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Abstract

We present the analysis of advection-diffusion equations with random coefficients on mo-
ving hypersurfaces. We define weak and strong material derivative, that take into account also
the spacial movement. Then we define the solution space for these kind of equations, which is
the Bochner-type space of random functions defined on moving domain. Under suitable regular-
ity assumptions we prove the existence and uniqueness of solutions of the concerned equation,
and also we give some regularity results about the solution.
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1 Introduction

There is a growing interest in partial differential equations (PDEs) with random coefficients that are
used as model equations. These equations contain random variables that model parameters which
include some uncertainty. The uncertainty can come from intrinsic variability of the physical sys-
tem or when the input data of the real system are not completely known [15]. This work addresses
specifically parabolic PDEs with random coefficients which have been so far studied in several pa-
pers ([18], [19], [22]). Furthermore, these PDEs occur in many applications, such as hydrogeology,
material science, fluid dynamics, biological fluids etc.

All these papers have considered equations on some bounded fixed domain in R¢. Some of
these models can be better formulated on the moving domain, especially in biological applications
([16],[17]). However, there is no mathematical theory for PDEs with random coefficients on moving
surfaces and for this reason in this paper we consider this type of problem. The deterministic coun-
terpart for these equations, surface PDEs, have been introduced in [10] and then later developed in



[6], [13], [14], etc. Dziuk and Elliott have introduced the evolving surface finite element method for
PDEs on moving hypersurfaces ([5], [7]). Recently this topic has been generalized ([1], [2]) to a
more abstract level, i.e. to parabolic PDEs on any evolving Hilbert space.

The aim of this paper is to combine surface PDEs on moving hypersurfaces with PDEs with
random coefficients. More precisely, we wish to analyse the following advection-diffusion equation

0*u— Vr - (aVru) +uVrp-w=f

1.1
u(0) = g (D

where Vr is a tangential surface gradient, 0° is a material derivative and w = w,, + w.. is a velocity
field. Thus, besides the normal velocity, which is enough to define the evolution of the surface,
the surface also has an advective tangential velocity. Note that we assume the surface evolution to
be prescribed. In contrast to the deterministic case, a source function f and initial function u, are
random. The diffusion coefficient « is also random and uniformly bounded from above and away
from zero. Hence the solution u will also be a random function. The equation (1.1) models the
transport of a scalar quantity, e.g., a surfactant, along a moving two-dimensional interface [12]. The
surfactant is transported by advection via the tangential fluid velocity and by diffusion within the
surface. A natural next step would be to consider the case when « is a lognormal random field. This
model is widely used for the flow equation in porous media and has been considered on the fixed
domain, for example in [22]. Note that in this case the random field no longer satisfies uniform
coercivity w.r.t. w. The analysis of this case is left to future work.

Our goal is to prove the existence and uniqueness of a solution of the equation (1.1). Furthermore,
we will prove that for more regular input data, our solution will also have more regularity in its
material derivative. The main task is first to define properly the framework for the equation (choose
an appropriate Gelfand triple, precisely define the material derivative and a solution space), and then
prove the properties of this setting. This will enable us to apply the theorem of well-posedness of
the PDE on an evolving space in the abstract case given in [1].

The paper is organized as follows. We start the second section by setting up the notation, descrip-
tion of the hypersurfaces and assumptions on the evolution of the hypersurfaces. Furthermore, since
our spaces will have tensor structure, we briefly summarize without proofs the relevant material on
tensor products. In the third section we proceed with setting up the function spaces and defining
the material derivative. Moreover, we show that the framework from [1] is applicable. The Sec-
tion 4 contains the precise formulation of the problem and assumptions about random coefficients
and random source. Also, the proofs of the main results about existence, uniqueness and regularity
of solutions are given. In the final section we discuss possible extensions to this paper for further
research.



2 Preliminaries

Let (€2, F,P) be a complete probability space with sample space €2, a o —algebra of events F and
a probability P : F — [0,1]. In addition, we assume that L*()) is a separable space. We will
only consider a fixed finite time interval [0, 7], where T" € (0, co). Furthermore, we will denote by
D([0,T]; V) the space of infinitely differentiable functions with values in V' and compact support
in [0, 7.

2.1 Hypersurfaces

Let us first recall some basic theory about hypersurfaces and Sobolev spaces on hypersurfaces. For
more details we refer to [9] or [8]. We will assume that I" is a C? compact, connected, orientable,
n—dimensional hypersurface, embedded in R"™! for n = 1,2, or 3. For a function f : ' — R
which is differentiable in an open neighbourhood of I' we define the tangential gradient by

Vrf(z) :=Vf(z) =Vf(z) v(z)v(z) zel,

where v(x) is normal on 7, I". Note that V- f (z) is the orthogonal projection of V f(z) onto 7,.I" and
it depends only on the values of f on I' [8, Lemma 2.4]. Now we can define the Laplace-Beltrami

operator by
n+1
Arf(z)=Vr-Vrf(r)=> D;D,f(z) xze€T,
i=1
where Vi = (D,,...,D, ). Let us state the integration by parts formula for functions f €
CY(T; R™+1):

/Vr-fZ/f~Hu+ o @1
I T or

where 14 is the unit conormal vector and H is the mean curvature. Note that since we have assumed
that I' is compact, it has no boundary. Furthermore, we state Green’s formula

[ Vet Vrg= [ 19eg-n- [ i 2.2)
I or T
From (2.1) and (2.2), in the case when OI' = (), we can derive the following
[ #veg =~ [Vt = s1v)g 23)
r r

We will consider the Sobolev space on a hypersurface. We define L*(T") as usual, i.e. as a set of all
measurable functions f : I' — R such that

1/2
1l = ( / If(:c)P) .



We say that a function f € L*(T') has a weak derivative g; = D, f € L*(T'), i =1,...,n+ 1 if for
every function ¢ € C}(T') and every i it holds

/F Do = — /F boi + /F foHv.

Now, we can define the Sobolev space
HYT)={fe L*(T) | D;f € L*’(T),i=1,...,n+1}

with the norm

HfHHl(l“) = \/Hinz(p) + HVFfH%Z(F)'

We will consider the family of evolving surfaces {I'(¢)} for ¢t € [0, 7] which evolves according
to a given velocity field w. For each ¢ € [0, 7] we assume that I'(¢) satisfies the same properties as
I and we set [y := T'(0). We also assume the existence of a flow @ : [0, 7] x R"™ — R"*! such
that for all ¢ € [0, T its restriction ®Y := ®(¢,-) : Ty — ['(¢) is C2—diffeomorphism that satisfies

d
Lav) = wita()
where w : [0, 7] x R"™! — R"*! is the C*—velocity field that is uniformly bounded

|Vrw -w(t)] < C forallt € [0,T]. (2.4)

2.2 Tensor products

Since the function spaces which will be used later has tensor product structure, let us recall some
basic results about it. Let H; and H, be Hilbert spaces. The tensor product v, ® v, is defined as a
conjugate bilinear form:

(v1 ® Vo) (w1, wa) := (v1,w1)m, (V2, W2)

on Hy, x H,. Let S be the set of finite linear combinations of such tensor products. We can define
an inner product on S by

(V1 ® Vo, w1 @ wg) = (v1,w1) g, (Va, W2) (2.5)

and extend it by linearity to S. The tensor product Hy ® H, is the completion of S under the inner
product (2.5).

Theorem 2.1. The tensor space H; ® H, is a Hilbert space. If {e;};en and { fi }ren are basis of
Hilbert spaces H; and H», then {e; ® f;}, xen constitute a basis of H; ® Hs.



Proof. The proof can be found for example in [21]. ]

Theorem 2.2. Let (X, ;1) and (Y, v) be measure spaces such that L?*( X, i) and L*(Y, v) are sepa-
rable. Then, the following holds:

a) There is a unique isometric isomorphism
L*(X,p) @ L*(Y,v) = L*(X x Y, x v)

sothat f ® g — fg.
b) If H is a separable Hilbert space then there is a unique isometric isomorphism

L*(X,p) ® H= L*(X, i H)

so that f(z) ® ¢ — f(z)p.

Proof. The proof can be found for example in [21]. ]

3 Function spaces

3.1 Gelfand triple

In this section, we will define the basic Gelfand triple that will be used to define the solution space
for (1.1). For each t € [0, 77, let us define

V(t):=L*(Q,H'(T'(t))) and H(t) := L*(Q, L*(T(t))).

Then the dual space of V (¢) is the space V*(t) = L*(Q2, H '(T'(t))) where H'(T'(t)) is the dual
space of H'(T'(t)).

Since all spaces L*(€2), L?(T'(t)) and H'(T'(t)) are separable Hilbert spaces, using Theorem 2.2
we have:

LX(Q, HY(T(t))) = L*(Q) ® H'(I(t)) (3.1)
LX(Q, LX(T(t))) = L*(Q) ® L*(T'(t)) (3.2)

Remark. For convenience we will often (but not always) write u(w, ) instead of u(w)(z), which
is justified by the aforementioned isomorphisms.

Lemma 3.1. V(t) C H(t) C V*(t) is a Gelfand triple for every ¢ € [0, T7.

Proof. Since H*(T'(t)) is dense in L*(T'(t)), the proof follows from (3.1), (3.2) and [11, Lemma
4.34], using the density argument. [



3.2 Compatibility of spaces

In order to treat the evolving spaces, we need to define special Bochner-type function spaces such
that for every ¢ € [0, 7] we have u(t) € V(t). In general, if we have an evolving family of Hilbert
spaces X = (X (?)):e(o,17 the idea is to connect the space X (t) at any time ¢ € [0, 7] with some fixed
space, for example with the initial space X (0). We do that using the family of maps ¢, : X (0) —
X (t), which we call the pushforward map. We denote the inverse of ¢; by ¢_; : X () — X (0) and
call it the pullback map. The following definition is adapted from [1].

Definition 3.2. The pair {X, (¢;):cpo,17} is compatible if the following conditions hold:
e for every t € [0,7], ¢, is linear homeomorphism such that ¢, is the identity map
e there exists a constant C'y which is independent of ¢ such that

[oullx@y < Cxllullx@ forevery u € X(0)
[¢—ullx@ < Cxllullxq foreveryu e X(t)

e the map ¢ — ||¢,u| x4 is continuous for every u € X (0).

We will denote the dual operator of ¢; by ¢; : X*(t) — X*(0). As a consequence of the previous
conditions, we obtain that ¢; and its inverse are also linear homeomorphisms which satisfy the
following conditions

16: fllx=0) < Cx|If]
12 fllx-p < Cxllf]

x-@) forevery f € X*(t)

x=) forevery f € X*(0).

For the Gelfand triple L?(Q2, H'(T'(t))) C L*(Q, L*(T'(¢))) € L*(, H*(T'(¢))) we define the
pullback operator ¢_; : L*(Q2, L*(T'(t))) — L?(£2, L?(T'y)) in the following way:

(d_u)(w)(z) = u(w)(®(x)) forevery z € I'(0), w € Q.

Remark. Since we are interested only in the dual operator of ¢;
V*(t) — V.

v» we will denote it by ¢f :

The next step is to prove that (H, ¢(.y) and (V, ¢, |VO) are compatible pairs. The proof is similar
to the proof of [3, Lemma 3.2].

Let J2(+) := det Dr,®?(-) denote the Jacobian determinant, i.e. the change area of the element
when transformed from Iy to I'(¢). The assumptions for the flow ®? imply J? € C'([0,T] x Ty)
and that the field J? is uniformly bounded

1
7 S J)(x) < C; forevery x € Ty and for all t € [0, T], (3.3)
7

where C; is positive constant.



The substitution formula for integrable functions ¢ : I'(t) — R reads

/F(t)CZ/FO(CO®§)Jf: ot

Using the Leibniz formula for differentiation of a parameter dependent surface integral [5, Lemma
2.1] it can be shown [3, Lemma 3.2.] that

d
= 0-(Vr - w(t) . (3.4)

Lemma 3.3. The pairs (H, (¢;)) and (V, (¢t’VO)) are compatible.

Proof. First we will prove the statement for the pair (H, (¢;)). Let u be from L*(2, L*(T'(¢))). Then
we have

1
ol _ 2 <C 2
1% tu”L?(Q,m(ro)) /Q/F(t) [u(w)(y)] —Jf((q)?)‘l(y)) > JHUHL2(Q,L2(F(1&)))a

where we have used the substitution formula and boundeness of J?. It is clear that ¢_; is linear and
that its continuity follows immediately from the previous estimate. Since ®? is C?—diffeomorphism,
it follows that ¢_; is bijective and its inverse (the pushforward) is defined by

¢y o L*(Q, L*(Ty)) — L*(Q, L*(T'(1))), (¢w)(w,z) = v(w) o (®)) ().

Similarly as for ¢_;, we can prove that ¢, is well defined, satisfies the norm boundeness relation and
is continuous. Thus, ¢, is linear homeomorphism.

Since the probability space does not depend on time, the continuity of the map ¢ —||¢.u/| 20, L2 (0 1))
follows directly from [3, Lemma 3.3.] and the triangle inequality.

|)s let v € LX(Q,H'(T'(t))) and ¢ €
L3(2,C*(Ty)). Using the substitution formula and integration by parts on I'(¢) we get

In order to prove compatibility of the family (V, ¢,

/Q - ¢_v(w,x)Vrp(w, ) = /Q/F(t) 0(w, 2) (DB (2)) Vi (dep(w, 2)) 2, (x)
== [ [ sl aisw.a) o)
o Jr
— —/Q/FWtS(W,x) — Hovgp—_v(w, x)]|o(w, )+ Hovpd—v(w, z)p(w, x), (3.5)

where s is the function that we get from the partial integration. Note that s depends only on the
mean curvature and derivative of ®, which can be bounded independently of time and w. Thus,
Is()l 20y ns1y < Cllv(w) 1 (r@r))» where C does not depend on w and ¢. Furthermore, we get

sl 2. 20@yry < Cllvllz2.m )



Hence, using the estimate from the first part of the proof we get

Qv € LQ(Q, L2(F0)) and |]¢_tv||Lz(Q’L2(FO)) < C,”U||L2(Q7Hl(1"(t))). (3.6)

On the other hand, from the partial integration on hypersurface we get

/ ¢—v(w,x)Vrp(w, ) // w, z)(Vr(¢p_v)(w, z) + ¢p_v(w, z) Hovyp).
Fo FO
From the last relation and (3.5), since they hold for every ¢ € L*(Q,C'(Ty)), we get

Vr(p_w)(w,x) = ¢p_ys(w, x) — Hovo(d_v)(w, x). 3.7
For v € L*(Q, L*(I'(t))), we have already proved that ||¢_,v|| 120, r20r0)) < Crllv||lr2@,2(r)))-
Therefore, the following estimate follows
[ Hovo(¢—10)(w, @) L2@,12(m0)) < [Ho|Crl|v] L2220 (1)) -

Using the last inequality, (3.6) and (3.7), we get

[o—rvllL2@,m1(ro)) < Cvllvllv,

where Cy, depends on global bound on | Hy], ||0®;|| and [|0;;®;| with 1 <i,5 <n+1,t € [0,7]
and these bounds are deterministic and independent of time.

Similarly to the previous case, the continuity of the map ¢ — ||¢su|| 2(q, 11 (r(1))) follows from [3,
Lemma 3.3] and the independence of the probability space of time, which completes the proof. [

3.3 Bochner-type spaces

In this section, we want to define Bochner-type spaces of random functions that are defined on
evolving spaces. In order to strictly define these spaces we will ask that the pull-back of u belongs
to the fixed initial space V' (0). These spaces are a special case of general function spaces defined in

[1]:

Definition 3.4. For a compatible pair (X, (¢;);) we define spaces:

L% ¢={U¢[0,T]—>UX(t)><{t},tH(() 1o ()EL(O,T;Xo)}

te[0,7

13 :{fwaﬂ—»UX%wxﬁLm+U@¢MwﬁmeL%aﬂxm}

te[0,T

The spaces L% and L%. are separable Hilbert spaces ([1], Corollary 2.11) with the inner product
defined as

(o) = [ @O oO) s
. = [ 090w



By Lemma 3.3, the spaces L}, L}.. and L3, are well-defined. Since V' C H C V* is Gelfand triple,
using identification between L%/* and (L%/)* [1, Lemma 2.15] and by [1, Lemma 2.19] we get:

Lemma 3.5.
Lirumwy € Lizorrawy € Lizonro)
is a Gelfand triple.

3.4 Material derivative

We want to define a time derivative that will also take into account the spatial movement, i.e. the
material derivative for random functions. First let us consider the push-forward of continuously
differentiable functions:

Ch = {u e L | o_yu() € C'(0.T), L, H'(Ty))}.

Definition 3.6. For u € C{; the strong material derivative is defined by

W= ¢ (%¢—tu> .

By smoothness of I'(¢), for every w € €2 each function u(¢,w) : I'(f) — R can be extended to

a neighbourhood of |J T'(¢) x {t} € R™*2. Thus Vu(w) and u;(w) are well defined for every w.
te[0,T

Using the chain rule, for v € C‘l/ and y € I'y, we get

d d .
Soult) = lult, )
= ut(ta w, (I)?(y)) + Vu |(t,w,<1>g(y)) W(t7 CDg (y))

= ¢_u(t,w,y) + o Vult,w,y) - dt(W(t,y)).
Thus, we get the following explicit formula for the strong material derivative
W(t,w, ) = w(t,w,x) + Vu(t,w, x) - w(t, z), (3.8)
for every x € I'(t).

Remark. Note that the right hand side of (3.8) does not depend on extension, so it is irrelevant that
every extension (i.e. neighbourhood) will depend on w.

Just as in the deterministic case, it might happen that the equation does not have a solution if
we ask that u € C{,.. Hence, we want to define a weak material derivative that needs less regularity.
In addition to the case when we consider a fixed domain, we will have an extra term that will take
into account the movement of the domain. As usual in this setting, the idea is to pull-back the inner
product on L2(2, L*(I'(t))) onto the fixed space L2(€2, L2(T')). Which will be the bilinear form b.
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Furthermore, we define ¢ as a regular time derivative of this bilinear form. Thus, the extra term c in
the weak material derivative will be the push-forward of ¢ onto H (t) x H(t).

Let us define the bounded bilinear form b(¢, -, -) = L2(2, L*(Iy)) x L2(, L2(T'y)) — R for every
tel0,7):

B(t,uo,vo) = ¢tuo,¢tUO)L2(QL2((

// o e, )vo(w, 2) I (x).

Moreover, we define the map 6 : [0.7] x L*(2, L*(T'y)) — R that is the classical time derivative of
the norm on L2(2, L*(T'(t))):
d 2 2 2
0(t, uo) := %WWOHB(Q,L?(F(Q)) Vug € L7(§2, L*(I)).
Lemma 3.7. a) The map 6 is well defined and for each ¢ € [0, T'] the map
ug = 0(t,ug)  up € L*(Q, L*(Ty)) (3.9)

is continuous.
b) For every ¢ € [0, T'] there exists deterministic constant C' that is independent of time such that

|0(t, uo + vo) — O(t, uo — vo)| < Cllugllr2a,2ropllvoll 20,20 -

Proof. a) Using the substitution formula, the formula (3.4) and the assumption (2.4) we get:

e(t’ UO) B /Q/F(O) (uo(wa x))ng,t(Vr(t) ) W(tv x))JE(.%)

= /Q /F (t)(cbtUo(w’ 2))* Ve - w(t, )

< Cllgauoll 2,2y
Hence, 6 is well-defined. In order to prove continuity of (3.9) note that u € L?*(2, L*(T'y)) implies
u? € L'(Q, L' (Ty)). This implies that if u,, — w in L?(2, L*(Ty)), then u? — u? in L'(Q, L' (Ty)).
Now continuity follows from:

16(2,un) = 0(t, u)| < /Q [un (w, @) — u?(w, )| ¢-e(Vr - W(t, 7)) T} (z)]
1)
S CHUEL — u2||L1(Q,L1(F0)) — 0.
b) Using the Cauchy-Schwarz inequality, (3.3) and (3.4) we get the estimate:
d ~
|49(t7 Ug + U()) — Q(t, Ug — Uo>| = ||4—b(t Ug, ’U())H

- 4|//F0uowwvoww)i=ff( z)l

C (uo, v0) |z2(@,2(ro))

IN

< Clluol| L2@,z2ropllvoll 2o, L2re))- O
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Now we can define the bilinear form é(¢; -, -) : L*(Q2, L*(T)) x L*(£2, L*(T'y)) — R as a partial
time derivative of b:

&t g, v) = 8 5t 00, v0) = i(&(t o + vo) — O(t, g — v0))

// uo(w, 2)vo(w, 2)d—t (Ve - W(t, x))JP (z).

1)

From [1, Lemma 2.27] it follows that for every u,v € C*([0, T; L*(£2, L?*(T'y))) the map
t = b(t; u(t), v(t))

is differentiable in the classical sense and the formula for differentiation of the scalar product on
L2(Q, LA(T'(t))) is

%E(t; u(t), v(t)) = b(ts ' (t), 0(t)) + b(ts u(t), v/ (1)) + &(t; u(t), v(t)).

We will generalise this result in Section 3.5, to less regular functions u and v.

Now we can define the extra term that appears in the definition of the weak material derivative.
As we have already announced, we pull-back the functions on I'(0) and apply bilinear form ¢ on
them. More precisely, we define the bilinear form c(¢; -, -) : L*(Q, L*(T'(¢))) x L*(Q2, L*(T'(t))) — R
by

c(t;u,v) == ¢(t; d_yu, d_4v) = / / u(w, 2)v(w, 2) (Vg - w(t, z)).
QJT(t)
Lemma 3.8. For every u,v € L?,, the map
t— c(t;u(t),v(t))
is measurable. Furthermore, ¢ is bounded independently of ¢ by deterministic constant:

lc(t;u,v)| < Cllul| 2,20y vl 2@, L2 0w))-

Proof. From Lemma 3.7 it follows that we can apply a corollary of [1, Lemma 2.26], which proves
the Lemma. u

Now we can define the weak material derivative.

Definition 3.9. We say that 9*u € L. is a weak material derivative of u € L}, iff

| @m0 = = [ i@ = [ ettutenm)

/// u(t,w, x)n(t,w,x) ///r(t u(t,w, z)n(t,w, x) Ve - w(t, x),

holds for all n € Dy(0,T) = {n € L% | ¢_yn(-) € D((0,T); L*(Q, HY(Ty)))}

Note that it can be directly shown that if it exists, the weak material derivative is unique and
every strong material derivative is also a weak material derivative.
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3.5 Solution space

We will ask for the solution of the equation (1.1) to be in the space L? and also to have a weak
material derivative. Hence, we define the solution space as:

WV, V*):={uec L} | 0°u € L}.}.

In order to prove that the solution space is Hilbert space and also that it has some additional prop-
erties, we will connect it with the standard Sobolev-Bochner space for which these properties are
known. Thus, let us define the following space:

W(Vo, Vy) = {u € L*(0,T; L*(Q, H'(Ty))) | u’ € L*(0,T; L*(Q, H ' (T)))}-

The space W(Vj, V) is Hilbert space with the inner product defined via:

(u, Vi) == /0 ! /Q (ult, w), 0(t,w)) s ) + /O ' /Q ( (£, ), o' (£, @) 5-100)-

We will use that the embedding
D([0,T]; Vo) € W(Vo, Vi) (3.10)

is dense. More properties of this space can be found for example in [3, Lemma 2.2].

We want to show that the previous two types of spaces are connected in a natural way, i.e. that
the pull-back of the functions from the solution space belong to Sobolev-Bochner space and vice
versa. In addition, we also have the equivalence of the norms. First we will prove the technical result
which is similar to [3, Lemma 3.6.].

Lemma 3.10. Let w € W(V,, V) and f € C'([0,T] x ['y). Then fw € W(V;, V) and

(fw) =0 fw + fu', (3.11)

where (fu', @)LZ(Q,H*(F)),L%Q,Hl(F)) = (w', f@)LZ(Q,H*(F)),LQ(Q,Hl(F)) :

Proof. We will first prove the Lemma for ¢ € D([0,T], L*(Q2, H'(T))). From the proof of [3,
Lemma 3.6] it follows that f € C'([0,T] x Ty) implies

f€c(0,T],C*(Iy)) and f € C'([0,T],C(Iy)). (3.12)

In order to prove that fo € L*([0,T]; L*(Q2, H'(T))) we can treat deterministic function f as
a random function that is constant in w. More precisely, if we define the function f (t,w,z) =
f(t, x), from (3.12) it follows f € C([0,T], L*(Q,C"(Iy)). This can be strictly shown by defining
the function g : C(Ty) — L*(Q,C(Ty)), g(f)(w,x) := f(z). Note that g is linear and thus a C*®
function and also that for every t we have g(f(t)) = f(t).
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It is then clear that we have
feec([0,T], L*(Q, H'(T'p))) N C'([0,T], L*(€, L*(T'y)))

which implies fo € L2([0, T]; L*(Q, H'(T'y))) and hence, fo € L2([0,T); L*(2, H(Ty))).
It is left to prove that formula (3.11) is valid. We will prove this using the characterisation of the
weak derivative ([1, Theorem 2.2]) and partial integration ([1, Lemma 2.1(3)],) we get

T T
/0 (fu', 90>L2(Q,H—1(r)),L2(Q,H1(F)) = _/0 (w, (f%f’)/>L2(Q,H1(r)),L2(Q,H—1(r))

T T
/
= —/0 (O fw, 90>L2(Q,H—1(r)),L2(Q,H1(r)) - /0 (fw,p >L2(Q,H—1(r)),L2(Q,H1(r)) :

It follows

T T
/O (fw, &) 12.200)) = /0 (Oufw+ fu', ) 2o a1y 2@ () o

ie. (fw) = 0,fw + fw'. Using the density result (3.10) we can approximate every function fw
by continuous L*(Q2, H*(T'y))—valued functions and conclude fw € L*(Q, H'(T'y)). The similar
argument implies that (fw)’ € L*(Q2, HY(Ty)). O

Corollary 3.11. If 7} : L*(Q, L*(Ty)) — L*(Q, L*(Ty)) is defined as Tyug(w, ) := uo(w, x)JP (),
then it holds:
u e W(V, Vy) if and only if T yu(-) € W(Vp, Vi). (3.13)

Proof. Apply Lemma 3.10 to the functions f = J(Q) and f = -, which are both from the space

0
I0)

CY([0,T] x Ty). ]
Theorem 3.12. The following equivalence holds:

v e W(V,V*) if and only if ¢_(yv(-) € W(Vp, Vi), (3.14)
and the norms are equivalent

Cillo—yv()llweevy) < lvllweye < Callo—v()lwo.vy)- (3.15)

Remark. Following the notation from [1], we say that there exists an evolving space equivalence
between the spaces that satisfy (3.14) and (3.15).
Proof. Let us define for every t € [0, 7] amap S(t) : Vi — V;* by

~

Stu(w, x) == u(w, z)J7 (z).

Note that since J is bounded independently of ¢ and has an inverse, this implies that S (t) has an
inverse, and both S(t) and S~'(t) are bounded independently of ¢. Furthermore, from the uniform
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bound on J? we have that S(-)u/(-) € L2(0, T; Vi) foru € W(Vp, V). In the end, using the product
rule (3.11), we get

(Teu(t) = (JPu(t)) = é-(Vrq - w(t))JPu(t) + P/ (t) = S(t)u' (1) + C(tyu(t),

where T} is defined in the previous corollary and C'(t) : L*(Q, L*(Ty)) — L*(Q, L*(Iy)) is defined
as O(t,w,x) = O—(Vrw - w(t)JP(z), ie. < C(t)ug, vo >:= &(t;ug, vo). Thus, using in addition
Corollary 3.11, we can apply [1, Theorem 2.32.], which yields that there exists the evolving space
equivalence between W (V, V*) and W(Vj, V). O

Corollary 3.13. The solution space W (V, V*) is a Hilbert space with the inner product defined via

(u,v)yv = / / Hl(r () / /8. () H-Y((t))-

More properties of the space W (V, VV*) can be found in [1].
We have shown how to differentiate the inner product of functions from C}; on H(t) = L*(Q, L*(T'(¢))).
We can generalize this result to functions from the solution space.

Theorem 3.14. (Transport theorem.) For all v, v € W (V, V*), the map

t = (u(t), v(t)) 20,200
is absolutely continuous on [0, 7] and

). o) = @ u(t) 00 gy + @00 00y + el u0). 00, B16)

for almost all ¢ € [0, T7.

Proof. The proof is based on the density of the space Dy [0, 7] in the space W (V,V*) and the
transport formula for the functions from C}{. For a detailed proof, we refer the reader to [1, Theorem
2.38.]. O]

4 Existence, uniqueness and regularity of solutions

4.1 Formulation of the problem
We want to consider the following equation

O*u— V- (aVru) +uVr-w=f in L.

4.1
u(0) = uo. @D

Let us state assumptions for the initial data that we need in order to prove the existence and unique-
ness of the solution. The initial value ug belongs to L?(€2, L?(Ty)). For the source term we assume
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f € L%.. Moreover, a : Q X G — R is assumed to be a random F x B(Gr)—measurable function,
where Gy is the space-time surface G := |J, I'(¢) x {t}. Furthermore, we assume that the diffusion
coefficient « is bounded and uniformly coercive in the sense that there are constants &,in, Qmaz
such that

0 < Qin < (W, 2, 1) < Qpar < 00 ae. (z,t) € Gr 4.2)

holds for P—a.e. w € (.

Remark. As we have mentioned in the introduction, one could consider the case with weaker
assumptions for the coefficient cv. A frequently studied case is when « is a homogeneous lognormal
random field. More precisely, let a(w,r) = e9“*) be a lognormal homogeneous random field,
where ¢ is a mean-free Gaussian field. We can define oy, (w) = minga(w, ) and oy (w) =
max,«(w, ) and these random variables satisfy cuyin, max € LP(€2), p > 1. The proof of this result
can be found for example in [20]. Thus, it follows from [5] that for all w € (2 there exists a unique
solution. What is still lacking is the regularity of the solution w.r.t. w, but this result requires a more
thorough investigation.

Definition 4.1. We say that u is a weak solution of (4.1) if it satisfies the initial condition u(0) = ug
andu € W(V,V*)and a.e. in [0, T:

(0%u(?), U)LQ(Q,H—l(I‘(t))) L2(Q,H(T / / (t)Vru(t) - Vru

+ /Q /F(t) U(t)UVF -W = <f(t)7 U>L2(Q,H_1(F(t))),LQ(Q7H1(F(t))) ,

for every v € L*(Q2, HY(T'(1))).

4.3)

In order to simplify the notation we define the bilinear form a(¢;-,-) : V(t) x V(t) — R by

a(t;u,v) == / / a(w,z,t)Vru(w, z) - Vio(w, ).
QJr()
Let us state some of the properties of the bilinear form a.

Lemma 4.2. The map
t — a(t;u,v) 4.4)

is measurable. Furthermore, there exist positive deterministic constants C', C, and Cj that are inde-
pendent of ¢ such that

a(t;v,v) > Cl”UH%%Q,HI(r(t))) _C2HUH%2(Q,L2(F(t)))7 (4.5)
la(t;u,v)] < Csllull2.m oy vl z2@.m @) (4.6)
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Proof. The measurability of (4.4) follows directly from Fubini-Tonelli theorem. Moreover, the as-
sumption (4.2) directly implies

a(t;v,v) > OémmHVFUHLQ(Q,LQ(F))’

thus we can take 'y = C'y = ;.. Using again (4.2) and the Cauchy-Schwarz inequality we get
that C's = a0zt

|// a(w,z, t)Vru - Vru| < Olmax|<VFU,VFU>L2(Q,L2(FU)))|

o Jre
< s || Vet 22,2 [ Vol r2,c2 )
< maellull 2 m ey IVl 2@ @) O

4.2 Existence and uniqueness

Developing all the necessary results, we can now formulate the theorem about the existence and
uniqueness of a solution of the equation (4.3).

Theorem 4.3. Under the aforementioned assumptions on f € L}., the diffusion coefficient o and
ug € L*(Q, L*(Ty)), there exists a unique solution u € W (V, V*) satisfying (4.3) such that

[ullwovye < Clluollm + [1f1l22.)

where V' = (V(t))teo,r) is the family of spaces V(t) = L*(Q, H'(I'(t))), V* is the family of
corresponding dual spaces and Hy = L?(Q, L*(T)).

Proof. Lemma 3.3, Theorem 3.12 and Lemma 4.2 imply that we can apply [1, Theorem 3.6] about
the existence and uniqueness of the solution of the parabolic PDE on an abstract evolving space.
The main idea of the proof of [1, Theorem 3.6] is to use the Banach-Necas-Babuska theorem. This
proves the theorem. O

4.3 Regularity

Let us now assume more regularity of the input data. More precisely, let f € L2, and uy € V. We
will prove that in this case we also have more regularity for the solution, i.e. its material derivative.
Before we state this result, we will prove some technical results.

First we define the solution space for the case when the solution has more regularity:

Definition 4.4. We define
W(V,H) :={u € L} |0% € L%}.

Lemma 4.5. There is an evolving space equivalence between W (V, H) and W(Vy, Hy) = {v €
L2(0,T5 L*(Q, H'(T'o))) [ v" € L*(0, T; L*(2, L*(T))) }-
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Proof. Since The Jacobian J} is uniformly bounded, both in time and space (see 3.3), applying [1,
Theorem 2.33] on the restriction S (t): Hy — Hj of the map defined in the proof of Theorem 3.12,
we prove the lemma. ]

Corollary 4.6. W (V, H) is a Hilbert space.

If ug € Vo and f € L2, the Deﬁnition 4.1 of the weak solution transforms to:
Find v € W(V, H) such that «(0) = uy and a.e. in [0, T

J:
/ / (0*u(t), 0) s 0oy + / / () Vru(t) - Vio + / (Ve - w(t) = / fo, (4.7)
QJI() I(t) QJT(1)

for every v € L*(Q, H'(T'(t))

Lemma 4.7. There exists a basis {x}en of Vo = L*(Q, H'(T'y)) and for every ug € Vj there
exists a sequence {uox } xen such that uor € span{x?,..., x%} for every K, such that
Ugx — Ug 1N VE)
[wox |, < llwoll o
[uox[lve < [luollve-

Proof. Since H'(Ty) is compactly embedded in L?(Ty), there exists an orthonormal basis {w,, } in
H'(Ty) such that {)\,}1/ *wy, } is an orthonormal basis of L2(I'y) where

(w, W) L2(ry = )\;Il(u,wm)Hl(p) Yu e HY (). (4.8)

On the other hand, since L?(€2) is separable, it has an orthonormal basis {e,, }. It follows by Theorem
2.1 that {w,,e,} is the orthonormal basis of L?(2, L?(T'y)) and {\"*/?w,,e, } is the orthonormal
basis of L?(Q, H'(Ty)). Let ug € L*(Q, H'(Ty)) be arbitrary. Then, (4.8) implies

(U0, €nWim) £2(0,12(T)) = Ay (W05 €2 Wi ) 200,11 (T)) - 4.9)
Thus we have
Uy = Z(anenwm)m(Q,LZ(ro))enwm

= Z(Uo, enwm)p(gﬂl(po)))\;}enwm.

m,n
Now we can define
— _ )\—1
UK = (U, 671u}’r71)L2(§Z,L2(I‘()))€nu}77’b - (U, 6nu}m)LQ(Q,Hl(Fo)) m EnWm,
n=1,..., Nk n=1,..., Nk
m=1,..., Mk m=1,..., Mk

where the last equality follows from (4.9). We choose M}, and Ny such that they both converge to
00, as K — oo. Defined like this, ugg satisfies the conditions from the Lemma. ]
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If we write X’ := ¢,(x?), where {x?};cn is a basis of V;, then by [1, Lemma 5.1] it follows that
X] X] 747
{X}jen is a countable basis of V(£). Now we define the space

Cy o= {ulu(t) = a;(t)x},m € N,a; € AC([0,T)) and o; € L*(0,T)},

=1

where AC([0, T7) is the space of absolutely continuous functions from [0, 7).

For improved regularity of the solution, we will also need the following assumption on the mate-
rial derivative of the random coefficient a. More precisely, we assume that there exists a determin-
istic constant C' that does not depend on time such that

@l < ¢, (4.10)

where « is a strong material derivative. Thus, in order for this assumption to make sense and be

satisfied, it is sufficient to assume a(w, -, -) € C(Gr), P—a.e..

Lemma 4.8. a) The map
t a(ty(t), y(t))
is an absolutely continuous function on [0, T’ for all y € 0‘1/
b) a(t;v,v) > 0forallv € V().
c)

Salty(0) 9(0) = 2a(t:9(0), 0" (1)) + (5 9(0) Wy € O,

where the derivative is taken in the classical sense and r(t;-) : V() — R satisfies
r(t0)| < Cilloly Vo € VD).

Proof. The part b) follows immediately from the assumption (4.2). In order to prove parts a) and c),
let us first take n € C7F. Since the probability space {2 does not depend on time, it does not have any
influence in taking time derivative, thus the analogue transport formulae from the deterministic case
(that can be found in [7]) still hold in our setting. By applying formula to the bilinear form a(t; -, -)

2 / / aVrn - V() + / / 4|Vl
Q Jr@) o Jr)
+ // OZ|VFT]|2VF'W—// 2a.Dr(w)|Vrn|?
o Jr) o Jr@)

= 2a(t;n,0°n) + r(t;n),

we get:

altn(t), n(r)

where (Drw(t));; := D;w'(t) and

r(t;n(t)) = /Q/F( | &|Vrn|? + a|Vrn*Vr - w — 2aDp(w)| V|2
t
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By the similar arguments as in [2, Ch. 5.2], which are based on the density result of space
Cy’ in CN’%/, we can conclude that the previous formula is true also for every function 1 € (j‘l/
Furthermore, the boundedness of r(¢; -) follows directly from the assumptions about the velocity
(2.4) and assumption (4.10). This proves c). It remains to prove the part a). This claim follows
directly from the previous calculation, which implies that both the function [, [;., a(t)|Vrn(t)[?
(w.r.t. time) and its time derivative, are in L' (0, T'). O

Theorem 4.9. Under general assumptions on the diffusion coefficient «, assumption (4.10) and
in addition f € L% and uy € Vj, the unique solution u of (4.7) satisfies v € W (V, H) and the
following estimate holds

lullwv.my < Clluollve + [1£1l22,)-

Proof. From Lemma 4.2, Lemma 4.7 and Lemma 4.8, it follows that we can apply the general [1,
Theorem 3.13] about regularity of the solution of parabolic PDEs on evolving space, which implies
the theorem. O]

5 Outlook

Although we have stated and solved the problem of finding the unique solution of advection-
diffusion PDE with random coefficients on a moving hypersurface, only the continuous case has
been discussed. The next step is to consider the numerical approximation of the solution of the
equation. More strictly, since the solution is a random variable, we are interested in a numerical
approximation of the expected value of the solution. One approach for discretization in space would
be to use the evolving surface finite element method from [5], for which we approximate the hyper-
surface by an evolving interpolated polyhedral surface. In order to deal with uncertainty, one could
use the Monte Carlo method which approximates the expected value. The goal would be to find the
error estimate for this approximation. These results are subject of ongoing research and a paper is
in preparation.
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