontal directions.

Nevertheless the total derivative in pressure coordinates reads

D
Di O+ vy -V +wo,. (1.23)

For the closure of the turbulent and molecular transport terms we use

D* = A+ 1.0, <(gp>2 ap> (1.24)
RT

where T' = T'(p) corresponds to some background distribution being uniformly bounded
from above and from below away from (0. The operator D* thereby provides a close approx-
imation to the full Laplacian in cartesian coordinates, see also [26, 30]. This linearization
around the reference profile T is also applied to the vertical transport term of ¢, after
replacing the density using the ideal gas law, such that the moisture equations in pressure
coordinates (z,y,p) with corresponding velocities (u,v,w) become

%qt“ = Sev— Sea+D%qy, (1.25)
DI = Sea Sae— Ser + DV, (1.26)
D0 voy (Bar) = Suct S~ St DV, (1.27)
where according to (1.23)
Db _ 5.4, . | |
Dy + u0q; + v0yq; + wOpq; (1.28)
and according to (1.24)
DY q; = pig,(02q; + 0pq5) + Vg, 0p ((g};f aqu> , (1.29)

The closure of the source terms thereby remains unchanged. The temperature equation
in pressure coordinates reads

DT RT L T
= (8 — Sey) + DIT, 1.
Dt Cppw Cp (SCd S )+ ( 30)

which can again be reformulated in terms of the potential temperature as follows
Do 0 o L
Po \ °r g
— =— (Sp+D'T)= (2] =(Sq-S DY, 1.31
Dt T(T+ ) <p) Cp( cd ev)+ ( )
where the diffusion in vertical direction however deviates due to the additional pressure
function arising when replacing 7" in terms of 6 according to (1.4)

~ R/cp 2 R/cp
DY = prAnf + vr (?) a, ((é’%) 9, ((;) 9)) . (1.32)
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2. FORMULATION OF THE PROBLEM AND MAIN RESULT

As in Coti Zelati et al. [8] we let M be a cylinder of the form

M= {(1")?/7])) : (xvy) € M/’p € (plup())}v (21)

where M’ is a smooth bounded domain in R? and pg > p; > 0. The boundary is given by

Lo ={(z,y,p) € M:p=po}, (2.2)
Iy ={(z,y,p) e M:p=p1}, (2.3)
Iy ={(z,y,p) e M : (z,y) € OM',po >p>p1}. (2.4)
The boundary conditions read
Lo: 0T =oor(Tro —T), Opqj = aoj(qroj — qj), J € {v,c,r}, (2.5)
I'v: 6,7 =0, Opq; =0, je{ver}, (2.6)
Ty: 0,7 =Ty —T), Ong; = agi(que; — qj), J€{v,er}, (2.7)

where the multipliers agr, aoj, aer, ag; are nonnegative quantities, which are usually con-
stants, but for the sake of generality are allowed to vary on the corresponding boundaries
and also with time. The functions Ty, gpo;, The, qoe; are typical temperature and moisture
profiles, which are again defined on the corresponding boundaries and may vary addition-
ally in time. Note that the special case of aypr = apy, = g = ag = 0 in (2.5)—(2.7)
reduces to a similar setting used for the analysis of the moisture model in [8]. We assume
all given functions agj, oy, aor, aer as well as Ty, The, qooj, goe; to be nonnegative, suffi-
ciently smooth and uniformly bounded, say be in C'. We assume the velocity field to be
given and to satisfy

u,v,w € L=(0,7T; L*(M)) N L*0,T; HY(M)) N L"(0, T; L7 (M)), (2.8)

for any finite time 7, and for some r € [2,00] and o € [3, 0] with

2 3
S+ i<, (2.9)
r g

satsifying the well-known Prodi-Serrin regularity condition [33], [29]. Moreover we assume

mass conservation, which reduces in pressure coordinates as mentioned above to
Vi vy + Opw =0 in M, (2.10)
as well as the no-flux conditions on the boundary of the domain
Vi onp +wny =0 on OM. (2.11)

Remark 2.1. Typically the vertical velocity component w is determined via the divergence
constraint in (2.10), which results in different regularity properties for w in comparison
to the vertical velocity comonents u,v. For the primitive equations it was proven that the

latter satisfy additionally u,v € L*(0,T; H*(M)), see [7].
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In the following we use the abbreviation

A=W 2y Ifllze = [ f 1 Le () - (2.12)

According to the weight in the vertical diffusion terms, we also introduce the weighted

o= (2)5

where we emphasize, that since the weight Z—? is uniformly bounded from above and below

norms

A, = 1A+ VR + 1015 (2.13)

by positive constants, the HJ (M)-norm is equivalent to the H'(M)-norm.
We summarize the results obtained below in the following theorem:

Theorem 2.1. Let the initial data (T, qvo,qe0, @r0) € (L°(M))E N (HY(M))?* be non-
negative and let the given velocity field (vy,w) satisfy the above assumptions (2.8)—(2.11).
Then, for any (arbitrarily large) T € (0,00), there exists a unique nonnegative solution
(T, qv, qc, qr), with initial value (To, Gvo, Geo, Gro), of the boundary value problem (1.25)—
(1.30) subject to (2.5)(2.7), on M x (0,T), satisfying

(T, 4o, Ges @) € L=((0,T) x M) N L*(0,T; H*(M)),  (2.14)
(T, CIUuCIwQT) € C([077_];H1(M>)7 <8tTa 8tCIU78tQC70tQT) € L2<077—; LZ(M>) (2'15)

3. LOCAL WELL-POSEDNESS AND A PRIORI ESTIMATES

In this section we prove the local existence and some a priori estimates of strong solutions
to system (1.25)—(1.30), or equivalently system (1.25)—(1.27) with (1.31), subject to the
boundary conditions (2.5)-(2.7).

Local existence of strong solutions is stated in the following proposition.

Proposition 3.1. Let the initial data (To, qwo, Geo, Gro) € (HY(M))* be nonnegative and
let the given velocity field (vi,w) satisfy the above assumptions (2.8)—(2.11). Then there
exists a unique local solution (qy,qc, qr,0), which depends continuously on the initial data,
in some short time interval (0, 7o), to system (1.25)—(1.27) with (1.31), subject to (2.5)—
(2.7), with initial data (qv0,qco, Gro,00), satisfying

(Gv, Ger @r, 0) € C([0, To]; HY(M)) N L*(0, To; H2(M)), (3.1)
(6tqvaatqcaatqraat9) € L2(0776>L2(M)) (32)

Proof. The well-posedness, i.e., the uniqueness and continuous dependence on initial data,
will be postponed to section 4, below. Therefore, we only prove the existence part here.
We are going to prove the local existence by iteration procedure, that is we construct a
sequence of vector fields {(¢, ¢, q",0™)}5°, and show that this sequence converges to a
vector field (g, qc, qr,0), which is the desired strong solution. Let 7o < 1 be a positive
number to be determined later. For simplicity of notations, we set U = (qy, ¢c, ¢r, ), and
denote X7, := C([0, To); H'(M)) N L%(0, To; HA(M)).
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Set U? = 0, and define U*! = (¢"+! 7! g7+ 0"t n=0,1,..., to be the unique

strong solution to the linear parabolic system

Orgy Tt =Dyt = SE = Vi Vgl — wOhay, (3.3)
Opgptt = DIegl T = S — vy Vagl — wipql, (3.4)
Ot =D = Sp Vi Vag! — wiha? — VO, (Ba) (3.5)
O™ — DY = S vy V0" — wd, ", (3.6)

subject to the boundary conditions (2.5)—(2.7) and the initial condition

(gt g2t g™, 0" ™) im0 = (9005 4e0» @05 00).- (3.7)

Here, 5S¢ ,S;., Sy and Sy are the source terms, respectively, expressed by Sg, — S7,
R
o L . .
?d - Sgc - S?r? Sgc + S;Lr - ng and (%) P a( gd - ng)v with Sgu? S?r? Sgc and S?d given
by (1.18)—(1.21), by replacing (qv, ¢c, -, 8) with (¢}, ¢7, ¢, 6™) there.
For simplicity of notations, we denote the vector field of source term Sp,; as

St = (54,54, 54,56 )- (3.8)

Recalling the expressions of Sey, Ser, Sae and Sgg in (1.18)—(1.21) and the regularity as-
sumptions on (v, w) in (2.8), one can check (see the calculations (3.10)—(3.11), below) by
the Holder and Sobolev embedding inequalities that S, (vy, - VU™ +wd,U™) € L?(Q1;),
for any U™ € X7, where Q7, = M x (0,7p). Thus, by Corollary A.1 in the appendix,

below, (¢t gn+L gntl 97+ is well-defined and satisfies
[0 s, + 100 10y < C(I8Eizi0m) + V0 ViU izary (39

Fwdp U [ 12(Qr,) + Hap(%%?) @) + 1)7

for a positive constant C', which is independent of n and 7y, while 7y € (0, 1].

Noticing that [SI}| < C(JU"|4[U"?), it follows from the Young and Sobolev embedding
inequalities that

n n|3

CUIU g + 10" s )
CUU™M 20, 79:22 M) + 10 60,7011 (M)
CVTo([U" | oo 0, 75:22(M)) + 10" G0 (0,702 (1))
CVTo(1+U"1%,,)s (3.10)

for a constant C, which is independent of n and 7y, while 75 € (0,1]. Recalling the
regularity assumption in (2.8), it follows from the Holder and Sobolev inequalities that

1811 22(Q1, )

IN

IN

IN

. n < o ™| 2o o
Vi - VU 12(Qr) < HVhHL%(O’%;LU(M))HVhU ||L27(0776;L%(M))

g=3_ 1 n 1_§ n %
SC% 2 TthHLT(O,%;L"(M))thU HLOO(EO,%;LQ(M))HV}LU ”L2(0776;L6(M))

o—3_1 1-3 3
SC’]E) oo thHLT'(O,'ﬁ);L"(M)) ||UnHLooU(0776;H1 (M) HUnHZZ(O’%’H%M))



GLOBAL WELL-POSEDNESS NONLINEAR MOISTURE DYNAMICS WITH PHASE CHANGES 11

o=3_1 o=3_1
<CTy* "Ivillzro Lo lU" Ixy < CTo* 710" | x4, » (3.11)

for a positive constant C, which is independent of n and Ty, while 7y € (0,1]; with an
analogous estimate that can be established for [|wd,U"||2(q,)- Moreover,

o0 (79 s,

for a positive constant C, which is independent of n and Ty, while 7y € (0, 1].

< Cllgtl 20758 (M) < CVTollgr |7, » (3.12)

Therefore, we have

0" gy, + 100" | 2ry) < CITR U0 xr, + 110" ,) + 1]
6 3
< CUTR U 5, + 1), (3.13)
for a positive constant C7, Wthh is independent of n and 7y, while 75 € (0,1]; and
0= min{%,‘g—;‘g — % = ‘72—0 +>0. Set M =2Cy and Tp = mln{l (2Ch) %} Then,
thanks to (3.13), and recalling that UY = 0, one can easily show by induction that
U™ e, + 100" | 2y < M, n=0,1,2,.... (3.14)

Next, we show that {U"}°° ; is a Cauchy sequence in the space C([0, 7]; L?(M)), for a
positive number 75 € (0, 7p). As we have pointed out in the Introduction, if the exponent
in the evaporation term S, 8 € (0,1), we need to introduce the following new unknowns

L

p
To show that {U™}°°; is a Cauchy sequence in the space L°°(0, 755; L?(M)), instead of car-
rying out the L?-estimate for the difference U™+ — U™, we will perform the corresponding
estimate for (Q"1 — Q" "™ — ¢2, "t — g7, HMHL — H™).

To simplify the notation, we set

an(t) = T4 llge P + a2 llTe + g™ 2o + llarIZe + gy e + 16" 700,
on(t) = Q" = Q"M P +llgr —ar P + Nl — q P+ 1 H = HY TP,
forn =1,2,- Then thanks to (3.14), and using the Gagliardo-Nirenberg inequality,

£l oo m3y < C’HfHL2 R?) ||f||H2 (R3) and the Holder inequality, one deduces

To o 1 3
[t < 7540 3 A TAN R

-1 -1
fefad ™ qmar ™ gl 0™}

1 1 76*
To + O(Tg) M 3 (A\w%@

fe{aamar g gn om)
S 76*+CM2(76*)% (315)

We now perform the L2-estimate for (Q""!—Q", "1 —q?, g1 —q, H"*'— H™). Since

the proof is similar to that of showing the uniqueness in Proposition 4.1, below, we only

3
1

IN

sketch the proof here. First, for the estimate of Q™! — Q™. following the same arguments

for deriving (4.13), one ends up with an energy inequality, which is the same as (4.13),
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but replacing Q1 — Q2 and g1 — g2 by Q" — Q™ and ¢! — g7, respectively, on the left
and the first line on the right of (4.13), and replacing ¢,1, gr2, @1, @2, Gc1, 4e2s Qui, @2, 11, To
by ¢%, ¢ 5 Q™ Q"L ¢, ¢, ¢, gL, T, T 1, respectively, in the other terms on the
right of (4.13). Then, by using (4.14), below, as well as the Young inequality, we have

n n c n n V’U n n
SO = QP+ P9, @I + o, - QI

< Colug gyt — ar 1 + vg 18p(ar ™ — a)I1%) + Clénr1(t) + an(t)dn(t)]. (3.16)

Next, for the estimate of ¢"*+!

— g, similar as before, following the same arguments for
deriving (4.17), one obtains a similar energy inequality as (4.17), from which, by using
the monotonicity in the evaporation term [(¢?)® — (¢7~1)%](¢? — ¢*!) > 0, as well as the
Young inequality, one has the following inequality
ld 1 2 1 2 4 Ha 1 2
sl = @I+ e IVa(@ ™ = )P + 510 (67 — 4w

C[¢n+1(t) + an(t)¢n(t)] (3'17)

n

And finally, similar arguments as for (4.19) and (4.21) yield the estimates for g%+ — ¢"
and H"™! — H™ as follows

]'d n n n n
St = a2+ g I Va(g ™ = g + v 10 (a2 = a2l < Can()6n(t), (3.18)
and
S = HY? + LV — B2 4 S0, (! — ™)
< Cu(paIVa(a - >||2+uqc||ap<qz+l—qc>u2wuw g
4 19p(@ = G + Clénsa(t) + an(t)n(?)) (3.19)
Set

1 1
Jo(t) = n __ Hn—12 n__ .n—12 n__ . n—12 Hn_Hn—l 2.
(0= 510"~ QI e = g + et a2 )
Noticing that ¢, (t) < CJ,(t), it follows from (3.16)—(3.19) that

T (8) < Clunsa () + an(t) (1))

Since Jp,+1(0) = 0 it follows from the above, by virtue the Gronwall inequality, that
t
Top1(t) < € / an(8)Ju(s)ds, forall € [0, 73] C [0, T3],
0

Thanks to the above, recalling (3.15), and choosing 7 small enough, we have

ors [ [T 1
sup i1 (1) < 7T / an®)dt | sup () < = sup Ju(t),
0

0<t<Tg 0<t<Tg 2 o<t<Ty
and thus
C
sup  Jpy1(t) < 5-
0<t<Tyr 2

Thanks to the above estimate, it is clear that {(Q", ¢7, ¢/', H™)}22; is a Cauchy sequence
in L°°(0,75; L?(M)), and consequently {U™}°°; is a Cauchy sequence in the same space.
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By virtue of this fact, and recalling the a priori estimate (3.14), by the Aubin-Lions lemma,
there is a vector field U € X7, with 0;U € LQ(Q%*), such that

Ut —~ U, in L2(0, 75 H*(M)), (3.20)
oU" — 9U, inL*Qr:), (3.21)
U — U,  inL*0,75; H (M) nC([0,757; L (M)). (3.22)

We point out that the above convergence holds for the whole sequence {U™}5° ;, rather

n=1»

than only for a subsequence.
Using the above convergences, one can take the limit, as n — oo, in (3.3)—(3.6) to show
that U = (qu, ¢, ¢r,0) is a strong solution of the boundary value problem (1.25)-(1.27)

with (1.31), subject to (2.5)—(2.7), with initial data (g0, gco; ¢r0, 6o)- O

In the following proposition we derive nonnegativity and uniform boundedness for the
moisture quantities and the temperature. Here the sequence of the derivation of the
individual bounds needs to be in the right order to close the estimates consecutively.

Proposition 3.2. Let T € (0,00) and (T, qy,qc,qr) be a solution to (1.25)—(1.30) in
M x (0,T) subject to the boundary conditions (2.5)-(2.7) with non-negative intial data
(To, @v0, c05 Gro) € (LX(M))* N (HY(M))?, satisfying the regularities stated in Proposi-
tion 3.1 by replacing To with T. Then for every t € [0,T]| the solution (T, qy, qec, qr)(t)

satisfies
0<q<¢q,, 0<¢<gq., 0<¢<gq, 0<TZST", (3.23)
where

gy = max {|guoll oo (1) G800l oo (0,7 x M 1@bew | oo (0,7 x> Tivs (3.24)
with ¢, being the constant in (1.15), and g%, q’, T* are constants depending on the follow-
mg quantities:

@ = Cq (T, lgeoll oo () llabocll Lo 0,0y x M) 1gbtell Lo 0,1y <00 » Gas @s) 5 (3:25)
4 = Cq, (T Nlaroll oo () lgbor | oo (0,1 x Ay aber || oo (0,7 x> 42 5 (3.26)
T* = O (T, | Toll oo (mys 1 Tooll oo 0,1y x mry s 1 Toel| Low 0,1y x10) > @ors G > Ts) - (3:27)

Proof. (i) Nonnegativity of qy,qc, g and 0. For deriving this first part of the comparison

principles we employ the Stampacchia method and therefore test the equations of the

mixing ratios with their negative parts, where in the following we use

f=rt—1 (3.28)

for splitting a function f into its positive and negative parts, with f* = max{f,0} and
[~ = max{—f,0}.

For the aim of the later uses, we first carry out some calculations on the integrals over
the domain M of the products of the diffusion and convection terms with g;, j € {v,¢c,7}.
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Integration by parts and using the boundary conditions (2.5)—(2.7), one deduces

| IV 9 o) @
/M [qu Angj + vg;0p <<RT) 8qu>} q; dM

- (Ong;)q ATy + <£)2(8 Vg dM’
= My s ndj)d; et Ve | \pp) \Or0i)4;

/ qj_qu g;dM
M

Po

p1

Vi - Vg PN 5 o | dM
- iy Hq; VRAj © Vhd; "‘qu (ﬁ) 'p4;Opd;

= ;1Y I + v, 18545 112 + 12, / i (qej — q5)q; dl'e

Iy
gpo\? o
Ty /M, (ﬁ) ao; (g0 — q5)a; dM'. (3.29)

Since the functions gg; and go; are both nonnegative and g;q; = —(qj—)2 a.e., the last two
boundary integrals are nonnegative, and we obtain

/M a5 DY qidM = 11q, [V ngy I* + vg, 1005 |13 (3.30)
The integral containing the advection term vanishes due to (2.10) and (2.11), since

1
[ gy wtya)ay it = =5 [ (Vw8
M M

1 1
= —/ (v -np + wnp)(qj_)Qd(a./\/l) + = / (¢;)* (Vi - v+ Opw)dM = 0. (3.31)
2 OM 2 M !

We now proceed with the derivation of the nonnegativity of ¢, q., ¢» and T, where we
start with the cloud water mixing ratio ¢.. Multiplying equation (1.26) by —gq_ , recalling
(3.30)-(3.31), noticing that ¢. (g. — ¢%.)" = 0 since ¢*, > 0 and applying the Sobolev
embedding inequality, one deduces

1d
2dt J

= - /M qc (Ccd(QU - qu)qc + Ccn(‘]v - QU3)+ - Cac(Qc - QZC)+ - Cchc‘]r)dM

(qg)QdM S - /M qg(scd - Sac - Scr)dM

IN

/M(CCTquT - Ccd(Qv - QUS)QC)qc_dM = /M (Ccd(qv - Q'us) - Cchr)(qc_)2dM

< O+ (gvs g0) oo ) laz 1P < CL+ 11(gw, a0) a2 )l 117, (3.32)

from which due to the Gronwall inequality we have

_ C [t dt; —
gz 12(t) < e JoOtl@alim )ity g2 — o (3.33)

implying ¢, = 0, and thus the nonnegativity of g..

We next prove the nonnegativity of ¢,. Multiplying equation (1.25) by —¢, , integrating
the resultant over M, using (3.30)-(3.31) and noticing that (¢, — qus)Tq, = 0 due to
qus = 0, we get

1d

e —)2 < _ - _
2 dt M(qv ) dM = /M Qv (Sev Scd)dM
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= [ (Conts = e+ el = ) = CarT (@ = 1)) M
= /M (Ced(qv = Gus)ge — CenT(g;)7 (qus — q0) 1) gy AM
< [ (Cotar = aue + CT (6 a1 = ) ) AM. (3.34)
Recalling ¢,s > 0, ¢ > 0 and qus(p,T) = 0 for T < 0 from (1.14), one can deduce

Qusdedy > 0 and T~ (1) (s — @) Tay = T7(¢1)° (=) Tqy = T (¢})°(q,)? Using
moreover the Sobolev and Young inequalities, one obtains

1d _ _
L < / (= Coate + CooT(67)°) (a7 )2dM
2 dt '
< Cllgelzmre + 1Tl (ar HqTHLm(M g |12

In (3.35) we made use of the fact that § € (0,1]. Applying the Gronwall inequality to the
resulting estimate, one obtains

—_ C 1+ CHYTy
gy I2(8) < O Ho Ot laear Ol )ity o (3.36)

Therefore ¢, = 0, implying again ¢, > 0.
We now turn to the rain water mixing ratio ¢.. Before proceeding in proving the
nonnegativity, we show how to deal with the integral involving the terminal velocity by

applying the Young inequality as follows

V/ 0 dM - —V/ (a) —)+(%) —apq;}dM

< Clg I” + ;r||apqr 1% (3.37)

Testing now (1.27) with ¢, and employing (3.30)—(3.37), we obtain
Ld
2dt

= CHQT_H2 - /M qr (Cac(QC - q;c)+ + Cchch - CevT(q:r)ﬂ(st - QU)+> dM

(4)2dM < Cllg |2 - / 07 (Sue + Sor — Sen)dM
M M

< Clg|?+ Co /M Ge(gr)2dM < O(1 + lgell oo (an)) g |12, (3.38)

where we have used g, (¢, )5 = 0. Applying the Gronwall inequality to the above inequality
and using the Sobolev embedding theorem, we deduce
lar I2(0) < e htHlaclumo)itgr 2

t
< ecfo(1+HqCHH2<M))dth;0H2 = 0. (3.39)

Thus g, = 0 and we obtain the desired nonnegativity ¢, > 0.
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Finally, we prove the nonnegativity of 6 and therefore first deal with the integrals
involving the diffusion terms. Integration by parts yields

R R
~ <p 2 Cp
0~ DYOIM = Y, Po ™ 9 PA"9) ) | 6-d
/M M /M HT=h +VT<29> % <<RT> % Do M
9 R R
_ gp o\ P\
- 0-v,0 gb PoYTo-Na, [ (2)"06)]|d
/M purVpt -V +VT(RT> 3p<<p> >p<<p0> >] M

R R Po
_ gp \? P\ PONP ks
+ 0~0,0dly + v / =) 0 () 0 <> 0~ dM
HT I ¢ T M/ (RT) P ( Po P

. (3.40)
We recall that 6 = T(%O)R/CP, as well as Ty, > 0 and Tpg > 0. By the boundary conditions
(2.5)—(2.7) we then have

p1

2R 2R

onTy: 07,0 = (0 " 79,7 = (po) T T aur(Toe = T) > 0, (3.41)
p p

p\ e po\

on F() : 9_8p () 0| = 0_8pT =T () aOT(TbO — T) > O, (342)
Po p
P R/cp

only: 670, (p) 6| =60,T=0. (3.43)
0

Straightforward computation of the integral containing the p—derivatives gives

o[ G ()0 ()" o
— /M (- (%)2 (8,07)2 + (CPQT)Q (9)2> dM. (3.44)

Thus, we have

2
/ e—ﬁﬂedMZMTthe—H%uTHape—va_VT/ (9) (07)2dM.  (3.45)
M M CpT

By the aid of the above, multiplying equation (1.31) by 6~ , it follows from integration by

parts that
R
-z < _Z all _ _
th”g H = & I (p) 0 (Ccd(QU qu)QC+Ccn(QU q’US) QC)dM
R
L cp
+— 0_ <p0> ’ CEUT(q;'_)B(Q’US - qv)+dM
Cp J M P
2
+VT/ ( 9_) (67)?aM < Cllo~ |12, (3.46)
M CpT

where we used the assumption (1.14) that g,s = 0 for "< 0 (or # < 0 respectively), and
the nonnegativity of ¢,,q. and g,. Since 6; = 0, the Gronwall inequality implies again
0~ =0 for all t > 0, and thus 8 > 0.



GLOBAL WELL-POSEDNESS NONLINEAR MOISTURE DYNAMICS WITH PHASE CHANGES 17

(ii) Boundedness of ¢,. We will test the equation (1.25) with (g, —¢})*. For the diffusion
operator we thereby proceed similar to above:

/ (4o — @) D¥q, dM
M

9P \? i
/M [uquAhqﬁuq,,ap(( ) a;m)] (g0 — g5) " AM

x P2 x
= Mg /F (qw — qv)+8nqu1"g + Vg, / , (L> (qv — qv)+8quded?/
¥4

Po

1

_ . — )t 9P \? )t
/./\/l |::Uqu Vrqo vh(‘]v qv) + Vg, (RT> avaap(QU qU) :| dM
= g, V(o — )T I1P = v, 10p(g0 — a3) " II2,

+Hq, / aZv(QbEv - QU)(QU - QZ)+dF€
Iy

gpo\? *\ + /
+Vg, / (7—) abOv(QbOv - QU)(QU - qv) dM (3.47)
m \RT P=Po
By the definition of ¢, we have
(@0 = 40) (00 —))" <0 onTe, (@00 —qo)(qw — )" <0 onTo,  (3.48)
implying
/M(qv — 43) D" qudM < —11, || Vi(gw — a5) 1P — v, 105 (a0 — a3) * I3, (3.49)
and leading further to the inequality
1d « %
23 [ (=@M < [ a6 (S~ S)am (3.50)

= /M(qU - q:)+ <CevT(qr+)/8(CIUs - QU)Jr - cd(QU - qUS)qC - Ccn(CIU - st)+> dM

Thanks to the above inequality, the definition of ¢ in (3.24) (implying in particular
g5 > qus) and the nonnegativity of 7" and g., one has
1d
2dt
Therefore, ||(¢ — g5)"[1*(¢) < [[(g00 — g5)*||> = 0, such that g, < gj.
(iii) Boundedness of qc,q,. We start with the derivation of the uniform boundedness of

(g0 — g3)")?dM <0. (3.51)

qj, with j € {c,r}. For any m > 2, we denote the cutoff function g, as

Gk, = (g5 — k)" (3.52)

with

kj = sup (llgvejllzoo(r,) + llavojll e @ary + gjoll Lo () (3.53)
te[0,7]

for j € {c,r}. We will use the method of testing equations (1.26)—(1.27) with mq;ﬁk;l,
which is typically employed for equations with nonlinear diffusion, see e.g. [22]. Integrating
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by parts, the transport operator vanishes as before, and for the diffusion terms we have

-1 m—1 gGP\? -1 Po
Diig;dM = : / N 0nq;dly + vy, / <—_> "0,
//\/( q] kj 4; Fq; r, qj,k]- nqjdl ¢ 4a; v RT qj,k]- pdj i

-1 gp \? -1
_/M (,quvhq]' . thﬂ,j + vy, (ﬁ) 810%'31)‘1%]- > dM.
Since, by definition, k; is larger than the given boundary functions, we obtain
only:  ¢fy'0ng; = (g5 — ki) ") agj(ae; — ¢5) <0, (3.55)
onTo: gyt 0pa; = (g5 — k) )™ o (qwo; — 45) < 0. (3.56)

Moreover since m > 2 we can reformulate

_ — 4(m —1 m
/M Vidj - Vagyy, ldM = (m — 1) /M 452V g |2 dM = (mg)Hthj?ijQ (3.57)

dM'’ (3.54)

with an analogous calculation for the p-derivatives.

We now start with the derivation of the uniform boundedness of ¢, by testing equation
(1.26) with mq:fk_cl for any m > 2. Using the preceding computations and the Young
inequality, we obtain directly from the uniform boundedness of ¢, derived before:

d m—1 m m
G [t < 0" g 190 P v 10 )

+m/ cd qu)qc + Ccn(Qv - qu)+ - Oac(Qc - QZC)JF - CCTQCQT) dM
< AT Vg I+ w05 13+ Om [ (a2 + i am

<Om [ (1445)aM < Cml1 + g [ ng ). (3.59)

from which, by the Gronwall inequality and the definition of k., one obtains
1 ge.rec 1T (agy (1) < e (Cmt + 1ge,kee (O Tm ag)) = M Om(T + 1), (3.59)

for any ¢t € (0, 7). Thanks to this estimate, we have
11

19e 1| m(ay (8) < €CHC(T + 1)) immim, (3.60)
from which, by taking m — 0o, one gets |[ge,k. || oo () (t) < €©* for all ¢ € [0,T], and thus
Gell zoo (mx(0,7)) < ke +eCT =1 ¢ (3.61)

We next apply the same method to derive also uniform boundedness of ¢, by employing

m—1

the test function me,y - The main difference to the previous estimates constitutes the

additional vertical transport term of ¢,, which we shall bound as follows:

—Vm/ qu 18 qr) dM = —Vm/ qT kr qré) (%) + %qur} dM

— Vm/ a7 r, + k)0 (5 ) M =2V /M 20,4, 004, AM

2(m—1)

<om [ (1+a) M+, 1000 % (3.62)
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where we applied the Cauchy-Schwarz and Young inequalities. Then the estimate for g,

becomes
d m—1 m Vg, m m
dt/ 07, AM < =4 (g, [ Va2, |7 + 110505 [13) + Cm/ (14 g%, )dM

+m/ Caclge — @)™ + Cortetr — CoT(a7) (qus — ) 7))y dM

< 2" 19005 P v o ) + O [ (g pam. (a63)
where we have used the nonnegativity of 7" and the uniform boundedness of g.. We thus
obtain
d m m
G M < Om g ) (364

By the same argument as that for g. above, we get the following estimate for g:

arll 2o (mx 0,7 < K + €T =t g (3.65)

(iv) Boundedness of . We finally derive a similar estimate for 6. As before we set

Ok, = (0 — ko)™ with kg = SUI;_](H@bAlLoo(rg) + 1|0ol| oo (o17) + 100l oo (M1))5 (3.66)
t

)

where 6y = (%)R/ Ty and Oy = (@)R/ “Tio accordingly. Similar to above, one can

»
deduce by integration by parts and using the boundary condition (2.7) that
4(m —1 m
/ o1 ApodM < 20—V g %2 <, (3.67)
M 0 m 0

While for the diffusion term in the p-direction, the calculations are more involved. Recall-
R

ing that 0 =T <€f) it follows from the boundary conditions (2.5)-(2.6) that

s R R
pO m—1 p °p pO m—1 pO m—1
0. "0 0| = 0, 0,T = 0 agr(Tyo — T
(p) ko p<(p0> ) (p> ke (p) or(Too — T)

= 92;710407“(91)0 — 9) < 0, on Fo, (3.68)
and

R

R R
A P\ Po
PO gm-19 ([ P Po

( P ) ho ¥ <<p0> ) < p

Thus, due to integration by parts,

)’
MORICOROID
)

R
cp

19,7 =0, onTh. (3.69)

Ly ((2) o)a (2
L)y ((2)F ) o
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< - /M (%)28,, ((;) » 9) 9, ((p;) » 9;’;1> M. (3.70)

Direct calculations yield

R

()" o) ()" o)

m— R m— m— R 2 m—
= (m—-1)6 2(0p0ry)? + e ((m - 16 29 — O 1) OpOry — <Cpp> 00y !
R 6 R\?
_ m—2 2 k m—1
R 0 2
_ o m—2 _ ko
e (T .y
_ E ? L_l 0 _ er ? + 99 9m—2 (3 71)
Cpp 4 m—1 Ro| ko ’

Plugging this relation into the previous inequality, one obtains by the Young inequality

L) o (G ()" )

gp\2 ([ R 2im—1 Ok, 2 "2
< g - —
< /M () (Cpp> - (9 ) o, | o 2dM
2 i 2
_ 9 > / m—1 (9 eke > m—2
- (L - + 606, 0 =2d M
<cpT M| 4 m—1 o - ko

GZZ*QdM
0>kg

g 2 [ —1 (m—2 2
= (= — /=0, +k 02 + kg0
<cpT> /M 4 <m—1 o ¥ 9> RC ”9]

< C/ (m(Ok, + ko)? + 07, + kol |07 2dM < Cm/ (1+0672)dM. (3.72)
M M
Combing the above estimate with (3.67) yields
/ DYg; " dM < C'm/ (1+ 67" )dM. (3.73)
M M

We now test equation (1.31) with me,j;—l and integrate by parts

d m m

R

L °» -
+m— <po> (Ccd(QU - QUS)QC + Ccn(qv - qUS)+)0]ZZ ldM
Cp M\ D

R
L Po \ ¢ "
—m— <0) ' CevT(q;—)ﬁ(Q”us - QD)+9k9 ldM
Cp M\ P

< Cm/ 6 +1)dM., (3.74)
M
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where we made use of (3.73), the boundedness of ¢, ¢. and the nonnegativity of 7. By
the same argument as before for ¢. and g, it follows that

10]] Lo (M 0,7)) < Ko + €7 (3.75)

proving the upper bound for 7', on the interval [0, T]. O

4. GLOBAL EXISTENCE AND WELL-POSEDNESS

In this section we prove our main result, i.e., the global existence and well-posedness,
i.e., the uniqueness and the continuous dependence with respect to the initial data, of the
strong solutions to system (1.25)—(1.30), or equivalently system (1.25)—(1.27) with (1.31),
subject to the boundary conditions (2.5)-(2.7).

The uniqueness, and the Lipschitz continuity of the solutions on the initial data, is guar-
anteed by the following proposition, which, as we already mentioned in the Introduction,
requires the Lipschitz continuity of the saturation mixing stated in (1.16).

Proposition 4.1. Let (T}, qui, ci, gri) for i € {1,2} be two strong solutions, on the in-
terval [0,T], of (1.25)—(1.30), subject to (2.5)—(2.7), with initial data (T2,q%,q%,q%) €
(L (M)EN (HY (M)A Then, the following estimate holds

sw (IT -T2+ > llag —apol?) < CeT (I =T902+ 3" llah — alall?)
tEl0.7] jefver) jefver)

for a positive constant Cy, implying in particular the uniqueness of the solutions.

Proof. The main difficulty in the proof of the uniqueness and the continuous dependence
on the initial data of the solutions is caused by the evaporation term Se, if the exponent
B € (0,1). This problem can be circumvented by introducing the following new unknowns

L
Q= qv+qr, HZT—;(%"‘%)- (4'1)
P

These quantities resemble the ones used in Hernandez-Duenas et al.[19]. However, in
[19] the cloud water was not taken into account. In particular, ¢, H corresponds to the
liquid water enthalpy, see e.g. Emanuel [13]. In the following we prove uniqueness by
deriving typical L?-estimates for the differences of the solutions in terms of estimates for
the quantities

Q,4c,qr, H . (4.2)

We start with the estimate for @), whose evolution is governed by the equation:

atQ +vp - VhQ + wapQ = - Vap (%QT) + Sac + Scr - Scd + MqvAhQ + (:U'qr - :U'qv)AhQT

0y () 0,Q) + 0, )0y (25) 0p0) . (43)

Let @1, Q2 be two solutions of (4.3). We multiply the equation for the difference (Q1 —Q2)
by (Q1 — Q2), and integrate over M. Recalling (2.10)—(2.11), it follows from integration
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by parts and using the relevant boundary conditions, that
] (0@ = @) +vi- V@1 = Qa) +0,(@ — @)(Q1 = Q)M = 55121 ~ Qal
(4.4)

By the boundary conditions (2.5)—(2.7), one can check that

onTy: 0p(Q1— Q2) + ap(Q1 — Q2) = (awo — aer)(gr1 — ¢r2), (4.5)
onTo: 0p(Q1 — Q2) + agu(Q1 — Q2) = (aow — aor)(qr1 — Gr2), (4.6)
onT'1: 0p(Q1— Q2) = Ip(qr1 — qr2) =0, (4.7)
on F@ : (QTl QTQ) (%“2 q’l”l)v on I'y : ap(er - %"2) = aOr(qTQ - QTl)- (48)
For shortening the expressions, we use hereafter the notation
Diff (Q: QT> = (4'9)
gp \? gp \?
Ha, AnQ + (1tq, — tq,)Angr + quap<<ﬁ> 81)@) + (g, — V%Wp((ﬁ) aqu)

for the diffusion terms in equation (4.3) for Q. It then follows from integration by parts,
using the boundary conditions (4.5)-(4.8), that

/M(Diff<c21, 4r1) — Diff(Q. 012)) (Q1 — Qo) dM
= Mqv/F (Q1 — Q2)0n(Q1 — Q2)dTy — 11, IV (Q1 — Q2)I

Ppo

v, [ (22) 9@ = @)@~ Qirt| — 0,1 - Q)

RT

p1

gy — Ha) /F Do — 4,2) (Q1 — Qo)dT

2 Ppo
+(g, — vg,) /M/ (%) Op(gr1 — qr2)(Q1 — Q2)dM’
p1

— (Mg — Hq,) /M V(@1 — gr2) - Va(Q1 — Q2)dM

—(vg, —vq,) /M (%)2 Ip(gr1 = 4r2)0p(Q1 — Q2)dM, (4.10)

Applying Young’s inequality to the integrals over M and using the boundary conditions
(4.5)-(4.8) to the boundary integrals, one obtains, after some manipulations,

| (D@01  DIf(Q2,0:2))(@s ~ Q)i

2

— 1%

< L0 9(@ - QP + L el 1, g — )l - 0,00 - QI
quv

(v — va.)” 9 _ 2 _ 241
+ 9 | p(QTl @r2) |l Hg, ap(Q1 — Q2) ?
Vq Ty

v

+/ (g, 0tor — phgy 0en)(@r2 — @r1)(Q1 — Q2)dIy
Ty
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—Vg, /M’ (%)2 0o (Q1 — Q2)2dM’

Pp=Ppo

+/ (Vg 0r — Vg, 000) (gr2 — qu)(Ql — Q2)dM’ (4.11)
M/

Pp=Ppo

Since we do not want to make any restrictions on the boundary data (i.e.,we also want to
allow that, e.g., ag, = 0, but ag, > 0), we apply Young’s inequality with € > 0 sufficiently
small to the boundary integrals to finally estimate them using the boundedness of the
trace map H'(M) — H%(a/\/l) — L2(OM), see, e.g., [12], as follows

/F (Mqrafr - ,uqvafv)(QQ - qu)(Ql - QZ)dFé

+/ (V‘Iv"ao'f' - VQUQOU)(QTQ - QTl)(Ql - QZ)dMI
M

p=po

e / (@1 — Q2)2d(OM) + C(&) / (a1 — @v2)2d(OM)
oM oM

IN

vV
< H V@1 - QI + 2 19(Q1 — @)1 + CUIQ1 — @2 + llam — a2l
+CQt V(a1 = ar2) 2+ v, [0t — ar2) ). (4.12)

For the L2-estimate we therefore obtain

1%

1d
5 1@t = Qall? + P22 V4(Q1 — Q)P + “9,(Q1 - Q)1

Cqhg, lar — arall* +vg, 18p(ar1 — ar2%) + C(1Q1 — Q2lI* + llgr1 — gr2ll)

[ (=020, (2) + Zoylan - ) ) (@ - Quiin

IN

+Cac /M((QCI - QZ0)+ - (QCQ - qzc)Jr)(Ql - QQ)dM
+Ccr /M ((QCl - QCZ)QH + ch(qu - %‘2))(@1 - QQ)dM
- cd/ ((qv1 — @2)qc1 + qu2(ge1 — e2))(Q1 — Q2)dM
M
+Ccd /M(qu(Tl)(qcl - QC2) + QCZ(QUs(pa Tl) - qu(Pa TQ))(Ql - QQ)dM

_Ccn/ ((%}1 - st(paTl))+ - (qv2 - qu(p7 TQ))+)(Q1 - Q2)dM . (413>
M
The Lipschitz continuity property of the saturation mixing ratio (1.16) implies

’(%1 - qUS(p7 Tl))+ - (%2 - qu(p, TQ))+|
< (g1 — qus(p, T1)) = (g2 — qus(0, T1)) 7| + [(qo2 — qus(p, T1)) T — (qu2 — qus(p, T2)) |
< lgu1 — qu2| + C|Th — To|. (4.14)
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Using additionally the uniform boundedness of all moisture quantities as well as Young’s

inequality and rewriting ¢, and 7T in terms of the quantities in (4.2), we obtain:

1d v,
5%HQ1 - Qa2 + %th(ch —Q)|I> + Z” 10,(Q1 — Q2) |12

C (HQl - Q2||2 + HQTl - QT2||2 + Hqcl - qc2||2 + ||H1 - H2||2)
+CQ (kg Vi@ — @r2) I1* + vg, 10p(ar1 — ar2)II2)- (4.15)

IN

We next estimate the difference of the two rain water mixing ratios. We thereby bound

the diffusion and the vertical transport term with terminal velocity V as follows:

b
/ (QTl - QT2)DqT (QTl - QTQ)dM - V/ (QTl - QTQ)ap (?(er - QTQ)) dM
M M
= _,Uqr/F (g1 — %’2)2de — g, | Vilgr, — %2)”2
¢

2
—Vq, / ( P ) aOr(Q’rl - QT2)2dMI
M/

RT - Vquap(qu - qT2>H12,U

p=po

_V/M [(er — 4r2)%0p <p> + ﬁ(qu — 2)0,(qr1 — QTQ):| dM

T T
< g IVa(@ry — @)l = 221100 (gr1 — ar2)||% + Cligr, — arall? 4.16
< ~Hg I Valar = @) = 5 10p(@r = @r2)ll + Cllar, — ar2ll”, (4.16)
and we get for the L%-estimate of g1 — gro:
1d

l/ T
5@”%1 — @ral* + p1g, Vi (g1 — ar2) I + %Hap(qu —q2)|13

CHQm - QT2”2 + Cac /M(<QC1 - QZC>+ - (QCQ - QZC)JF)(QM - QTQ)dM

IN

+Ccr /M [(QCI - (Icz)er (QTl - %“2) + QCZ(QTI - QT2)2] dM

_Cev //v[ (Tl - T2)Qf1(qu(pa Tl) - QU1)+(QT1 - QT2>dM

_Oev/ Ta(qly — 425) (qus (D, T1) = @1)* (gr1 — gr2)dM
M r r ) v r T

_Cev /M T2qf2((QUs(pa Tl) - QU1)+ - (st(pa TQ) - QU2)+)(QT1 - qr2)dM . (417)

We can now use the monotonicity property in the evaporation term (qf1 —qu) (Gr1—aqr2) >0
and recall (4.14) to estimate further replacing T in terms of H, ¢, and ¢,
1d
2 dt
2 2 2 2
<C([Q1 = Qa2ll” + llar1 — @r2ll” + llger — qeal|* + |H1 — Ho||?) . (4.18)

V T
lar = arall* + pa, | V(@ = @) II* + 71105 (g1 = @r2)

We now turn to the difference of the cloud water mixing ratios. We estimate the
boundary terms arising from partial integration of the diffusion operator as above, using
(4.14) and the Lipschitz continuity of gys, (1.16), and obtain

1d

5%”‘101 — qe2||* + pq. | Vilger — ge2)|1* + vg. |1 0p(ger — ge2) |2
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< Ccd/ (QUI — GQv2 — (q'us(pa Tl) - Q'us(pa TQ))QCI(QCI - QCQ)dM
M

+Ccd /M (QUQ - qu(pa TQ))(QCl - QCQ)(ch - QCZ)dM
+Ccn QUI QUs(paTl)) — (qu2 — qu(p,T2))+) (@e1 — qe2)dM

C / (ger — o)t — (g2 — @) ) (@1 — ge2)dM

_Ccr /M [(QCl - QC2)2Q7"1 + QCZ(QTI - %“2)(‘]01 - QCQ)] dM

< C(1Q1 — Q2P + llar — gr2ll” + llger — qe2l” + | H1 — Ha|?) . (4.19)

To close the estimates it remains to bound (H; — Hz). The equation for H reads

&gH—FVh‘VhH—I—waH:

fpzw—va (Bar) +wrsntt +vr0, (2 ) 0,0
_c[;, <(ch — pr)Arge + (Vg — VT)@?((%) 8qu))
_cl; ((Mqr — pr)Angr + (Vg — VT)ap<<]g§v)2aqu)) : (4.20)

As it can be seen here from the thermodynamic equation the antidissipative term con-
taining the vertical velocity w appears on the right hand side. In previous estimates we
could circumvent estimations involving this term by switching to the potential tempera-
ture #. However, this is not possible here, since for an alternative definition of the form
H=0- é(%)%(qc + @), which would also allow for a cancellation of the source terms
from phase changes, the vertical velocity term would appear again from the vertical advec-
tion term due to the pressure function multiplying the moisture quantities. We therefore
stick to the previously introduced quantity H.

Testing again the equation for the difference (H;—Hs) against (H;—Hs) and treating the
boundary terms arising from the diffusion operators and the additional vertical transport
term in a similar way as for (Q1 — Q2) above, we obtain:

1d
S~ Hol|*> < —pr||Vi(Hy — Hy)||? — vr||0p(Hy — Ha)|3,
+ C([lger — C]c2||%2(aM) + llgr — ‘]r2||%2(a/\4)) + el Hy — H2”%2(3M)
L
N Vi(Hy — Ha) - ((ttg. — 1) Vi(ger — qe2) + (ptg, — ) Valgr — gr2) ) dM
P
L gp \?
_ g (ﬁ) Op(Hy — Ha) - ((vg. — v1)p(ger — qe2) + (v, — v1)0p(gr1 — gr2) ) dM
L P Rw
- — V=(gr1 — ¢2)0p(H1 — Hy) + — (T — T3)(H1 — Ha)| dM
Cp J M T Cp

ur vr
< = 5 IVa(H ~ Hy)||” - 5 10p(H1 ~ Hy)|I2, + Crpig. | Vi(ger — ge2)|I

+ Cri (g, V(a1 — @r2) I” + v4 10 (ger — ge2)ll5 + v, 19p(ar1 — ar2)II3)



26 SABINE HITTMEIR, RUPERT KLEIN, JINKAI LI, AND EDRISS S. TITI

+C (|Hy = Hol* + llgr1 = @r2ll” + llger — ge2l?) (4.21)

where ¢ is chosen sufficiently small; we have also used here the boundedness of the trace
map H'(M) — L?(OM) and Young’s inequality. Moreover, since according to (2.8) we
have w € L>(0,T; L?(M)), we have also used above the following bound for the integral

containing the vertical velocity component w:
'/ (T\ — To)(Hy — Hy) dM‘
M Cpp

SCmﬂi—Hﬂmm@+'§:|m1—%ﬁ@u@)

je{er}
3 1 2 1
<O (1 ~ Fally 1~ Halls + 3 s = il o — a2 )
Jje{er}
<e(Ivtm - m)P+ X 190 - 0)l?)
je{er}

C€<HH1 — Hol*+ ) lgn — Qj2H2>- (4.22)

Jj€{er}

We now combine the estimates (4.15), (4.18), (4.19) and (4.21) by introducing

1
J(t) = §(A||Q1 — Q2|* + llger — ge2|* + |l — @ro2||* + B||Hy — Ha|)?), (4.23)
where A and B are positive constants chosen accordingly (e.g., A = ﬁ and B = ﬁ),
such that for some Cy > 0
dJ
— < Cod 4.24
Lpyel (12
and we conclude the proof by applying the Gronwall inequality. g

We are now ready to prove our main result, Theorem 2.1.

Proof of Theorem 2.1. The uniqueness and continuous dependence on the initial data
is an immediate corollary of Proposition 4.1. Therefore, it remains to prove the global
existence. By Proposition 3.1, under the assumptions in Theorem 2.1, there is a unique

local strong solution (gy, ¢c, ¢r,0), with
(4, 4e: 4, 0) € C([0, Tol; H' (M)) N L*(0, To; H*(M)). (4.25)

We extend the unique strong solution (g, gc, gr, ) to the maximal time of existence 7.
If 7. = oo, then one obtains a global strong solution. Suppose that 7, < oo, then one
obviously has

lim H((hvQCaQT70)HLOO(O,’T;Hl(M))ﬂLQ(O,T,HQ(M)) = 0. (4.26)
T—Te

By Proposition 3.2, we have [[(qv, qc, @r, 0)||Loo(mx(0,72)) < C, for a positive constant
C that depends continuously on 7,. Let € be a small enough positive time to be speci-
fied later. We will estimate the norms to the solution in the time interval (7, —e,7),
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for T € (T« — ¢&,7T:). For simplicity, we denote U = (qy, ¢qc, ¢r,0). Applying Corol-
lary A.1 in the appendix, below, to system (1.25)—(1.27) with (1.31), and recalling that
H(Q’IHQ(DQ’NQ)HLOO(MX(OJ;)) S Ca we have

1O Loo (72 =, 7 HY (M)NL2 (To e, T3 H2 (M) (4.27)
< C+ [[vi - ViUl p2mx (7 —e,7)) T 100Ul L2 (rx (7 —,7)) + 10Ul L2 (i (T —e,1))

for a positive constant C independent of T < 7.
The same argument as for (3.11) yields

o=3_1
™

Vi VUl eux(imeryy < C(T = Te+€) 2 7 IVallr (7 e 750 (M)

WU poo (72—, 7 HY (M)A L2 (Tame, T3 H2 (M)
o=3_1
< Ce o T ||U|| poo (72—, T HY (M)NLE(Te e T:H2 (M) (4:28)

for a positive constant C' independent of 7" < 7, with an analogous estimate for wd,U.

By the Holder inequality one moreover gets
1
10p U L2mx (To—e,7y) < O(T = T +€)2[|U|| poc (7T e, 731 (M)

1
< Cez||U| poo (7T te, 73 HI (M) (4.29)

for a positive constant C' independent of 7 < 7T,.
Plugging the above two estimates into (4.27), and choosing £ small enough, one con-

cludes

1Ol Lo (72 —e, 75 (M) L2 (To—e, T3 H2 (M) < C, (4.30)

for a positive constant C' independent of 7 < T, which contradicts (4.26). Therefore, we
must have 7, = oo, in other words, the solution (g, ¢, ¢r,#)(t) can be extended to be a
global solution. O
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APPENDIX A. ELLIPTIC AND PARABOLIC PROBLEMS ON CYLINDRICAL DOMAINS

As mentioned in the introduction, this technical section is devoted to establishing the
existence and uniqueness of solutions (weak or strong) to some elliptic or parabolic prob-
lems, subject to the Robin boundary conditions on the cylindrical domains. Since the
results stated in this section hold for any finite dimensional space, and in order to state
and prove the results in the general settings, the notations used in this section are inde-
pendent of those used in the previous sections.

Let M C RY be a bounded domain with smooth boundary, Lo and L; two numbers,
with Lo < Lj, and set the cylindrical domain © = M x (Lo, L1). For a spatial variable
x € Q, we denote by o’ € M the first N components of z, that is 2’ = (2!, ,z"), and
by z the last component of x, that is z = 2V 1. We divide the boundary into the lateral
boundary I'y, the upper boundary I'; and the lower boundary I'y, that is 9Q = I', U’ UT'g,

where
Fg = OM x [Lo,Ll], FO =M x {Lo}, Fl =M x {Ll}, (Al)

and set I'gy = I'gUI'y. Note that the unit outward normal vector field on the boundary 02
is piecewise smooth. In view of this, we use different notations to distinguish the normal
vectors on different portions of the boundary: we denote by n the unit outward normal
vector on I'y, while the unit outward normal vector on I'g; is denoted by v.

A.1. Linear elliptic problem. In this subsection we establish the existence, uniqueness
and regularity of weak solutions to the following elliptic problem:

—Apu — 0,(adu) + bu = f, in €,

Onu + au = @, on I'y, (A.2)
Oy + Bu =, on gy,
where a, b, , 8, f, ¢ and 1 are given functions. As above Vj and Ay denote the gradient
and Laplacian in the horizontal coordinates (x!,... z™).

Weak solutions to (A.2) are defined as follows.

Definition A.1. A function u € HY(Q) is called a weak solution to the elliptic problem
(A.2), if the following equation holds

/ (Viau - Vio + adud, ¢ + bug)dr + /
Q

Ty

- /Q fodx + /F E ) /F . appdz’ (A.3)

auqbdfg+/ aBugdx’

Loy



30 SABINE HITTMEIR, RUPERT KLEIN, JINKAI LI, AND EDRISS S. TITI

holds for any ¢ € HY(Q). Ifb=a = =0, we ask for the additional constraint fQ udr =0

on u, and assume that the following compatibility condition holds

/fda:—i—/ cdeg+/ apdr’ = 0. (A.4)
Q Ty Co1

Existence and uniqueness of weak solutions to (A.2) is stated in the following proposi-

tion, which can be proven in the standard way by the Lax-Milgram Lemma [23].

Proposition A.1 (Existence and uniqueness of weak solutions). Assume that the func-
tions a,b, o, B, f, v and ¥ satisfy

a,be L>®(Q), aeL>®Ty), Be€L®Tpn), A<a<A, 0<bap<A, (A5)
f € LQ(Q), (oS L2(Fg), 1/) c LQ(F()l), (Aﬁ)

for some positive numbers X\ and A. Then, there is a unique weak solution u to (A.2),

satisfying
lull )y < CUIfllz2) + llell2yy + 1l 2o (A7)

for a positive constant C depending only on Q and the coefficients a, b, and .

We are going to study the H? regularity of the weak solutions established in Proposition
A.1. To this end, we start with the corresponding result for the elliptic problem of a special

case stated in the next lemma.

Lemma A.1 (H? regularity: a special case). Assume that a, f and @ satisfy the assump-

tions in Proposition A.1, and let u € HY(Q)) be a weak solution to

—Apu — 0,(ad,u) = f, in Q,
Opu = @, on Ty, (A.8)
oyu =0, on Toi.

Suppose in addition that a € C(Q),0,a € L>®(Q) and ¢ € H%<Fg).
Then, u € H?(Q), and the following estimate holds

lullzr2g@) < CUNz2) + 0l 44 ) + lullare), (A.9)

where C is a positive constant depending only on ), the modulus of continuity of a,

lallpe (o) and [|0.al|fe(q)-

Proof. Our strategy to prove the conclusion is as follows: we extend the weak solution
appropriately to a larger domain, multiply it by some cutoff function, and show that the
resultant satisfies some elliptic equations subject to the Neumann boundary conditions in
a smooth domain, for which the classical regularity and elliptic estimates apply.

We first extend the boundary function ¢ to the whole domain 2. By the trace theorem,
one can find an extension @e, € H! (Q) of ¢ to the domain 2, such that ey = ¢ on 'y,

in the sense of trace, and

cllpextl g1y < el ) < Cllgetll 11 (0) (A.10)

1
HZ (T,
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for two positive constants ¢ and C' depending only on ). Thanks to this, in the rest of the
proof we always suppose that the boundary function ¢ has already been extended to the
whole domain €2, such that ¢ € H'(Q) and the above estimate holds with @e.s = .

We first extend u, so that it satisfies a similar elliptic equation in the extended domain.
To this end, let Q = M x (2Lo — L1,2L1 — Ly), and extend u in z evenly, with respect to
the plane z = Ly and z = Ly, that is we define

w(z',2Lo — 2), z € (2Ly — L1, Ly),
a(z’,z) = ¢ u(2,2), z € [Lo, L1], (A.11)
w(z',20y — z), z € (L1,2L1 — Ly),
for z = (2/,2) € Q. The extended functions a, f , &, @ are defined in the similar way as .
Then one can check that @ € H' () is a weak solution to
—Apii — 9,(ad i) = f, in €,
Ot = @, on Ty, (A.12)
9,1 =0, on o1,
where I'y = &M x (2Lg — L1,2Ly — Lg) and To; = M x {2Lg — Ly,2L1 — Lo}.

We will introduce some appropriate truncation function of #, and show that the trun-
cation satisfies some elliptic equation, subject to the Neumann boundary condition, in
a smooth domain. To this end, let us first take a smooth bounded domain O, with
QCOCO o0NQNTH =0 and dONQNTo = 0, and choose a function 7 € CS° (RN,
with =1 on Q, and n = 0 on Q\ O. Since @ is a weak solution to (A.12), choosing ¢n
as a testing function yields

[ V4 Vaton) + av.ao.(onlds = [ Fondo+ [ gnodr (A.13)
Q Q Iy

for any ¢ € H'(Q). Noticing that 90 = (9O N Q) U (A0 NT), and V7 =0 on 9O N Q,
integration by parts yields

[ VaiVitomde = [ (Fu(im) - T+ (Vi (@Vhn) + Vi Van)eldo
_ /  @Bnedly. (A.14)
00Nt
Noticing that 8,7 = 0 on dO N €, it follows from integration by parts that
/ a0,u0,(¢n)dx = / ad,(un)0,pdx + / (0:(adynu) + ad,ud,n)pdz. (A.15)
Q @] @]
Plugging (A.14) and (A.15) into (A.13), and noticing that n = 0 on I'y \ 00, we deduce
[ 9Ga) - oo+ a0 (i)
= [ Fr= (9 (@¥) + Vi Vo) = (0-(a0.0)

+ad.a0mlods+ [ (gn+ adn)odT, (A.16)
oonry,
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for any ¢ € H' ().
Define the truncation U = un, and denote

F = fn— (V- (@Van) + Vit - Vin) — (8:(ad.nt) + ad,ud.n), (A.17)

and

(I):{uﬁnn+cpn, on 00 N Ty, (A.18)

0, on O\ Ty.

Then, noticing that any function from H'(O) can be extended to be a function in H'(Q),
(A.16) implies that U € H'(O) is a weak solution to

{ AU - 9.(ad.U) =F, inO,

(A.19)
onU = o, on 00,

where A is the unit outward normal vector at the boundary 00O.

Since O is a smooth domain, one can now apply the classic regularity and elliptic
estimates to the truncation U. Then, by the assumptions, one can check that F' € L?(Q),
and ® € H %(8(9), by the trace theorem. Therefore, it follows from the regularity and
elliptic estimates for the elliptic equations subject to the Neumann boundary conditions
in the bounded smooth domains, that U € H?(0O) and the following estimate holds

10N 20y < CUFz20) + 19143 ) T 1Uz1(0)), (A.20)

where the constant C' depends only on O, the modulus of continuity of a, A and |9, a|| e (0)-
We can now derive the regularity and elliptic estimate for u from those for U. Recalling
that n = 1 on €2, one obtains u € H?(f2), and it is obvious that

[l z20) < U E2(0)- (A.21)
Note that
[F 20y < O fll2) + lullar@), (A.22)
for a positive constant C' depending only on €2, ||al| () and [|0.al L~ (q),
1Ul 10y < Cllull a1y, (A.23)
for a positive constant C' depending only on €2, and by the trace inequality
H‘I’HH%(O) < Cl®llaro) < Clulla@) + el g @)

< Clllullg o) + el (A.24)

H3(Ty) )
for a positive constant C' depending only on 2. In the above inequality, one recalls that
the boundary function ¢ has already been extended to the whole domain, at the beginning
of the proof.

Thanks to the above estimates, it follows from (A.20) that

ull 2y < C[fllz2(0) + H<P||H%(Fe) + lull 71 (0))s (A.25)

for a positive constant C' depending only on €2, the modulus of continuity of a, A, ||a|| z(q)
and [|0.a|| (o). This completes the proof of Lemma A.1. O
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Proposition A.2 (H? regularity: the general case). Assume, in addition to the assump-

tions on a, f,p in Lemma A.1, that
be L®(Q), a,BeWLX(Q), ¢ e Hz(Ty), (A.26)

where o and B have been extended to the whole domain €.
Then, the unique weak solution u stated in Proposition A.1 belongs to H*(Q), and the
following estimate holds

lullzzi@) < CUF 2@ + el g g,y + 1003 gy + Tl @), (A.27)

HZ(Ty)
for a positive constant C' depending only on 2, the modulus continuity of a, A, |la||r~ ),
102al| Lo (0); ([l (@), lallwiceq) and [[Bllwre(o)-

Proof. We set

o= —au, Yo=1)—Pu, fo=Ff—bu (A.28)
Then it is obvious that u is a weak solution to
—Apu — 0,(adu) = fo, in Q,
Onu = o, on T'y, (A.29)
auu = Tﬁo, on POI-

Since vy € H%(Fm) by the trace theorem there is a function ¥y € H?(Q2), such that
8,,\1/0 = on on F()l, and H\I/()HH2(Q) S CHwOHHl(Fm)
only on 2. Setting u; = u — ¥g, one can easily check that u; is a weak solution to the

for a positive constant C' depending

following elliptic problem
*Ahul - 8Z(CL8ZU1) = f17 in Q7
Opur = ¢1, on I'y, (A.30)
Oyur =0, on [oq,
where f1 and ¢ are given by
f1 = fo + ARV + 82((182\110), Y1 = Yo — o V. (A?)l)

Note that f; € L?*(Q) and ¢; € H%(Fg), by Lemma A.1, one has u; € H?(2), and the
following estimate holds

lurll 20y < CUlAlL2@) + el 3 o+ luallae), (A.32)

H3(Ty)
for a positive constant C' depending only on €, the modulus continuity of a, A, ||al|ze(q)
and [|9.al| e (q). Thus, recalling that ¥o € H*(Q), it is clear that u = u1 + ¥o € H*(Q).
Recalling that ||\Ifo||H2 < Cllbol|

), one deduces

#E (Cor)’ for a positive constant C' depending only on

lull 2y < lwallaz) + Wolla2) < v llaz@) + CWOHH%(F Wy (A.33)
lurllgie) < Nullg@) + Wollmre) < llull @) + Clivoll 1 (A.34)
oty < Noollyy g, +10n%0ll 3 0 < Hwoﬂm(m+CH‘I’0HH2(Q)
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< .

< Cllloll 3 g + W0l ) (A.35)
for a positive constant C' depending only on €2, and

[fillzzc) < Ifllz2@) + Cllull g + Cll%oll g2
< CUlf ez + llull @) + 1ol

A

?(Fm))’ (A.36)

for a positive constant C' depending only on Q, |la||ze~(q), [|0:a|lL=@) and [[b]|re(q)
Thanks to the above estimates, one derives from (A.32) that

[ull 20y < CUfllz2 () + lloll + ol 3 oy + lullmr@), (A.37)

H2 (Tp) H2 (To1)
for a positive constant C' depending only on €, ||al|ze(q), [|0:all L) and [|b]| Lo (o). One
still need to estimate H(‘DOHH%(F[) + ”wOHH%(Fm)’ which is done as follows. By the trace

inequality, one has

||<P0HH2(F +%oll 1
< el o,y 100 s gy el gy )+ 1Bull g
< el p + 190 3 g,y T Clllowllan o) + l1Bul ()
< el + 120 3 g,y T Cllullz @), (A.38)

for a positive constant C' depending only on €, [|aly1.00(q) and ||8]|w1.00(q)- Plugging the
above estimate into (A.37) yields the conclusion. O

A.2. Linear parabolic equations. Given a positive time 7T, set Q7 = Q2 x (0,7). Con-
sider the parabolic problem

ou+ Lu = f, in Q7,
Bu = &, on 092 x (0,7), (A.39)
u(+,0) = uo, on €,

where the elliptic operator £ is given by
Lu=—Apu— 0,(ad,u), (A.40)

the boundary operator B is given by

0 r
Bu — ht + au, only, (A1)
Oyu+ Pu, on Loy,
and the boundary function ® is given by
r
o= { LA (A.42)
¢7 on FOlv

for some functions ¢ and .
Throughout this subsection, we assume that the coefficients a,« and S in the elliptic
operator £ and the boundary operator B are independent of the time variable ¢, while
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the nonhomogeneous functions ¢ and 1 are allowed to depend on t. Assume that the

coefficients a, « and 3 satisfy
a€CQ), d,acL™®), A<a(z)<A, 0<a,fecWh™e(Q), (A.43)

for some positive constants A and A, where the functions «, 3, defined on the boundary
0f), have been extended to the whole domain 2. We assume moreover that the boundary

functions ¢, ¥ and @ satisfy
p € LX(0, T H3(Iy)), € LX(0, T H2(Tor)), 9@ € (00 x (0,T)).  (A.44)

We are going to prove the existence and uniqueness of weak and strong solutions (see
the definitions below) to (A.39).

Definition A.2. Given a positive time T € (0,00) and a function ug € L*(Q). Assume
that (A.43) and (A.44) hold, and f € L*(Q7). A function u is called a weak solution to
(A.89), if u € L>(0,T; L*(Q)) N L2(0,T; HY(Y)), and the following integral equality holds

T T
| 00 + it = [ b0 0+ 0.0, (A.15)
for any € € HY(Q7), with £(-,T) = 0, where (-,-) is the L*(2) inner product,
(,€)a = /Q (V- VE + adud.€)di + /F g + /F apugds’, (A0
and
.00, = [ fedor [ pedri+ [ ugas (A.47)
Q T, To1

Definition A.3. Given a positive time T € (0,00) and a function ug € H (). Assume
that (A.43) and (A.44) hold, and let f € L*>(Q7). A function u is called a strong solution
to (A.39), if

uwe C([0,T]; HH(Q) N L20,T; HX(Q)), dw € L*(0,T; L*(Q)), (A.48)

the equation in (A.39) is satisfied, a.e.in Q1 , the boundary condition in (A.39) is satisfied
in the sense of trace, and the initial condition in (A.39) is fulfilled.

Let us first transform the nonhomogeneous boundary value problem to the homogeneous
one. For each t € [0, T], we define Ug (-, t) as the unique solution to

(A.49)

LU =0, in €,
BUgs = &, on 0N.

Noticing that ® € C([0,T]; L?(09)), by applying Proposition A.1 and Proposition A.2,
one can see that Up € C([0, T]; H(Q)) N L2(0,T; H*(2)), and

U oo 0,711 () + U 220, 7 12(02)) SC(H<P||L2(O7T;H%(FZ)) + WHLQ(O’T;H%(FOI))),
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for a positive constant C' depending only on €2, A, the modulus of continuity of a, ||a|| (@),

[9:all (), lallwieo@) and [|B[lwr.ec(q). Note that Oilde satisfies

= in 2
LOUs = 0, in €, (A.50)
BatZ/{@ = 8t<I>, on 8(2,
by Proposition A.1, it follows
10U L2(0,7;11 (2)) < CllOe®| 20,7522 (00))- (A.51)

Therefore, we have

U || oo 0,751 (02)) + U || 2200, 7 52(02)) + 10Ua || 20,7511 (02))
< (||90HL2 oramtay T 2ot oy T 10:®| 20,7 02(00))),  (A.52)

for a positive constant C' depending only on €2, A, the modulus of continuity of a, ||a|| e (q),

[0:all L~ (@), [lallwree@) and [|B]lw1.00(q)-
Suppose that u is a weak (strong) solution to (A.39), by setting v = u — Ug, one can
easily verify that v is a weak (strong) solution to the following problem

8tU + Lv = g, in QT,
Bv =0, on 99 x (0,7), (A.53)
v(+,0) = vp, on Q,
where
g=[f—0Usp, vo=muo—Us(-,0). (A.54)

Conversely, if v is a weak (strong) solution to (A.53), the u = v + Ugp is a weak (strong)
solution to (A.39). Therefore, to prove the existence and uniqueness of weak (strong)
solutions to (A.39), it suffices to prove the corresponding results for (A.53).

We are going to construct a sequence of approximated solutions vy to the parabolic
problem (A.53) by discretizing in time. Let ¢ € L?(Q7). We fix an arbitrary positive
integer N, and let h = % We set

G
gl = / g(t)dt, k=0,1,--- ,N—1. (A.55)
h Jkn

Due to the assumption, it is obvious that ¢**' € L?(Q) for k = 0,1,--- , N — 1. It follows
from the Minkowski and Holder inequalities that

N-1 . N-1 (k+1)h N=-1 ,(k+1)h
SIS SR S FARTCZT D I R POn [P
k=0 k=0 ||/ kP 2(Q) k=0 "kh

.
= /0 lgC, 0l 2ydt = llgllzio.722(0)) < VT I9llL2qy), (A-56)

and

N-1 1
B N e = 5
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1 (k+1)h 2
< 2 Z L st Ollzyt
< [ 10Ot = ol (A57)
We set 10 = vy and define v**! for k = 0,1,--- ,N — 1 successively as the unique

solution to the elliptic problem

k+1_,k .
{ v = v +£vk+1 — gk+1, in Q,

A .58
Buktl =0, on 0. ( )

According to Proposition A.1 and Proposition A.2 there is a unique solution v**! € H?2(Q)
to (A.58) for k =0,1,--- ;N — 1. Define the approximate solution vy as

t) =Y Xien kim0, £ €0,T). (A.59)

Some a priori estimates on vy are stated in the following lemma.

Lemma A.2. Assume that (A.48) holds. Set v° = vy € L*(Q), and let vF!, k =
0,1,--- , N —1, be the functions defined by (A.58), and vy by (A.59). Then, the following
estimates hold:
(i) There is a positive constant C' depending only on A and T, such that
lvnllLoo 0, 7:2(0)) + lonvll 20,7851 () < CUl9llL2(r) + llvollz2(0)); (A.60)

(i3) If we assume in addition that vy € H'(Q), then we have

|on |l Lo (0,701 () + VN 20,7 52002 < CUlgllL2@p) + lvoll a1 (), (A.61)

for a positive constant C' depending only on 2, A, T, the modulus of continuity of a,

lallpe (), 10zallpo (), lellwreoy and ||Bllwieo(q)-

Proof. (i) Testing (A.58) by v**! and summing the results with respect to & from 0 to
M yields

M M M
h Z<Uk+1> ’Uk+1>a + Z(Uk—i-l ’U k+1 —h Z k+1 k:+1 (A.62)
k=0 k=0 k=0
for M =0,1,--- , N — 1. Straightforward calculations yield
M 1 M
Z P of M) = 3 (HUMHH%%Q) = [lvoll 2 + Z [0 — Uk’%?(n))
k=0 k=0
> 2 (1" gy — vol2agey ) (A63)
It follows from the Cauchy inequality that
M
D) < sup oMY leg e

k=0 O<k=M
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N-1
< sup oM "l L2@)- A.64
e N Ll 0 kz_;) 19°*H 2(e (A64)

Thanks to (A.63) and (A.64) it follows from (A.62) using (A.56) that

M
1
hZ<Uk+l’ak+l>a 2H MJrIHL2 @

1
< h sup |oFHY 2 g Lioll2
octeb 1 IV I Z g a2y + 3 ol
< su oF L, \/,7. , L 9 7 6
< nggg_lll 2@V Tl9ll 2 @r) 2|| 01220 (A.65)

for M =0,1,--- N — 1. Setting

M
1
A= su h g oL R oMt A.66
O§M§I?V—1 ( ( Ja + 2” ”L2(Q) ( )

it follows from the Young inequality and (A.65) that
A < VEAVTIglon + glvol3ae
< AT Tlolagr + 5lola) (A67)
and thus
A <2T g2,y + I0ll3a - (A.68)

Thanks to this, and recalling that (v,v), > /\HVUH%Q(Q), one obtains

N-1
MY VO G0y + ot 1HUkHHL <8Tgll72(g,) + 4lvol 7o), (A-69)
k=0 -

from which, recalling the definition of vy, (i) follows.
(ii) Testing (A.58) by v**! — v* and summing the resultants with respect to k from 0
to M, for M =0,1,--- , N — 1, yields

M M

1
Z <<Uk+1,’0k+1 _ Uk>a + E”vk-l-l _ Uk”%ﬂ(g)) — Z k+1 U ’Uk), (A70)
k=0 k=0

from which, noticing that

M

Z<,Uk:+1’ Uk—i—l o Uk>a —

k=0

M
M+1 M+1 k+1 1 k
<<U +aU +> UOaUOa“‘Z + + _U>a)a
k=0

N |

one obtains

M
(MM, vakﬂ Ve < 23 (6" 05 =) o oo v)as (A7)
k=0
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for M = 0,1,--- , N — 1. Applying the Cauchy inequality to the righthand side of the
above equality, and using (A.57), one obtains

M M
2 (g —ok) <2y g | 0T = 0¥l
k=0

k=0
M M
= 1ZHU’“H—D’“H2 +h > |lgHH2
~— h L2(Q) U 21(9)
k=0 k=0
M
1
S el R[] ey (A.73)
k=0

which, plugged into the previous inequality, yields

2
R+l _ ok

M
v
e D] < g2y, + (w0, v0)as (A.74)
k=0 L2(Q)
for M =0,1,--- N — 1, and thus
ko k = [t =k 2
sup (v, v%)q + h < + (vg, v0)q- A.75
s (ko) ;) b = Vel + (o) (A.75)

Combining (A.57), (A.69) and (A.75), and applying the H? estimate to the elliptic op-
erator L, there is a positive constant C' depending only on 2, A, the modulus of continuity
of a, HGHLOO(Q)a HaZaHLOO(Q)a H@HWlm(Q) and ||B”W1v°°(§2)a such that

N-1

N-1 —
h Z HvkﬂHip(Q) < Ch (HﬁUkJrlH%?(Q) + HkaH%{l(Q))
k=1 k=

—_

IS ppr VETT 0 ’ k+1)12
< Chz ‘9 - I + 0"
k=1 L2(Q)
< CT+ )9 + 0l (A.76)
from which, recalling the definition of vy and (A.75), (ii) follows. O

The existence and uniqueness of weak and strong solutions to (A.53) is now stated in
the following proposition.

Proposition A.3. Given a positive time T € (0,00) and the initial data vo € L?(Q2), we
assume that (A.43) holds, and that g € L*(Q7).
Then, there is a unique weak solution to (A.53), satisfying

vl oo 0,7 2202)) + IVl L2(0,7 051 () SCUl9llL2(0) + [IvollL2()),

for a positive constant C depending only on A and T .
Moreover, if we assume in addition that vo € H(Q), then the unique weak solution is

a strong one, and satisfies

vl oo 0,700 () + IVl 220,732 (02)) + 190l 20 < CUlgll2@r) + lvollar (),  (ATT)
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for a positive constant C' depending only on Q, X, T, the modulus of continuity of a,

lallpe (), 10zalle(y, lallwroo) and ||Bllwiee(q)-

Proof. Let g**', k=0,1,--- , N — 1, be the functions defined by (A.55), and set

N-1

X[kh, (k+1)h) ( )g" . (A.78)
k=0

Recalling that g € L2(0,7;L%()), one can verify that gy — g, in L?(0,T; L?(f2)), as
N — oo. Let v**1, k=0,1,--- , N —1, be the functions defined by (A.58). Let vy be the
function given by (A.59).

By Lemma A.2, the following estimate holds

lonllzeo 0, 7:22(0)) + lonll 20,7851 ) < CUlgll2(r) + lvollz2()) (A.79)

for a positive constant C' depending only on A and 7; and if we assume in addition that
vg € H(Q), then the following additional estimate holds

lon [l oo 0,731 (@)) T lowllz2 0,7 52(0)) < CllgllL2(@r) + volla1 (@) (A.80)

for a positive constant C' depending only on 2, A, 7, the modulus of continuity of a,
lallpe (), 10zallLoo () llallwroo ) and [[B(lw1.00(q)- Thanks to the above estimates, there
is a subsequence, still denoted by {vy}3_;, and a function v, with v € L>(0,T; L?(2)) N
L2(0,T; H'()), such that

vl oo 0,7 22(02)) + 1l L2 (0,700 () < CUl9llL2(@7) + lvollz2(0)); (A.81)
for a positive constant C depending only on A and 7, and
vy — vin L®(0,T; L*(R)), and vy — v in L?(0,T; H*(R)). (A.82)
Moreover, if we assume in addition that vy € H*(£2), then the above v has the additional
regularity that v € L%(0,7; H%(Q)) N L>(0,T; H'(Q)), and
[l oo 0,711 ) + IVl 220,752 (02)) < CUlgllz2(Q) + lvoll a1 () (A.83)

for a positive constant C' depending only on 2, A, 7, the modulus of continuity of a,
lallLec(e); 10:zall L= (), llallwice@) and [|B]lw1e(o)-

We take an arbitrary function n € C'(Q7) with n(-,t) = 0 when ¢ is close enough
to 7, and set n* = n(-,hk), k = 0,1,--- ,N — 1. Then, for large enough N, one has
nVN=t =n(-, (1 — +)T) = 0. Define two functions ny and dyny as

N
N—1 - N—-1 nk—i—l _ nk
NN = X [kh,(k+1)h) 1", gy = Z X[kh,(k+1)h) (t>T' (A.84)
k=0 k=0

Then, using 7 € C'(Q7), one can show that

nn — 0, in L2(0,T; H'(Q)), and Jmy — 9, in L*(Q). (A.85)
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Taking n* as the testing function, and summing the resultant with respect to k from 0
to N — 1 yields

N-1 N-1 N-1
h Z <vk+1 a + Z k+1 —h Z k+1 (A86)
k=0 k=0 k=0
Direct calculations yield
N-1 N-1
Z(Uk-i-l o Uk,nk) — ( N777N 1 'UOa Z nk _ ,r]k—l)
k=0 k=1
N-1 B 1
() — b D 0k
k=1
N-2 k+1 k
= o) —h S T (A7)
k=0 h
from which, noticing that n™ = nN~1 = 0, one obtains
N-1
S (W = ok ) = — (v, %) — h Z B+l = T, (A.88)
k=0
Thanks to the above equality, it follows from (A.86) that
N-1
7hz k+1 77 +hz k—i—l7 a:h2(9k+lank)+(U07no)- (A.89)
k=0

Recalhng the definitions of vy, g,y and Iy, one can verify that the above equality
is equivalent to

T B T
/0 (—(vn, OnN) + (vn, N ) a)dt = /0 (gn,smn)dt + (v, n(-,0)), (A.90)

from which by letting N — oo due to ny — 7 in L?(0,7; H'(R2)) and Jyny — On in
L?(Q7) one obtains

T ~ T
/ (— (v, 8m) + {v,m)a)dt = / (g.m)dt + (v0,1(-,0). (A.91)
0 0

Therefore, v is a weak solution to (A.53) fulfilling the estimate (A.81). Moreover, if
in addition vy € H'(Q), one has the additional regularities that v € L2(0,7; H?(Q)) N

(0, 7; HY()), and the estimate (A.83) holds. This proves the existence part of the
proposition, while the uniqueness can be proven in the standard way, see e.g. Ladyzhen-
skaya et al. [24].

We now prove that the weak solutions just established are strong ones and satisfy
the corresponding estimate, if vg € H'(2). Recall that, in this case, one has v €
L2(0,T; H2(2)) N L*>(0,T; H(R)), and (A.83) holds. Thanks to this fact, and notic-
ing that the equation in (A.53) is satisfied in the sense of distribution, one obtains
0w € L*(Q7), which, along with v € L%(0,7; H%(Q)) and g € L*(Q7), in turn implies
that the equation in (A.53) is satisfied, a.e.in Q7. Thus, recalling the estimate (A.83), one
obtains the desired L2(Q7) estimate for d;v, stated in the proposition. The regularities



42 SABINE HITTMEIR, RUPERT KLEIN, JINKAI LI, AND EDRISS S. TITI

v € L*(0,T; H?(Q)) and 9w € L*(Q7) imply v € C([0,T]; H'(Q)), from which, using
the weak formula of weak solution to (A.53), one can see that v(-,0) = vo. Hence the
initial condition is fulfilled. Thanks to the regularities of v, by integration by parts in the
weak formula of (A.53), one can further see that the boundary conditions are satisfied in
the sense of trace. Therefore, v is a strong solution to (A.53), and satisfies the desired
estimate. This completes the proof of Proposition A.3. g

Recalling (A.52), as a direct corollary of Proposition A.3, one obtains the existence and
uniqueness of weak and strong solutions to (A.39), which is stated in the following:

Corollary A.1. Given a positive time T € (0,00) and the initial data ug € L*(£). We
assume that (A.43) and (A.44) hold, and that f € L*(Qr). Set

My vl

Then, there is a unique weak solution to (A.39), satisfying

— HSOHLQ(O,T;H%(FZ L2(0.T-H (Ton) + ||8t<I>HL2(o,T;L2(aQ))- (A.92)

[wllzoe 0,7 22(02)) + Null 20,780 ) < CUIflIL2(@r) + ol z2(0) + Mo), (A.93)
for a positive constant C depending only on A and T .

Moreover, if we assume in addition that ug € H'(SY), then the unique weak solution is

a strong one, and satisfies

vl oo 0,700 () + 1Vl 2200, 7502 (02)) + 190l 220 ) < CUIf 27y + 1ol 1 () + Mo),
(A.94)
for a positive constant C depending only on Q, X\, T, the modulus of continuity of a,

lallzeo(ys 10zallpo(qys llallwrooqy and ||Bllwi.eoq)-
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