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The aim of this paper is to study a nonlinear stationary Stokes problem with mixed boundary
conditions that describes the ice velocity and pressure fields of grounded glaciers under Glen’s
flow law. Using convex analysis arguments, we prove the existence and the uniqueness of a weak
solution. A finite element method is applied with approximation spaces that satisfy the inf-sup
condition, and a priori error estimates are established by using a quasinorm technique. Several
algorithms (including Newton’s method) are proposed to solve the nonlinearity of the Stokes
problem and are proved to be convergent. Our results are supported by numerical convergence
studies.

1. Introduction

In this paper we consider a model problem that is commonly used by glaciologists to compute
the motion of glaciers. Ice is assumed to be an incompressible non-Newtonian fluid governed
by Glen’s law [1]. Glen’s law and the mass momentum equation lead to a nonlinear stationary
Stokes problem with a strain-dependent viscosity.

Glacier models based on Glen’s law have already been studied by several authors.
However, all of them have considered a simplified model, called first-order approximation
[2]. This model is obtained by rewriting the Stokes equations into a dimensionless form
and by dropping all terms of order O(e?), where € is the typical aspect ratio of glaciers.
This simplification results into a nonlinear elliptic problem for the horizontal velocity field,
the vertical component, and the pressure field being determined a posteriori. Colinge and
Rappaz first demonstrated the well-posedness of this problem and proved the convergence of
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the finite element approximation with piecewise linear continuous functions in [3]. Inspired
by the work of Baranger/Najib [4] and Barrett/Liu [5] on non-Newtonian problems, a priori
and a posteriori error estimates were obtained later in [6-8].

Unlike the first-order approximation, the original Stokes model which is considered
in this paper is a saddle point problem for the velocity and the pressure fields. We prove
the existence and the uniqueness of a weak solution using an equivalent minimisation
problem and an inf-sup stability condition. Next, we establish a priori estimates for a finite
element approximation using a quasinorm technique [5]. Eventually, we investigate several
successive approximation algorithms to solve the system nonlinearity. In particular, we
upgrade by using Newton’s method the fixed point algorithm, given in [3] and proved to
be convergent in [6, 9].

Boundary conditions describe the basal sliding phenomena that can significantly
influence the glacier ice flows. In [3, 6-8], the first order approximation model was coupled to
a Dirichlet condition. However, this approach requires the basal velocity distribution which
is unknown. To overcome this difficulty, several sliding laws—including a Coulomb-type
law—were considered in [10]. In our model, we use a sliding law that results in a nonlinear
Dirichlet-Robin boundary condition.

This paper is organised as follows: the physical model is presented in Section 2. We
prove the well-posedness of the weak problem in Section 3. In Section 4, we apply a finite
element method and establish a priori error estimates. Successive approximation algorithms
to solve the system nonlinearity are proposed and proved to be convergent in Section 5. In
Section 6, convergence studies are performed to support the results of Sections 4 and 5.

2. The Model

Let us suppose that ice occupies the domain Q C R4, with d = 2 or 3. Ice can be considered
as an incompressible non-Newtonian fluid with negligible inertial effects [11]. It follows that
the velocity u and the pressure p of ice solve the stationary nonlinear Stokes problem in £:

—-2div(pe(u)) + Vp =1,
@2.1)
div(u) =0,

where £(u) = (1/2)(Vu+Vu’) denotes the rate of strain tensor, y the viscosity of ice, and f the
gravity force. Here above, the viscosity u depends on |e(u)| := 1/(u) : £(u) and is defined by
the regularised Glen’s flow law [11]. More precisely, for a given velocity field u, the viscosity
 satisfies the following nonlinear equation:

i = <Tg“1 + (ﬁys)n_l), (2.2)

small regularization parameter which prevents infinite viscosity for zero strain (7p = 0 in
the original Glen’s law [1]). When n = 1, then the viscosity p is constant and (2.1) correspond

where s = |e(u)|, A is a positive parameter, n > 1 is Glen’s exponent, and 7p > 0 is a
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to the classical linear Stokes problem related to a Newtonian fluid. In the framework of
glaciology, n is often taken equal to 3; see [12].

Let us set the boundary conditions for the system of (2.1). Three mechanical
circumstances may occur at the boundary of a glacier: (i) no force applies on the ice-air
interface; (ii) ice slides on the bedrock-ice interface; (iii) ice is stuck to the bedrock-ice
interface. The boundary of Q is thus split into three parts: I'n;, I'z, and I'p, referring to
circumstances (i), (i), and (iii), respectively. We assume throughout that € is bounded, its
boundaries I'y and I'g, are C! and ' # (). We consider the free surface condition:

2ue(u) -n—-pn=0, on Iy, (2.3)

where n is the unit outward normal vector along the boundary of the domain Q. We apply
the nonlinear sliding condition [10, 13, 14]:

u-n=0, (2ue(u) -n) -ti=-au-t;, i=1d-1 on I, (2.4)

where {t;},_; ; ; are the orthogonal vectors tangent to the boundary I', that is, t; when d = 2
and t;, t, when d = 3. Here above, a = a(|u|) is the sliding coefficient that is given by

a(t) = ot + o)/, (2.5)

where t = |u| is the Euclidean norm of u, n is Glen’s exponent, ¢ is a positive parameter,
and ty > 0 is a small parameter which prevents infinite a for zero velocity. The no-sliding
condition writes

u=0, on I'p. (2.6)

Note that the conditions applied on boundaries I'y, I'z, and I'p are Neumann, Robin-
Dirichlet, and Dirichlet conditions, respectively. When n = 1 (Newtonian flow) and I'r = 0,
the problem (2.1) with boundary conditions (2.3), (2.6) has already been widely studied; see,
for instance, [15-17].

3. Existence and Uniqueness

In this section, we prove that there exists a unique weak solution to problem (2.1) with mixed
boundary conditions (2.3), (2.4), and (2.6). Pressure is first eliminated from the system by
restricting the velocity space to divergence-free fields. Afterwards, the reduced problem is
transformed into a minimisation problem. Following [3, 8], its well-posedness is proved by
using convex analysis arguments. The existence and the uniqueness of the pressure field are
ensured by an inf-sup condition. We now state in the next lemma several properties of the
function p that will often be used in Sections 3, 4 and 5.
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Lemma 3.1. For all s € R, there exists a unique p = u(s) € Ry satisfying (2.2). The function
s — p(s) is C*(0, +o0) and decreasing. There exist D1, Dy, D3, Dy > 0 such that:

D1 D2

(1+s+ t)l_l/" (s—t) <su(s) —tu(t) < m(s -t), Vs>t>0, (3.1)

Dy
(1+ s)l"l/"

D,
(1+ s)l"l/"’

<u(s) < Vs >0, (3.2)

%‘u(s) <u(s)+sp'(s), V¥s>0, (3.3)
((eDé —p(lnDn) : G —n) 2 Ds(L+ 1+ g —n) " Ple—n’, veneR™, (34

|u(Ehé - p(|n)m| < Da(t+ 12l + e —n) " Ve -n|, Ve neRr>. (3.5)

Proof. The properties of y and inequalities (3.1) and (3.2) can be easily deduced from
Lemmas 1 and 2 of [7]. Inequality (3.3) is obtained by differentiating (2.2) with respect to
s. Inequalities (3.4) and (3.5) result from inequality (3.1), Lemma 2.1 in [5] and inequality
(L/2)(1l + Inl) < 1él + 1§ =l < 2(|¢] + [n])- Details are given in [12]. O

Let us notice that property (3.1) was introduced by Barrett and Liu (see [5]) in order
to obtain a priori error estimates of a similar problem to the one treated in this paper. Define
the Banach spaces:

V.= {ve [Wl"(Q)]d, v=0on I'p, v-n=0 on FR}, Q:=L"(Q), (3.6)

where

1
r:=1+ﬁ, ri=n+1 (3.7)

are conjugate exponents and 7 is Glen’s exponent. By using (3.2), we have u(s)s < Cs"! for
all s > 0. Then, if u € V, we have pu(le(u)])e(u) € [L”(Q)]dx‘i. By using the trace inequality
VIl ey < IVIlwrer gy < Clivliwir ) for all v € [Wl'T(Q)]d, see [19, page 197], we obtain
(u-t;) € L'(TR), i = 1,d - 1. Similarly, we can show a(|u|)(u-t;) € L" (Tg), i = 1,d - 1. Owing
to Holder’s inequality, the mixed formulation of problem (2.1) with boundary conditions
(2.3), (2.4), and (2.6) that consists of finding (u,p) € V x Q such that

ZI p(lee(u) s e(w)dV + 3 f a(lu)(u-t;)(v-t)dS,
Q i=1,d-17Tr (3.8)

—J‘ p div(v)dV +J. g div(u)dV = J‘ g-vdV, VY(v,q)eVxQ
Q Q Q

is meaningful.
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Remark 3.2. 1f Ty = §, pressure p in (3.8) is defined up to a constant. In that case, Q = L" is
replaced by Q = L = {g e L", o gdV = 0}. Moreover, if n = 1, then r = 2 and p is constant
and if I'r = @, then the (linear) problem (3.8) is well posed; see, for instance, [15-17].

The next lemma states the equivalence of norms |||e(:)|||z- and || - ||y on space V.

Lemma 3.3 (Korn's inequality). IfTp #@and if 1 <y < oo, then there exists a constant C > 0 such
that

[vllwrr < Cllle()lr (3.9)

for all v.e W (Q) such that v.=0onTp.

Proof. We apply Corollary 4.1 in [18] (F being the identity matrix) and Lemma 3.1 page 40 in
[16]. O

We consider the divergence-free velocity space:
d
Viiy = {V € [W”(Q)] , div(v)=0, v=0on I'p, v-n=0 on FR}. (3.10)

In Vyiy, the pressure field p vanishes of the variational formulation (3.8). The reduced
formulation consists then of finding u € Vy;, such that

2 Lz u(le(u))e(u) : e(v)dV + i:§_1 LR a(lu)(u-t)(v-t)dS = Lz g-vdV, Vv e Vgy.
(3.11)

To transform problem (3.11) into a minimisation problem, we introduce the functional
1
J(u) == I M(le(u))dV + —I N(|u))ds —I u-fdv, (3.12)
Q 2 )y Q

where

X X

sp(s)ds, N(x) := .[0 ta(t)dt. (3.13)

M(x) ::f

0

The functional J is Gateaux differentiable, and its first derivative D], at point u € Vg, in
direction v € Vyiy, is given by

(DJ(u),v) =2 fg u(le(u))e(u) : e(v)dV + J‘r a(ul)(u-t;)(v-t)dS — fQ g-vdV.
i=1,d-17 1R
(3.14)

Clearly, any minimiser of J in Vg;y satisfies (3.11). We now establish several lemmas that allow
us to prove the existence and the uniqueness of this minimiser in Theorem 3.8. We show
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the continuity of J in Lemma 3.5, the strict convexity of | in Lemma 3.6, and the coercivity

(in the sense of (3.18)) of J in Lemma 3.7. The continuity of J requires the following result
(Lemma 4 in [3])

Lemma 3.4. Let O be a measurable set of R% and f, g € L (O), then one has the following inequality:

r r r-1
follfl = lgl"lav < rlllF1+ 18l o) If = 8ll e o) (3.15)

Lemma 3.5. The functional ] is || - |w1--continuous.

Proof. By using (3.2), (2.5),and 1 -1/n =2 —r, we have, for all u,v € Vg,

le(w)] r_ r
[ sutera e = |e(v)

le(w)]
IM(le(w)]) = M(le(v)])] = < le Sr'ldS' =Dy ,
le(v)] le(v)]
(3.16)
u| [ul T lol”
IN(Ju]) = N(|v])| = f ta(t)dt| < cf tldt| = ¢ Jal” = v .
vl vl
These two inequalities together with Lemma 3.4 imply the || - ||y1--continuity of J. O

Lemma 3.6. The functional ] is strictly convex on V.

Proof. Clearly, M'(s) = su(s) and M"(s) = sy'(s) + p(s). From (3.3), we have M"(s) = sp'(s) +
u(s) 2 (1/n)u(s) > 0if s > 0, and then M is strictly convex. Since M is an increasing function,
M(]-]) is strictly convex. In the same way, we can show that N (|-]) is strictly convex by using
(2.5). Let u,v € Vg satisfying u#vand 0 € (0,1). From Korn’s inequality (Lemma 3.3), we
have e(u) #&(v) in L". As a consequence,

f M(|ee(u)+(1—9)s(v)|)dv<ef M(|g(u)|)dV+(1—9)j M(ew))dV.  (3.17)
Q Q Q

The strict convexity of ] follows from the previous inequality and the convexity of N(|-|). O
Since | is convex, u € Vg, satisfies (3.11) if and only if J(u) < J(v), Vv € V.

Lemma 3.7. There exist two constants Dy, D, > 0 such that, forallu e V,

J(w) = Dillulfyy., — Do (3.18)

Proof. Letu € V. From (3.2) and 1 — 1/n = 2 — r, there exists Cy > 0 such that

le(u)]
M(|»s<u>|>zf0 (1%2 s

3.19
e@P/2 gy le(u)]? o G419
= S—dt > 5 Co(1 + |e(u)])" .

)
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As a consequence, there exist two constants Cy, C, > 0 such that M(|e(u)|) > C1(1 + |e(u)|)" -
C,. By using Korn’s inequality (Lemma 3.3), there exists C3 > 0 such that

f M(le()dV > Cs|lull,, —sz dav. (3.20)
Q Q

From Young’s inequality, we have, for all 6 > 0,

67‘

1 r r Cy r r
. < JES— —_— = — ry .
J-Q|u fldV < jg<r’6” If]" + p [u| )dV & L} dv + Cs6"||ull}. (3.21)

where C4, Cs > 0. We set 6 small enough such that C3 — 6"Cs > 0. From inequalities (3.20),
(3.21), and N > 0, we obtain

) = | (M(e)) - u-Hav+ | IN(u)as

T'r
(3.22)
r C r r
> Gs|lulljy, - CZI av - 6_74' dv — Cs6"||[ull}y 1,
Q Q
which is exactly (3.18) with D; := C3 — C56" and D, = (C, + C4/6r’) fQ dv. O

Theorem 3.8. There exists a unique u € Vgiy such that J(u) = inf{ J(v);v € Vqiy}. Moreover, u is
the unique solution of (3.11).

Proof. Clearly, there exists u € Vg, such that J(u) < +oo. Lemma 3.7 ensures the existence
of m = inf{J(v);v € Vay}. Let {u,} be a sequence of Vi, such that lim,_ . J(u,) = m.
There exists an integer K such that, for all v > K, we have m + 1 > J(u,). Owing to
Lemma 3.7, the sequence {u,} is bounded in V4;,. Since Vg is a closed subspace of V, Vg, is
reflexive. Consequently, there exist u € Vg, and a subsequence of {u,} (still denoted {u,})
that converges weakly to uin Vg;,. By Lemmas 3.5 and 3.6, ] is weakly lower semicontinuous;
see, for instance, Corollary II1.8 in [19] page 38. Then, we have

m =lim inf J(u,) 2 J(u) 2, (3.23)

and | possesses at least one minimum u € V. Since ] is strictly convex (Lemma 3.6), this
minimum is unique. Moreover, u is the unique solution of (3.11). O

Spaces V and Q are required to satisfy the inf-sup condition, see [5, 20], to ensure the
existence and the uniqueness of p € Q such that (u, p) satisfies the mixed formulation (3.8).
The inf-sup condition is proved in [15, 21] when I'p = 0Q (or, equivalently, I'n = I'r = 0).
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By following the proof of Proposition 5.3.2 in [22], we can easily generalise this result when
I'rUTN #0; see details in [12].

Lemma 3.9. Spaces V and Q satisfy the inf-sup condition; that is, there exists C > 0 such that

di av
C < infsuplo 444V

_ (3.24)
9€Q vev |||, 1vllr

Theorem 3.10. There exists a unique couple (u,p) € (V,Q) satisfying (3.8).

Proof. Although the result is a straightforward application of Theorem 2.1 in [20] together
with Theorem 3.8 and Lemma 3.9, we give all the arguments of the proof. Let A: V. — V'
and B: V — Q' be the operators defined by

(Au,v) = 2[9y(|s(u)|)£(u) te(v)dV + L a(ju)(u-t)(v-t)dS, YveV,
i=1,d-17/Tr
(3.25)

(Bu,q) = fg gdivudV, VgqeQ,

where V' and Q' are dual to V and Q, respectively. From Theorem 3.8, there exists a unique
u € ker B such that (Au—f,v) = 0 for all v € ker B, which means that Au—f € (ker B)". Owing
to the inf-sup condition (4.1), the operator B : V. — Q' is surjective, ker BT = §§, and R(BT)
is closed; see Lemma A.40 in [15]. As a consequence, Au — f € (ker B)* = R(BT) = R(BT)
and there exists p € Q such that Au — f = BTp. Since ker BT = {J, the pressure p is necessarily
unique. Eventually, there exists a unique couple (u,p) € V x Q satisfying

Au-B'p=f,
(3.26)
Bu =0,

or equivalently (3.8). O

4. Finite Element Approximation and A Priori Estimates

We assume that Q is a convex polygonal or polyhedral domain and T, is a regular mesh of
Q parametrized by h, the highest diameter of the elements of Cj,. We say that V;, ¢ V and
Qn C Q, some finite-dimensional approximation spaces on T, of V and Q, satisfy the inf-sup
condition if, for all k € (1, o0), there exists a constant Cj, > 0 such that

di av
Ch< inf sup e @ dvvwdV

4.1
s e o (D

e IVallwe



Advances in Numerical Analysis 9

The discrete problem is obtained by replacing the spaces V and Q by V}, and Qy, respectively.
It consists of finding (uy, pr) € (Vi, Q) such that

2 wletuneun) s ewndv+ 3 [ au- 6w 0)ds,
Q Tr

i=1,d-1
(4.2)
—J Pn diVVth +f qn divuth = f f- Vth, V(Vh, qh) € (Vh, Qh)
Q Q Q
The discrete similar space to Vg, is
Viivh = {Vh € Vi; J‘ qn div(vy)dV =0; Van € Qh} (4.3)
Q

Note that Vgiy j is not necessarily included in Vgiy. The discrete reduced problem consists of
finding uy, € Vgiy,» such that

i=

2 [ peben) semnavs 3 [ alub 0 0ds
Q 1,d-17 TR

(4.4)
= f g vth, Vvy, € Vdiv,h-
Q

Since Vv, is a closed subspace of V, Theorem 3.8 and the proof can be rewritten by replacing
Vdiv by Vdiv,h'

Theorem 4.1. There exists a unique up, € Vgiy such that J(up) = inf{J(vy); v € Vvl
Moreover, uy, is the unique solution of (4.4).

Remark 4.2. By setting vi, = uy in (4.4) and by using inequality (3.2), (2.5), and Korn's
inequality (Lemma 3.3), we can show that the solution uy, of problem (4.4) satisfies

ullwr- < Clifll (4.5)

where C > 0 does not depend on uy,.

From Theorem 4.1 and the inf-sup condition (4.1), we can rewrite Theorem 3.10 and
its proof for the discrete mixed problem.

Theorem 4.3. If V), and Qy, satisfy the inf-sup condition (4.1), then there exists a unique couple
(un, pr) € (Vi, Qn) satisfying (4.2).

Remark 4.4. The spaces [Py /Bulle]~P; and [P,]9~P; are two examples that satisfy the inf-sup
condition (4.1) while P; — P; does not satisfy (4.1); see [15].

The error analysis that follows is partly inspired from [5, 7]. We give a priori
estimates for the numerical approximation of the stationary Stokes problem in Theorem 4.9.
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For the sake of simplicity, we suppose I'z = §; that is, the boundary Robin-Dirichlet condition
is not considered; see also Remark 4.11. The nonlinearity of problem (3.8) is treated by
introducing (in Lemma 4.5) a quasi-norm that depends on the solution; see [5]. The orthog-
onality of the error (Lemma 4.6) together with properties (3.4) and (3.5) of the function
u allow quasi-norm estimates to be established in Theorem 4.7. The properties of the
quasi-norm given in Lemma 4.5 allow estimates with standard norms to be proved in
Theorem 4.8. Eventually, these estimates together with interpolation inequalities yield to the
main Theorem 4.9.

Lemma 4.5. Let (u, p) be the solution of (3.8); the application

el e’
Y ”'V'”'_M@<1+|e<u>|+|e<v>|>“dv (0

is a quasi-norm of V; that is, it satisfies all properties of norms, except homogeneity. Moreover, there
exists D1 > 0 such that, for all v € W (Q), one has

VI3 < DilL+ lullyyor + [Vl P2V, (4.7)

and there exists Dy > 0 such that, for all x € [r,2] and forall v € WX(Q), one has

IIvIII* < Daf[vlya- (4.8)
Proof. The quasi-norm properties are shown in Lemma 3.1 in [5]. Inequalities (4.7) and (4.8)
result from Korn and Holder’s inequalities; see details in [12]. O
By setting v = vj, € Vgiy; in (3.8) it is easy to prove the next lemma.
Lemma 4.6. Let (u,p) € (V,Q) be the solution of problem (3.8) and wuy, € Vg the solution of
problem (4.4), then

fgz(uue(ume(u) ~ (e (an)De(un)) : e(v)dV - fg divv)(p-g)dV =0  (49)

holds for all (v, qn) € (Vaiv,h, Qn). Moreover, if the spaces Vi, and Qy, satisfy the inf-sup condition
(4.1), then the solution (uy, py) of (4.2) satisfies

fQZ(yqs(u)Ds(u) ~ u(le(un)e(un) : (v)dV - fg divv) (p—pi)dV =0,  (4.10)

forall vi, € V.

Theorem 4.7. Let (u,p) € (V,Q) be the solution of (3.8) and uy, € Vg, the solution of (4.4). For
all (v, qn) € Vaiv,p x Qn, one has

llw = wnlll < DuL+ funlles + 1onlws 1272 = villl + lp - gull), (41D)
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where Dy > 0. Moreover, if the spaces Vy, and Qy, satisfy the inf-sup condition (4.1), then the solution
(up, pn) of (4.2) satisfies, for all x € [r,2] and for all g5, € Qp,

2 )
o < Da(lla =il + [lp - g,

[ ), (4.12)

where Dy > 0. The constants Dy, D, do not depend on wuy, and vy; however, D, increasingly depends
on (Cp) ™%

Proof. By using, respectively, the definition (4.6) of the quasi-norm [||- ||, inequality (3.4) with
1-1/n=2-r,and (4.9), there exists C; > 0 such that

- I < cl{ fQZ(ﬂ(Ie(u)I)E(u) ~ plle(un))e(un) :e<u—uh>dV}

=C IQZ(#(Iﬁ(u)I)s(u) - u(le(up))e(un)) : e(u - vy)dV

S ~~ g 4.1
- (4.13)

+f dive-wp-g)av
Q

- /
~~

IZAZ

where (v, gn) € Vdiv,n X Qn. For the sake of simplicity, A; and A, are handled separately. By
using inequality (3.5) with 1 —1/n =2 —r, there exists C, > 0 such that

|Aq] < L 2|p(le(w))e(w) = p(le(un)e(un) |le(u = vi)|dV

(4.14)
<G f e (u = wy)le(u = Vi)
T o (el + le(u—up))*T
By using the inequality (see Lemma 2.2 in [5] or (3.10) in [8]),
(I+a+t)“ts<a(l+a+t) P +a'(l+a+s) s,
(4.15)

Va,t,s >0, VYae(0,1], e€(0,1),
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with a = |e(u)|, t = |e(u —uy)|, s = |e(u—vy)|, and e = 2 — r, we obtain, for all a € [0,1],

A1 < Cof allju = wilIP +a”flu - vilIP}. (416)

We now use respectively Holder’s inequality, Young’s inequality, and (4.7); there exist
C3,Cy4,Cs > 0 such that

|Aa| < 1div(vi = w) - |lp = gnll,.

1 1
< §C3ﬂ||Vh — w5 + zﬁ "p - %”ir'

, (4.17)
_ _ 2
< Cap[1 + [fullwr + v = wnllyyer P llIve = wnll* + 567 lp = qull
2-r 2 2 1.4 2
< CspIL+ llanlls + 1Vl 1> (i = wal I+ e = vl ) + 587l = gn[7-
By setting a = 1/(4C,C1) and p =1/(4C5C1[1 + |Jup|lwrr + IVallwi- 1), we obtain
Ile = wp][I* < Cr{}Ar| + A}
1
< Sl = wnlll” + 4C5CElu = vl (4.18)

1 2 2 2
+ Z|||u—Vh||| +2C1Cs[1 + [upllwr + IVillwa 127 lp = gn 1 (@)

By moving (1/2)|||u—uy||[? to the left-hand side, we obtain (4.11). From the inf-sup condition
(4.1), we have, for all g5, € Qp,

Jo(qn —pn) div(vy)dV

C - ¢ < su 4.19
rllgn = pull, Vhe‘r/)h s (4.19)
From (4.10), we have, for all v, € V},,
J‘ diV(Vh) (qh - ph)dV
¢ (4.20)

- fgzws(ume(u) ~ u(leCun)e(un) : e(v)dV + fg div(vi) (g - p)dV.
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From (4.19), (4.20), and (3.5) with 1 - 1/n = 2 — r, there exist C4, C; > 0 such that

Cullan = pull
< sup |fo 2(u(le(@)De(u) - p(le(un)e(un)) : e(va)dV| + su | /o div(vi)(gn —p)aV|
VLEV), ||Vh||W1fK vLEV) ||Vh||W1f"

< Co{[|2(ple()De(u) = p(le(un))e(un))

)

1/«
s&{f (1+|e(u>|+|e<u—uh>|><””‘|e<u—uh>|"dV} +C|lqn - p
Q

o+l —p

L
1/«
<CCof [+ lel+lew=u))Dletu-wPav |+ Collan -l
Q
< Colllu=wnll*’* + Csllgn - pll .o

(4.21)
where Cg := [[(1 + [e(w)] + |e(u — up)]) " ?|e(u — up)[P¥||}2F < 1. Eventually, the previous
inequality together with ||p — prll;« < llgn — prlle + llp — gullre leads to (4.12). O

Theorem 4.8. Let (u,p) € (V,Q) be the solution of (3.8), and uy, € Vgiy ), the solution of (4.4). For
all (Vi, qn) € Vv x Qu and for all x € [r,2], assuming u € W*(Q), one has

2- /2
l[w = upllwir < D11+ [lupllwr + [1Valin] r(llu = Vulliyee + lp = an

v) (422)

where Dy > 0. Moreover, if the spaces Vi, and Qy, satisfy the inf-sup condition (4.1), then the solution
(up, pn) of (4.2) satisfies for all (vi, qn) € Vi x Qp and for all x € [r,2], assuming u € W (Q),

ot~ wlyss < Dot + faulhy + Ivalln 27 (e = vl + o - anll), 423)
_ <D 1 (2—7)/1(/
o= palle < D[+ laslyne + 9l
" (4.24)
{ (=il = aull)” + o=l .

where Dy, D3 > 0. The constants Dy, D>, D3 do not depend on uy, and vy; however, D, and Dj
increasingly depends on (Cp,)™".

Proof. On one hand, inequality (4.22) follows from inequalities (4.7), (4.11), and (4.8). On the
other hand, (4.23) follows from (4.22) and from the following property (see (1.16), page 115
in [16]): for all v € Vg, and for all wy, € V},, there exists vj, € Vg, , such that

IV = Vil < Cllv = Willyprs, (4.25)

where C depends on the inf-sup constant Cj. Eventually, (4.24) follows from (4.12), (4.11),
and (4.8). O
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Theorem 4.9. Assume that, for all x € [r,2], there exists a continuous operator sy, : [W“]d - Vi
that satisfies

d
l[u = 7 (W) [[yix < Chllullyer, Yue [WZ"‘] , (4.26)

and a continuous operator py, : W' — Qy, that satisfies

o <Ch|pllye, YpEW'™, (4.27)

lp = pu(p)

where h is the size of the higher diameter of the elements of Ty,. Assume that Vi, and Qy, satisfy the
inf-sup condition (4.1). Let (u,p) be the solution of problem (3.8) and let (uy,, py) be the solution of

problem (4.2). Assume that (u,p) € ([Wz"‘]d, W), where k € [r,2], then one has

Y¥/2 < DR*?, (4.28)

lw = wnllwer + (|lp = pall -

where D = D(|[ullwzx, ||pllwr, (Cr)™) > 0.

Proof. Apply (4.23) and (4.24) with v;, = 7r,(u) and g5, = pi(p). By using the continuity of sy,
(4.5), (4.26), and (4.27), there exist C1,C;,C3,C4 > 0 such that

la = wnllygr < Ci[1+ £l + e 17 (B2 + k) < Coh®/?,
(4.29)

/ (2/«") ’
Ip = palle < ClL+ 1+ ol 107 (072 ) ) < cotero),

The estimate (4.28) directly follows from (4.29). O
Remark 4.10. The combination [P/ Bulle]d — IP; for spaces Vj, and Qy, introduced in [23],
satisfies the assumptions of Theorem 4.9; see Lemma 4.20 page 190 of [15] for the inf-sup
condition (4.1) and [15, 16] for the interpolation inequalities (4.26) and (4.27).

Remark 4.11. If Tr #0, a similar analysis can be led by replacing the norm defined by (4.6) by

le(v)l” [v[?
— = d ————dS. .
v vl Ma (L + (@] + WD V+\UrR Tl (%30

5. Successive Approximations

In this section, several successive approximation algorithms are proposed for solving the
nonlinearity of the discrete problem (4.4) when n > 1. For the sake of simplicity, we suppose
I'g = @ in this section; see Remark 5.8. We present a unified scheme that contains the classical
fixed point method together with Newton’s method. The mesh Ty is fixed, and we assume
that the approximation spaces satisfy V;, ¢ V. N [W1'°°(Q)]d and Qy, € QN L*(Q). In what
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follows, || - || denotes an arbitrary norm of Vgiy 4. Since Vi is a finite-dimensional space, all
norms are equivalent. Let y € [0, 1]. We define

Vaivh  — Vdivh,
E: (5.1)

uy — Wy,

where Wy, € Vyiy ;, solves

1))

] ————(e(uy) : e(Wp, — up))(e(Uy) : €(vy))dV

f p(le (@) e () s<Vh>dV+2rf et ('(
= J‘ g Vth, Vv, € Vdiv,h-
. (5.2)

The application E is well defined. Indeed, by using, respectively, 4’ < 0, inequalities
(3.3) and (3.2), there exist C1, C, > 0 such that

H (|l (an)l)

~ N g N2
2G| (e(un) - (Wp))"dV

2J w(le(@n))) e (W) PAV + 2y
Q

22f p(le(@n))) e (W) AV -2y (1 —1/71)_[ p(le(@n)|) e (W) *dV (5.3)
Q Q

L 261 -y(1-1/m)
dv >C
T+ le(@in)ll )" Vﬂj le(Wp)[PdV > Ca|[Wi|%

As a consequence, the problem (5.2) is coercive. From the Lax-Milgram Theorem, see [15]
page 83, there exists a unique solution Wy, € Vg, of (5.2).

In what follows, uj, denotes the solution (4.4), which is also the unique fixed point of
E. Assume that uy, is given; we define iteratively a sequence uy, for all k > 1, by

up i1 = E(up). (5.4)

Our goal is to prove that up, converges to u, when k goes to the infinity. When y =
we obtain the classical fixed point method, widely used to solve the nonlinearity of Glen’s
law; see [6, 9, 14]. When y = 1, we have an additional term in (5.2) which corresponds to
Newton’s method; see Remark 5.5. The case y € (0,1) corresponds to a hybrid fixed point—
Newton’s method. The convergence of sequence uy, x requires several preliminary results. We
compute the first derivative of E in Lemma 5.1. Lemma 5.2 provides an upper bound of the
first derivative. Eventually, Theorem 5.3 states the linear convergence of up i by using the
Banach fixed point theorem. Theorem 5.7 states the second-order convergence when y = 1.
By differentiating formally (5.2) at point uj, in direction uy, with w;, = E(1i;,), we obtain the
following lemma.
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Lemma 5.1. Let (up,, Wy) satisfy E(Uy,) = Wy. The application E is Gateaux differentiable at point
uy, and its derivative is given by

B Vaiv,n = Vdivh,
DE(iiy) : - (5.5)
up — Wy,

where Wy, solves

# (e (un)])

=~ (e(ap) : e(ap))(e(Wp) : e(vy))dV
o le(up)l

2[ (e (@) D) : e(vi)dV +2
Q

(e(up) : e(un))

+ Y[z J‘Q l’l"(lg(ﬁh)|)|g(ﬁh)| - #,(lg(ﬁh”)

le (@) P

(e (Ein) : £( — ) (e (Ein) - s(vh»dV]

(5.6)
vl %(e(ﬁh) (W — ) (i) : e(vi)dV
ot ) %(e(am (W — ) () : e(vi))dV
+y 'ZJ‘ M(s(ﬁh) ce(wy —up))(e(uy) : e(vy))dV] =0,  Vvi, € Vgiwn-
2, e ‘

The problems (5.2) and (5.6) have the same coercivity properties to compute wy, (resp.,
wy,) from uy (resp., Up). As a consequence, the problem (5.6) is well-posed by the Lax-
Milgram theorem. To prove the convergence of the sequence uy,x, we look for a norm that
makes E a contraction at point uy,.

Lemma 5.2. Let y € [0,1], and let uy, be the fixed point of E. The application DE(uy,) satisfies

(1-y)(1-1/n)

IIDEil, < SR <1, 57)
where || I is the subordinated norm to | - Il := /[, w(leCun) Dle()PaV.
Proof. Since E(uy) = up, then (5.6), with @i, = u, and Wy = up, is rewriten as
[ nenea) : ewnav
e[| EED ) ) et etwav] 68)
e[ E D ) e ) eav] =
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for all vj, € Vyiy 5. From (5.8), ¢’ <0, and (3.3), we have

fg p(leCun) D) : e(va)dV < —(1-7) UQ ﬂ'<|s<uh>|>|s<uh>||s<ﬁh>||s<vh>|dV]

—YUQﬂ'<|s<uh>|>|s<uh>||s<wh>||s<vh>|dV]

) (5.9)
<(-n(1-3)|[. meonie@neemiav]
1 —
er(1- ) [], meople@elav]
By setting v, = wy, in (5.9), we obtain
— 2 1 — — 1 — 12
il < 1 -) (1= ) [ ptenple@le@ay +y(1- D) Iwil (610
From (5.10) and Cauchy-Schwarz’s inequality, we obtain
— e |0-na-/m] _
[Whll, < [m llanll, Wl (5.11)
Eventually, (5.7) follows from the definition of norm ||| - [[| .. O

Theorem 5.3. Let y € [0, 1], let Ty, be a given mesh of Q, and let || - || be a norm of Vgiy,n. There exist
6 > 0and C > 0 such that if ||upo — up|| < 6, then one has

k
(I1-y)1-1/n)
- < - .
i — il < C[ Ty | Moo il (5.12)
forall k >0, and uy, k. is linearly convergent to uy,.
Proof. From Lemma 5.2, the spectral radius of DE(uy,) is lower than constant:
1-y)1-1
(-na-1/m| (5.13)
1-(1-1/n)y

which is lower than 1. The theorem is then a direct application of the Banach fixed point
theorem in Vy;y . O

Remark 5.4. In Theorem 5.3, it should be stressed that 6 depends on h. When h — 0 (i.e., if
we replace uj, by u), we cannot ensure Theorem 5.3 to remain true. Nevertheless, in practise,
6 seems to be independent of h, see Section 6.
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When y = 1, we have DE(uy) = 0 from Lemma 5.2. It suggests that the convergence
of sequence uyx is quadratic. To establish the second-order convergence, we define, for all
Vi € Vdiv,n, the application F(-, vi,) : Vgivn — Rby

F (G vi) = 2[@ u(le@n))e(n) : e(vi)dV - fQ £-v,dV. (5.14)

Let ﬁh,ﬁh,ﬁh € Viiv,n- We compute formally the first-order derivative of ¥ at point u,
in direction uy:

(DF(Wp; vi), up) = 2J p(le(up))e(uy) : e(vy)dV
. (5.15)
# (le(@n)])

2| ——=
o le(un)l

(e(Up) - e(un))(e(un) : £(va))dV,

and the second-order derivative of & at point 1, in direction (ﬁh,ﬁh):

. = =\ _ we@nl) /. /= —
(D*F(tin; vi), Uy, Up) =2 5 W(«?(uh) : 6<uh>>(€(uh) 1 e(vy))dV

s f w (e @) ) le (@) — ' (le(@n)l)
Q le (@)

x (&) : () ) (e(@n) < (@) (e (@) : e(va))dV (5.16)

vo [ #Ue@OD (e (ﬁh> : e(ﬁh)> (e(iin) : e(vp))dV

o le(@p)]
+2 M(S(ﬁh) : E(ﬁh))<£<ﬁh> : dvh))dv'
o le(@p)]

Remark 5.5. If y =1, we have, from the definition of E (5.2), of ¥ (5.14), and of D¥ (5.15),
Wk = E(upi) &= F(ani; vi) + (DFUpi; Vi), Unier —unk) =0, Vvy € Vaivn,  (5.17)

which highlights Newton’s method.

Lemma 5.6. The following inequalities hold, for all ﬁh,ﬁh,ﬁh € Viiv

2 [ wte@ple@oray < (DFGwn,w), (5.18)
nJjo

~(D*F (@ W), W, Wy ) < fg<8|y'<|s<ﬁh>|>| 20 e ) ) e ) )| () [ e ) V2
(5.19)
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Proof. Inequality (5.18) follows from (5.15) and (3.3), while inequality (5.19) directly follows
from (5.16). Computational details are given in [12]. O

Theorem 5.7. Suppose y =1, let Ty, be a given mesh of Q, and let || - || be a norm of Vgiyn. There exist
6 > 0and C > 0 such that if ||upo — up|| < 6, then one has

lup, = W || < Cllup = wpkll?, (5.20)

forall k >0, and uy, i is quadratically convergent to uy,.

Proof. Owing to Theorem 5.3, there exists 6 > 0 such that if ||uyo — up|| < 6, then |||e(upi —
up)l|lr» — 0 when k — oo. As a consequence, there exists K; such that |||e(upx — up)||[r= < 6
for all k > K;. By writing the Taylor expansion of ¥ at point uy, , there exists tij x € Vgiy,, such
that

llle(@px = wn)lll- < lleCun —api)lll;- <6, (5.21)
F(up;vi) = Fuapi; vi) + (DF (Upi; Vi), up — p k)

, (5.22)
+5 <D2?(ﬁh,k;vh),uh —Upk, up — uh,k>-

Since uy, solves (4.4), then ¥ (uy; vi) = 0 in (5.22). By setting v, = uj, — up k41, we obtain, from
(5.22) and (5.17),

1 .
(DF(Up s Wp — Wpjes1), Up — Up ki1 ) = 5 <D2?(uh,k} Up — Up k1), Up — Up ke, Up — Upk >
(5.23)

Thanks to (3.2), there exists Co = Dy (1 + ||e(up)]| ;)" such that 0 < Cy < u(le(uy)]). As
a consequence, since ||le(upx — up)|llz» — 0 and ||le(tpx — un)||lL» — 0 when k — oo and
u € C*(RY), there exist C1, C, > 0 and K, > K such that, for all k > K5,

Ci < p(le(uni)l), (5.24)

(8] (le(@ri)D) | +2|p" (le (@)D |le(@nri)l) < Ca. (5.25)

By applying (5.18) with ti, = upx and uy, = u, — up k1 and (5.24), we obtain

G f le(up, = up 1) PAV < (DF (Wg; Wp = Wks1), W — Up st )- (5.26)
Q
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By applying (5.19) with 6y, = Uik, Uy = up — up k1, and ﬁh =uy — up, and (5.25), we obtain:

—<D29’5(ﬁh,k,‘ Up — Up k1), Up — Upk, Uy — uh,k> <G f le(up, — wp ) Ple(up — Wpps)|dV.
o

(5.27)

By combining (5.23), (5.26), and (5.27), we obtain
Co [ letun = wnea)Pdv < Co [ et - wi) Pl - w4V (5.28)
Q Q

By using Cauchy-Schwarz’s inequality and the equivalence of norms, there exists C3 > 0 such
that

e (wn = wni)llI72 < Callle(un = w72 lle un = wpges)|l2- (5.29)

Clearly, (5.20) follows from (5.29). O

Remark 5.8. If T'g # @, the nonlinear Robin-Dirichlet condition can be handled in the same way
as for the viscosity function. In that case, we modify the application E by adding

3 < L a([inl) (W - ) (Vi - 6)dS + 1 L “'('ﬁh"(ah-(Wh—ah»(ah-ti>(vh-ti>d5>

i=1,d-1 ||
(5.30)

to the left-hand side of (5.2). Theorems 5.3 and 5.7 can be easily extended to this case.

6. Numerical Results

In this section, numerical experiences are performed in two dimensions (d = 2) to validate
the results of Theorems 4.9, 5.3, and 5.7. An exact solution of the Stokes problem (2.1) in the
square Q = [0, 1]2 is considered in the pure Dirichlet case, that is, 02 = I'p. Let

wiogy = [ COTTEAD 2N o
' ~(x(1-2)°(y(1-y) (1 -20) ) o '

be a divergence-free velocity field that vanishes on the boundaries of Q. Let p(x,y) = xy —
1/4 be the pressure field such that [, pdV = 0. The right-hand side term f is deduced by
computing (2.1). The parameters involving in Glen’s law are n = 2, 7p = 0.1 bar and A =
0.1 bar 2 aL. Since n = 2, the function u defined by (2.2) is given explicitly, when s > 0, by

<\/ (A7) +8v2As — ZATO)
<4ﬁAs>

p(s) = (6.2)
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Numerical solutions are obtained after several successive approximations uy,k, as described in
Section 5. Each uy, i corresponds to a unique py, k. The algorithm is initialised by (uy,0, pro) =
(0,0). Each linearised problem is solved by using the finite element open source code
Freefem++; see [24]. As spaces V;, and Qj, we opt for the combination [IP;/ Bulle]d -7
that satisfy the inf-sup condition (4.1) and the interpolation properties (4.26) and (4.27); see
Remark 4.10. Six Delaunay unstructured regular meshes Tj of the square Q = [0,1]* are
generated with various resolutions h. Since the Dirichlet condition u = 0 is applied on the
whole boundary 0Q = I'p, a penalisation term is added in the variational formulation to
constrain the pressure average to be close to zero. For all norms || - ||, the error between u and
upk has two components:

lu—apill < llu—wapl + [[up —apkll, (6.3)

where uy, is the exact solution of the nonlinear discrete problem. The convergence of the first
component ||ju — uy|| with respect to h is the concern of Theorem 4.9, while the convergence
of the second component |lu, — uy k|| with respect to k is the concern of Theorems 5.3 and
5.7. Let k be an integer large enough such that u;, and u, 7 can be confused, that is, such that
lup =, zll < [lu - upl|. To check the convergence of the second component, we compute the
following error:

Lr

£ IVull '

||Vuh,E - Vuh,k
Ej =

(6.4)

where the norm || - |1 is evaluated by using the trapezoidal rule. For a fixed h, Theorem 5.3
states the linear convergence of E} that depends on constant (5.13) when y € [0,1) and the
quadratic convergence when y = 1. Three values of y are considered: y = 0 to test the fixed
point algorithm, y = 0.5 to test the hybrid method, and y = 1 to test Newton’s method.
Figure 1 displays E} according to k for each method: y € {0,0.5,1}, and for two different
meshes. The recorded orders of convergence are consistent with Theorem 5.3: Newton’s
method (y = 1) converges quadratically, the fixed point method and the hybrid method
(y < 1) converge linearly, and convergence is faster for bigger y and then smaller constant
(5.13). Newton’s method is especially very efficient: in our example, only 3 iterations are
needed against 8 for the fixed point algorithm to obtain the same accuracy of the numerical
solution. Figure 1 also shows that the convergence of E} with respect to k is not affected by
any mesh refinement, as noticed in [3]. Moreover, the addition of supplementary terms in the
Stokes system does not increase significantly the computational time for solving the linear
system with a direct method.
The estimate of Theorem 4.9 is now tested by computing the following errors:

. HVu—Vuh;HU ) ||P—Ph; o 65

PVl " el

E

We can change the regularity of u by changing the parameter 6 in (6.1) from 2 to 1.34. Indeed,
if 0 = 2, then u € C*(Q), while if 0 = 1.34, then u ¢ [W?%(Q)]?, but u € [W?"(Q)]?, where
r =3/2.In any case p € C*(Q). Figure 2 displays E}; and EZ with respect to h in both cases
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Figure 1: The error E}! with respect to k for each method (fixed point: y = 0, hybrid: y = 0.5, Newton: y = 1).
The error E} obtained with the coarsest mesh is displayed on (a) and the error E} obtained with the finest
mesh is displayed on (b).
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Figure 2: The errors E¥ and E, with respect to h with 6 = 2 (a) and with 6 = 1.34 (b). Regression straight
lines have been drawn from the last three points of each set of six recorded errors.

0 = 2 and 6 = 1.34. The estimate (4.28) anticipates E;; = O(h), EZ = O(h) if 6 = 2, and
EY = O(h¥/%), El = O(h'/?) if 6 = 1.34. In both cases, the observed order of convergence for E"
and EZ is close to one, which is greater or equal to the estimate. It suggests the nonoptimality
of estimate (4.28) in the nonregular case, as noticed in [7] for a comparable problem.

7. Conclusions and Perspectives

We have proved the existence and the uniqueness of a weak solution of a nonlinear
Stokes problem that describes the motion of glaciers. We have also proved the convergence
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of the finite element approximation and given a priori error estimates. New successive
approximation algorithms have been proposed to solve the system nonlinearity and have
been proved to be convergent. When implementing Newton’s method, both theoretical and
numerical studies have shown the efficiency of this method in comparison with the classical
fixed point method.

Two extensions of our work should be investigated in future research. First, a posteriori
estimates could be an aspect to be developed in order to implement an adaptive mesh
procedure. Second, the presented Stokes model could benefit from recent improvements of
the basal sliding description with Coulomb-type laws [10].
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