Manuscript submitted to doi:10.3934 /xx.XX.XX.XX
AIMS’ Journals
Volume X, Number 0X, XX 200X pp. X—XX

OPTIMAL CONTROL OF MULTISCALE SYSTEMS USING
REDUCED-ORDER MODELS

W. ZHANG, J.C. LATORRE, G.A. PAVLIOTIS, AND C. HARTMANN

ABSTRACT. We study optimal control of diffusions with slow and fast variables
and address a question raised by practitioners: is it possible to first eliminate
the fast variables before solving the optimal control problem and then use the
optimal control computed from the reduced-order model to control the original,
high-dimensional system? The strategy “first reduce, then optimize” —rather
than “first optimize, then reduce”—is motivated by the fact that solving op-
timal control problems for high-dimensional multiscale systems is numerically
challenging and often computationally prohibitive. We state sufficient and nec-
essary conditions, under which the “first reduce, then control” strategy can be
employed and discuss when it should be avoided. We further give numerical
examples that illustrate the “first reduce, then optmize” approach and discuss
possible pitfalls.

1. Inmtroduction. Optimal control problems for diffusion processes have attracted
a lot of attention in the last decades, both in terms of the development of the
theory as well as in terms of concrete applications to problems in the sciences,
engineering and finance [20, 39]. Stochastic control problems appear in a variety
of applications, such as statistics [17, 16], financial mathematics [15, 53], molecular
dynamics [55, 28] and materials science [57, 6], to mention just a few. A common
feature of the models used is that they are high-dimensional and possess several
characteristic time scales. For instance, in single molecule alignment experiments,
a laser field is used to stabilize the slowly-varying orientation of a molecule in
solution that is coupled to the fast internal vibrations of the molecule, but ideally
the controller would like to base the control protocol only on the relevant slow
degree of freedom, i.e. the orientation of the molecule [56].

If the time scales in the system are well separated, it is possible to eliminate the
fast degrees of freedom and to derive low-order reduced models, using averaging
and homogenization techniques [51]. Homogenization of stochastic control systems
has been extensively studied by applied analysts using a variety of different math-
ematical tools, including viscosity solutions of the Hamilton-Jacobi-Bellman equa-
tion [8, 18, 1, 42], backward stochastic differential equations [11, 12, 31], Gamma
convergence [41, 46] and occupation measures [37, 38, 36]. The latter has been also
employed to analyse deterministic control systems, together with differential inclu-
sion techniques [21, 58, 24, 5, 59]. The convergence analysis of multiscale control
systems, both deterministic and stochastic, is quite involved and non-constructive,
in that the limiting equations of motion are not given in explicit or closed form; see
[35, 22, 33] for notable exceptions, dealing mainly with the case when the dynamics
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FIGURE 1. Bistable potential (shown in red) with superimposed
small-scale oscillations of period € (in blue).

is linear. We shall refer to all these approaches—without trying to be exhaustive—
as “first optimize, then reduce”.

On the other side of the spectrum are model order reduction (MOR) techniques
for large-scale linear and bilinear control systems that are based on tools from lin-
ear algebra and rational approximation. MOR aims at approximating the response
of a controlled system to any given control input from a certain class, e.g., piece-
wise constant or square integrable functions; see, e.g., [25, 4] and the references
given there. A very popular MOR method is balanced truncation that gives eas-
ily computable error bounds in terms of the Hankel norm of the corresponding
transfer functions [44, 23], and which has recently been extended to deterministic
and stochastic slow-fast systems, using averaging and homogenization techniques
[29, 26, 27]. In applications MOR is often used to drastically reduce the system
dimension, before a possibly computational expensive optimal control problem is
solved. In most real-world applications, solving an optimal control problems on the
basis of the unreduced large-scale model is prohibitive, which explains the popular-
ity of MOR techniques. We will call this approach “first reduce, then optimize”.

1.1. The MOR approach: first reduce, then optimize. In this paper we
focus on optimal control of diffusions with two characteristic time scales. As a
representative example, we consider the diffusion of a driven Brownian particle in
a two-scale energy landscape in one dimension

dzt = (ouf — VO(z<, 25 /€)) ds + o~ 2 dw, (1)

where u€ is any time-dependent driving force (or control variable) and w; is standard
one-dimensional Brownian motion. The potential consists of a large metastable part
with small-scale superimposed periodic fluctuations, ®(z,y) = ®o(x) + p(y) with
p(+) a 1-periodic function. A typical potential is shown in Figure 1.

Now, if u€ is given as a function of time, say bounded and continuous, it is known
that z¢ converges in distribution to a limiting process =, as ¢ — 0, where =4 solves
the homogenized equation [52]

dr, = (0Aus — AV®(x,)) ds + VAR duw, (2)
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Here 0 < A < 1 is an effective diffusivity that accounts for the slowing down of
the dynamics due to the presence of local minima in the two-scale potential. The
property that x¢ weakly converges to x in the sense of probability measures will
be referred to as forward stability of the homogenized equation. Now imagine a
situation, in which u¢ depends on x¢ via a feedback law

ug = c(xs;e), (3)

where ¢(+; €) is a measurable function of z. (For simplicity, we do not consider the
case that ¢ carries an explicit time-dependence.) Specifically, we choose u from an
admissible class of feedback controls so that the cost functional

Ju) =E </O L(x;,u;)ds>

is minimized for some given running cost L > 0 associated with the sample paths
of 2§ and u§ up to a random stopping time 7 of the process.

The aim of the paper is to study situations where the cost functional evaluated
at u¢, converges to J(u), with u being the limit of u¢ (in some appropriate sense).
Specifically, we are dealing with the situation that

inf J(u€) — inf J(u),
u u

a property that we will refer to as backward stability. If the homogenized equation
is backward stable, it does not matter whether one first solves the optimal control
problem and then sends € to 0 or vice versa, in which case the control u is simply
treated as a parameter. Omne of the implications then is that we can compute
optimal controls from the homogenized model, such as (2), and use them in the
original equation when e is sufficiently small.

Unfortunately very few systems are backward stable in this sense, a notable
exception being a system of the form (1) when the running cost L is quadratic
in u, eg. [38, Sec. 4.1]. The reader may wonder why one should first reduce
the equations before solving the optimal control problem anyway, rather than the
other way round. One answer is that solving optimal control problems for high-
dimensional multiscale systems is usually computationally infeasible, which often
leaves no other choice; another answer is that there may be situations, in which a
fully resolved model may not be explicitly available, but one only has a sufficiently
accurate low-order model that captures the relevant dynamics of the system. In
both cases one wants to make sure that the controls obtained from the low-order
reduced model can be used in order to control the original system.

1.2. Mathematical justification of the MOR approach. In this article we
consider the exceptional cases of backward stability and give necessary and sufficient
conditions under which the reduced systems (disregarding the control) are indeed
backward stable. It turns out that a class of optimal control problems that are
backward stable are systems that are linear-quadratic in the control variable; they
may be nonlinear in the state variables, though, and therefore cover many relevant
applications in the sciences and engineering. Moreover we find that an additional
requirement is that the controls of the multiscale system converge in a strong sense;
an example of weak convergence, in which the systems fails to be backward stable
due to lack of sequence continuity, is when the controls are oscillatory with rate
1/e around its homogenization limit, in case of which J¢(u¢) does not converge to
J(u) unless J is linear in u. For a related discussion of weak convergence issues in
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optimal control, we refer to [2, 3]. Similar problems for parameter estimation and
filtering are discussed in [22, 52, 50, 32, 49].

Strong convergence of the control is a necessary, but not sufficient condition for
backward stability of the model reduction approach (first reduce, then optimize),
in which the control variable is treated as a parameter during the homogenization
procedure. The class of control problems, which can be homogenized in the above
way are systems of SDEs that can be transformed to systems in which the controls
are absent. The class of such systems are linear-quadratic in the controls (but
possibly nonlinear in the states), and can be transformed by a suitable logarithmic
transformation of the value function of the optimal control problem:

Vé(z) =infE (/ Lz, ug) ds|zg = x) .
ue 0

It can be shown (see [20]) that the log-transformed value function solves a linear
boundary value problem that does not involve any control variables and can be
homogenized using standard techniques. Once the linear equation has been homog-
enized, it can be transformed back to an equivalent optimal control problem that
is precisely the limiting equation of the original multiscale control problem. A nice
feature of the logarithmic transformation approach is that the optimal control can
be expressed in terms of the solution of the linear boundary value problem, which
can be solved efficiently using Monte-Carlo methods. This approach is helpful when
the dynamics are high-dimensional, in which case any grid-based discretization of
the above linear boundary value problem is prohibitive. (The case when the stop-
ping time 7 is deterministic and the log-transformed value function solves a linear
transport PDE can be treated analogously.)

Our approach is summarized in Table 1.

V¢ =min, J¢(u) ¢°=exp(—pV*) linear PDE for ¢°

e—>0[ [e—>0

V = min, J(u) V =—8"1'logy linear PDE for ¢

TABLE 1. Schematic approach of the homogenization procedure
using logarithmic transformation.

The article is organized as follows: In Section 2 the model reduction approach
for the indefinite time-horizon control problem with multiple time scales is outlined,
with a brief introduction to dynamic programming and logarithmic transformations
in Section 2.1. The model reduction problem is illustrated in Section 3 with three
different numerical examples: underdamped motion of Langevin-type (Sec. 3.1), dif-
fusion in a highly-oscillatory potential (Sec. 3.2), and the Gaussian linear quadratic
regulator (Sec. 3.3). The article contains three appendices: Appendix A discusses
weak convergence under logarithmic transformations, Appendix B introduces the
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infinite time-horizon problem associated with the linear quadratic regulator exam-
ple, Appendix C contains the proof of Theorem 3 and records various identities to
bound the cost functional and the value function when using suboptimal controls.

2. Multiscale control problem. We start by setting the notation which we will
use throughout this article. We denote by O C R™ a bounded open set with
sufficiently smooth boundary 0O. Further let (25")s>0 be a stochastic process
assuming values in R™ that is the solution of

€,u
s

2y = (b2 €) + o(20" €ug) ds + (255 €) 87 Pduwy (4)

where u§ € U C R™ is the control applied at time s and w = (ws)s>0 I8 n-
dimensional Brownian motion and 8 > 0 is the (dimensionless) inverse temperature
of the system. We assume that, for each ¢ > 0, drift and noise coefficients, b(-;€)
and o(+; €), are continuous functions on O, satisfying the usual Lipschitz and growth
conditions that guarantee existence and uniqueness of the process [47].

Cost functional. We want to control (4) in such a way that an appropriate cost
criterion is minimized where the control is active until the process leaves the set O.
Assuming 25" = z € O, we define 7 to be the stopping time

T=1inf{s > 0; 25" ¢ O}, (5)

i.e., 7 is the first exit time of the process z5* from O. Our cost criterion reads

Jusz)=E </ L(zo", uf) ds
0

=) 0
where L is the running cost that we assume to be of the form
1
L(z,u) = G(2) + 5 |ul?, (7)

with G being continuous on O. Note that the e-dependence of the cost functional
J comes only through the dependence of the control on z$". We will omit the
dependence on z in J(u; z) and write it as J(u) whenever there is no ambiguity.

2.1. Logarithmic transformation. In order to pass to the limit € — 0 in (4)—(7),
we resort to the technique of logarithmic transformations that has been developed by
Fleming and co-workers (see [20] and the references therein). We start by recalling
the dynamic programming principle for stochastic control problems of the form
(4)—(7). To this end we make the following assumptions (see [20, Secs. VI.3-5] for
further details on the first two of the following assumptions) :
Assumption 1. For every e > 0, the matrices a(:;¢) = o(-;€)a(-;5€)T
definite with uniformly bounded inverse a(-;¢)~ 1.

are positive

Assumption 2. The running cost G(z) is continuous, nonnegative, and G(z) < M;
for all z € O with bounded first order partial derivatives in z.
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Assumption 3. There exist constants v, C7 > 0, which are independent of ¢, such
that E(exp(y7)|z§ = z) < C1 < 4o0.

We define the generator of the dynamics 25" by
1
L(u)yp = %a(z; €) : V2 + (o(z;€)u’ + b(z;€)) - V.
Notice that the generator depends on the control u. When the control is absent
we will use the notation £¢ := £°(0). The next result is standard (e.g., see [20,
Sec. IV.2])) and stated without proof.

Theorem 1. Let V¢ € CY2(0) N C(O) be the solution of the Hamilton-Jacobi-
Bellman (HJB) equation

0= min {L(c)V* + L(z,¢)},
ceER™ (8)
0= VE‘OO .
Then
Ve(z) = min J(z;u),
where the minimum goes over all admissible feedback controls of the form u§ =
c(z5% s ;€). The minimizer is unique and is given by the feedback law

0= —0(z;6)TVV(2) = argmin {£(c)V* + L(z, )} - 9)

ceR

The function V¢ is called value function or optimal cost-to-go. The homogeniza-
tion problem for (4)—(7) can be studied using a multiscale expansion of the nonlinear
PDE (8) in terms of the small parameter ¢; see, e.g., [7, 38]. In this article we re-
move the nonlinearity from the equation by means of a logarithmic transformation
of the value function. Specifically, let

ve(z) = eV
By chain rule,
BV Le PV = —Lve+ %|JTVV€|2 :
which, together with the relation
—%\JTVVEP = crgﬁgn {O’C'VVE + ;|02} )
implies that (8) is equivalent to the linear boundary value problem
(L5 =BGy =0,
Ylao =1,

for the function ¢°. By the Feynman-Kac formula, (10) has an interpretation as a
control-free sampling problem (see [47, Thm. 8.2.1]):

V(2) = E (exp (—B /OT G(25) ds)

where z$ solves the control-free SDE

dzt = b(25;€) ds + (25 €)Y 2 dw, .

(10)

6 = z) : (11)
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Equations (8)—(11) express a Legrendre-type duality between the value of an optimal
control problem and cumulant generating functions [14, 20]:

Ve =—B"tlog°. (12)

In other words,

—37togE (exp (—,3 ’ G(z:)ds)

0

=infE (/ L(zo", ug)ds
Us 0

where z&" satisfies the controlled SDE (4) and z¢ = 259

s -

By the above assumptions and the strong maximum principle for elliptic PDEs it
follows that (10) has a classical solution ¢ € C12(0)NC(O). Moreover, combining
Assumption 3, (11) and Holder’s inequality, we have that

¥ = E(exp(—BM17)|26 = 2)
and
E(exp(—BM17)|25 = 2)/PE(exp(y7)|25 = 2)"/ > 1
where p = 8M;/v+ 1 and ¢ = v/(8M;) + 1, and thus
0<Cy<9<1l, €>0
for a constant Cy = C; "/ that is independent of €.

Remark 2. In the course of the paper we will drop the assumption that the operator
L is uniformly elliptic and instead require only that is hypoelliptic [43]. In this
case the matriz oo’ can be semidefinite, if the vector field b satisfies an additional
controllability assumption, known as Hormander’s condition [10], which guarantees
that the transition probability has a strictly positive density with respect to Lebesgue
measure, in which case (10) and (8) have classical solutions; cf. [20, Sec. IV].

2.2. Homogenization problem. We now specify the class of multiscale systems
considered in this article. Specifically, we address slow-fast systems of the form

1
dx = <6f0(:1c€,y€) + fl(are,yf)> ds + B_l/Qal(xS,ys)dw;, (13a)

1 —-1/2

1
dys = (ago(a:iye) + egl(a:iye)> ds +

az(z®,y)dw?,  (13b)
€

together with an exponential expectation
V(z,y) =E <eXp (—6/ G(x5, <) d8>
0

Letting £¢ denote the infinitesimal generator of (13), it holds that
(L= BG) Y =0, (15)

TG =T, Yy = y> . (14)

where

1 1
56::250"‘2514'527
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with
I, T . o2
Lo=go-Vy+ 56 azay 1 Vi,
Ly=fo-Vz+g1-Vy,
1 _
£2:f1vz+§ﬂ 1&10&?:Vi.
Let us assume that ¢ admits the following perturbation expansion in powers of e:
U =ho + e+ Ep -

By substituting the ansatz into (15) and comparing different powers of € we obtain
a hierarchy of equations, the first three of which are

Lopo =0,

Loy = —Lavo, (16)

Lops = —Laypr — Latho + Gy -
We suppose that for each fixed z, the dynamics (13b) of the fast variables are
ergodic, with the unique invariant density p,(y). Then by construction p, is the
unique solution of the equation L£{p,(y) = 0, which together with the first equation

of (16) implies that g is independent of y. In order to proceed, we further assume
that fo(z,y) satisfies the centering condition:

/h@wﬁﬁw@=0.

The centering conditions, together with the strong maximum principle implies that
the solution of the cell problem

LoO(z,y) = —folz,y), /9(3373/)/)1(3/) dy =0 (17)

is unique, with ¢ (z,y) = ©(x,y) - Va1bo(x). Multiplying p,(y) on both sides of the
third equation in (16) and integrating with respect to y, we obtain

Lo — BGy = 0, (18)

where

L= @) Y.+ 35 aa" : V2, (19)
with
f(z) =/[Vm®(w,y)fo(x,y) + VyO(2,y)91(2,y) + fi(z,y)] p=(y) dy,
Glo) = [ Glaw)ptw) d.
a(@)a@)” = [ 8 (O )fole,)” + fole.)O(z.)7)

+ ay(z,y)ar(z,y)"] pa(y) dy.

(20)



OPTIMAL CONTROL OF MULTISCALE SYSTEMS 9

Homogenized control system. It follows using standard homogenization theory
for linear elliptic equations (e.g. [48, 51]) that for ¢ — 0 the solution of (15)
converges to the leading term of the asymptotic expansion:

do(z) = B (exp (—ﬁ /OT G(z) ds> o = x) , (21)

where x4 is the solution of the homogenized SDE

drs = f(zs)ds + alzs) ™ 2dw, (22)

with coeflicients as given in (20).
The corresponding asymptotic expansion of the value function V¢ for e — 0 is
obained by the logarithmic transformation (12):

Ve =—p""log(thy + ey + O(e?)) = =B ' log by — L O(e%).

Yo
Therefore, using the ansatz V¢ = Vy + €V + €2V, + - - - it follows that
Vo= 8 logthy, Vi=-87 0
Yo

Using the log-transformation property of the cumulant generating function (p. 7),
we conclude that V} is the value function of the optimal control problem

H 1
Vo) =it B ( [ G + Gluf?] ds | at =),
“ 0
where the minimization is subject to the homogenized dynamics

dry = (f(x) + a(at)us)ds + a(zd) 5~ 2 duw, . (23)

According to (9), the optimal feedback law for the homogenized problem reads
iy = —a(z) TV V(). (24)

2.3. Control of the full dynamics using reduced models. Our goal is to find
the optimal control policy 4¢ = (a1€, %) for the fast/slow system (13) for ¢ < 1.
Using Theorem 1 and the asymptotic expansion of V¢, we have

W = —al Vv, Ve = -af'V, Vo + O(e),

1
0> = —gagvny =—a3 V,Vi + O(e) = —al V,0V.V, + O(e).

(25)

Notice that the leading terms in (25) are related to the value function of optimal
control problem for the reduced SDE. This indicates that we may design the con-
trol policy from the reduced problem and use it to control the original multiscale
equation. This assertion is justified by the following result for the general optimal
control problem (4)—(7).

Theorem 3. Let Assumptions 1,2 and 3 hold and, furthermore, suppose that € <
(v/B)Y? and |u; — 1| < € uniformly in t. Then we have

|J(u) — J(0€)| < Cée. (26)
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The proof of the theorem can be found in Appendix C.

Upon combining the above theorem with the formula for the optimal control
policy in (25) we conclude that when the two time scales in the system are well
separated, € < 1, the optimal control policy is well approximated by the leading
order terms in (25) and results in a cost value that is nearly optimal.

Remark 4. All considerations in this paper readily generalize to the averaging
problem, i.e. when fo = g1 =0 in (13). This is not surprising since for averaging
problems strong convergence V¢ — 1 is expected to hold (when the diffusion coeffi-
cient ay in (13) is independent of the fast variable y). Related problems have been
addressed in [49], in which the authors study parameter estimation and convergence
of the mazimum likelihood function under averaging and homogenization.

3. Three prototypical applications. In this section we apply the results pre-
sented in the previous section to three typical multiscale models. For each model
we first state the optimal control problem along with its log-transformed counter-
part, then we study the asymptotic limits of the value function and of the optimal
control policy and give explicit formulae for the solution. The first two examples
are taken from [49], while the third is adapted from [25].

3.1. Overdamped Langevin equation. We consider the second-order Langevin
equation
d?x¢ dx* dw
2 _ e —1/2
=——-Vo 2 —_, 27
ds? ds (=) + V28 ds (27)
where € < 1, z € R", 8 > 0, and ® being a smooth the potential energy function.
Introducing the auxiliary variable y© we can recast (27) as

dx© 1
= - € 2
P (28a)
€ 1 € 1 € 1 —1/2
dy = — EW(gg )+ Sy ) dt+ E\/iﬁ dw . (28b)

We consider the solution of the optimal control problem

T 1
Ve(z,y) = nf B (/ [%z’“) + 2u§|2] ds | 25" =2, y5" = y) (29)
ue 0
under the controlled Langevin dynamics
dz&" 1
s _Loeu 30
P (30a)

1 1 1 1
s = (Vs — TV - ust )i TS du, (30b)

We notice that (28) is somewhat different to the form specified in Section 2, since

there is no noise and hence no control term in the equation for x¢. The infinites-
imal generator correpsonding to (28) is hypoelliptic (rather than elliptic). Yet the
standard homogenization arguments apply, for here the fast variable is y and the
noise is acting uniformly in y. As a consequence the generator of the fast dynamics
is uniformly elliptic, ans hence the standard theory applies. Let

Vv(z,y) =E (exp (—ﬁ /OT G(xf) ds)

$6=x,y8=y).
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Assuming that the linear boundary value problem (10) associated with ¢ has a
classical solution, then the dual relation V¢ = —3~!log 1 holds and the results of
the previous section carries over without alternations.

Homogenized control system. From the above and the considerations from the
previous section we can conclude that the leading term of V¢(z,y) satisfies the
optimal control problem of the homogenized SDE, which is

T 1
Vo(z) = ir&fE (/0 [G(mg) + 2|u5|2] ds | zf = x) (31)
subject to the homogenized equation
dzt = —V®(2%)ds + V2u.ds + V287 dw,. (32)

Equation (32) is called the overdamped Langevin equation that is obtained from
(27) by letting the inertial second-order term tend to zero [45].

We now derive an explicit asymptotic expression for the optimal feedback law
2,€ . ~e Ae( €U €U

, with 4§ = ¢“(zy",y;") and

Uy 1= Uy
&= V2V, V(a,y).
From (30) and the expansion ¢¢(z,y) = ¥o(x) + €1 (z,y) + O(e)e) we find
&= V2V, Vi + 0(e) = —V2V,0V,V; + O(e). (33)

As before © is the solution to the associated cell problem. To solve it we notice
that the infinitesimal generator of (28) has the form

1 1
L= f2£0+*£1
€ €

with
Lo=—y-Vy,+B7'A, (34)
Li=y - Vy;=VO.-V,, (35)
which implies that the cell problem for © reads
Lo© =—y,

with unique solution O(z,y) = y. Combining it with (33), we obtain the sought
asymptotic expression for the optimal feedback law:

& = VAV, Vo + 0(e). (36)

with Vj as given in (31). We therefore conclude that the optimal control ¢ for
the Langevin equation (27) converges to the optimal control of the overdamped
equation (32) as € — 0. Moreover, Theorem 3 guarantees that the control value
is asymptotically exact if we replace 4¢ with the control & = —v/2V,V, in the
multiscale dynamics (30). Hence the overdamped equation is backward stable.

Langevin dynamics in a double-well potential. As an example consider the
case n = 1, with running cost G(z) =1 in (29) and random stopping time
T=1inf{s > 0: 2" > 2}.
The dynamics are governed by the double-well potential
1

O(x) = 1(332 —1)2
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FIGURE 2. Overdamped Langevin equation. (A) Double-well po-
tential ®(z). (B) Leading term of optimal control in (36).

depicted in Figure 2A. As the homogenized problem is one-dimensional, the leading
term Vj of the value function V¢ can be computed by solving a two-point boundary
value problem. The resulting leading term (36) for the optimal control

~ € ~ €, U

ay = & (xy)
is shown in Figure 2B. We then computed the cost function J¢ = J(4°) starting
from three different initial points xy = 1.0,1.2, 1.5, using the approximation

i ~ V2V, Vo).

Figure 3 clearly shows that J¢ approaches its infimum Vy(zg) as € — 0. A clear
advantage of controlling the full dynamics using the optimal control obtained from
the reduced model here is that the infinitesimal generator £€ of the original Langevin
dynamics is not self-adjoint, whereas the infinitesimal generator £ of the reduced
dynamics is essentially self-adjoint. That is, not only do we benefit from a lower
dimensionality of the reduced-order model (by a factor of 2), but we also avoid
solving a boundary value problem with a non-selfadjoint operator.

3.2. Diffusion in a periodic potential. We now consider the SDE [16, 51]

dzt = =V (xS ds + V267 2 dw, (37)
where 8 > 0 and ®¢(z) = Po(x) + p(x/e), with p(y) being a smooth, 1-periodic
function (see Fig. 4 below). We study the optimal control problem

T 1
Vé(r) =infE </ G(ze™) + §|u2|2d5 zy" = :17> ) (38)
0

ue

where
daf" = =V (af")ds + V2ulds + V287 duw, (39)

and 7 = 7" is the first hitting time of the set {x > 1.5} (blue region in Fig. 4).
In order to relate this system with the homogenization problem studied in Sec-
tion 2.2, we introduce the auxiliary variable y¢ = z¢/e and reformulate (37) as

dz§ = —%Vp(yg)ds — V®y(xf)ds + \@B‘UzdwS7 (40a)

1 1 1
dys = _?Vp(yg)ds - EV(I)O(-TZ)dS + g\/gﬂ_l/gdwm (40b)
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35 _Cost value |
—— 1, = 1.0 —&— z, = 1.0, approx

307 %0 = 1.2 —&— gz, = 1.2, approx |
—— z, = 1.5 —&— z, = 1.5, approx

0.2 0.1 0.25 0.025 0.0125

FiGURE 3. Overdamped Langevin dynamics. Cost function for
different values of €. Different colors correspond to different initial
values zg. Lines marked with “x” are the value function V¢ com-
puted from the exponential expectation using Monte-Carlo. Lines
marked with “0)” are the cost function J¢ = J(4), computed from
the homogenized control with the original dynamics. We observe
that the two values approach Vy(zg) as € — 0 (horizontal line).

20

FI1GURE 4. Controlled diffusion in a multiscale potential: minimize
the transition time from the red to the blue region.

where z§, y5 are driven by the same noise w,. The associated value function reads

- T 1
Vé(x,y) =infE (/ G(ze™) + §|u§|2d5 zg" =z, yy" = y) ,
uc 0
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with
dzd" = —%Vp(yg’“)ds — Vo (z5™)ds + \@ug ds + V2872 dw,, (41a)
dyst = féVp(yz’“)ds - %V@O(:rg’“)ds + %\/iu ds + %\@ﬂ’l/zdws. (41b)

Notice that the same noise and the same control are applied to both equations.
Clearly V¢(z) = V¢(z,x/€) and the dual relation V¢(x,y) = —B 1logy(x,y)
applies, where ¢ is defined as in Section 2.2. The generator of (40) now is

1 1
L= Lo+ =Ly + Lo,
€ €
with
Lo=-Vp-V,+B'A,,
Ly =-Vp -V, V& -V, +28'V,V,,
Lo=—-—V&y-V,+ ﬂilAm .
Homogenized control system. Applying the results of Section 2, we conclude

that the leading term of V¢(x) is the value function of the following reduced-order
optimal control problem: minimize

T 1
s = ([ 6+ glufas). (42)
0
subject to the homogenized dynamics
dzt = —KV®(z%)ds + V2Ku.ds + V2K~ 2 dws,, (43)

with the effective diffusivity
K= (49,00 +9,00) () dy.

In the above formula p(y) = Z ! exp(—fBp(y)) denotes the invariant density of the
fast variable y and ©(y) is the solution of the Poisson equation

LoO(y) = Vp(y).
Specifically, we have (cf. [52] for details)

1

K1 = /0 exp(—Bp(y)) dy /0 exp(Bp(y)) dy -

The value function of the homogenized control problem (42)—(43) and the corre-
sponding optimal control satisfy

Vo(x) = —~log Yo(2)
and
iy = —V2KVVy(2h), (44)
where
Lypo(x) = KLato(x) = BG(x)po(x), to(x)|y, =0,

as given in (18).
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Reduced model is not backward stable. In contrast to the previous example,
however, the optimal control 4 obtained from the homogenized equation alone does
meet the requirements of backward stability. This can be understood by noting
that the optimal control the original dynamics is given by the feedback law

(2) = —VIVV(x) = vagT1 L2020

U (e, 0/e) )
_ yagr Vatol®) + V(e 2/,
= V28 Yo(z) +0te),
which can be formally derived from the expansion
v (z,x/€) = po(x) + er(x,x/e) + ... .
After some manipulations we find that the asymptotic expression for ¢¢ reads
(o) =v/ag-1_PBP(/0) %o(@) | o
“ 0 fol exp(Bp(z)) dz Yo(2) +0le) (46)
exp(Bp(z/e))
= O(e),
VE expiepena:

where we used the shorthand ¢(z) = —v2KVVy(x) in the last row. Therefore we
conclude that ¢ must be of the form

c(x) = é(x,x/e) + Ole).

Yet ¢(x,x/€) does not converge to ¢(x) in any reasonable norm, for the x/e part
keeps oscillating as ¢ — 0. What does converge, however, is the average:

e—Br(y)

T L
/0 é(z,y)ply)dy :/0 C(x,y)mdy = \/I?C(x)

This fact is illustrated in Figure 5 which shows the oscillations of order one that are
a consequence of the e-periodic oscillations of the value function; since the optimal
control law involves the derivative of the value function, oscillations of size € in the
value function turn into O(1) contributions to the optimal control. Figure 6 shows
the difference between the homogenized value function Vh(z) and its multiscale
counterpart V¢(z) in the L?-norm. The figure also shows the L?-difference between
the multiscale optimal feedback law ¢¢(z) and the corrected homogenized feedback
law ¢(z, x/€), including the oscillatory correction. This demonstrates strong O(e)
convergence in L? of both value function and optimal control.

Remark 5. The above case is an example in which using a reduced-order models for
optimal control is not recommended, for J(4€) does not converge to J(4) as € — 0.
Nonetheless, Theorem 3 suggests that we can use the leading term of ¢ in (46) as
an approzimation of the feedback law for the multiscale dynamics (39). The effect of
the corrector estimate (46), is to enforce convergence of the derivative of the value
function, which entails (weak) convergence of the optimal control and convergence
of the optimal cost value (cf. [16] for an application in importance sampling).
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---Theo. Value Fun.:.e = 0.3
—Opt. Value Func.: Homogenized

~--Opt. Control:e = 0.3
pt. Control: Homogenized
+ Opt. Control Correction:e = 0.3]

FIGURE 5. Value function and resulting optimal control (lower panel).

——Error Value Fun. -
Of | ——Error Opt. Control - ]
-+-0(e) -

s -45 -4 -35 -3 -25 -2
Log(c)

FIGURE 6. Strong L? convergence of value function and optimal control.
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Mean first passage time and value function. As a specific example, we have
solved the optimal control problem (38)—(39) for the mean first passage time, with
G(z) = 1 and 7 being the first passage time of the set {# < 1.5}, and compared it
with the solution of the homogenized system (42)—(43). The potential ®q is chosen
to be a tilted double-well potential,

®o(z) = —5(exp (—0.2(z + 2.5)%) 4 exp (—0.2(z — 2.5)?)) + 0.012* 4 0.8z,
with periodic perturbation
p(y) = 0.5sin 27y .
We have solved the associated boundary value problems using the finite-volume
method presented in [40] using a mesh sufficiently fine for the error to be smaller
than a certain threshold. The resulting value functions are presented in Figure 7.

For comparison, we have also simulated the multiscale system driven by the optimal
control for the homogenized system (44),

N 1 N N
dzS® = —=Vp(zS?/e)ds — Vo (x5 ds + V2, ds + V267 2 dws, (47)
€

with 4y = é(zp") and ¢ = —v2KVVj. This situation amounts to using the (wrong)
homogenized control in the original multiscale dynamics. To illustrate the short-
coming of such an approach, we have calculated the control value

71 .
J(i;z) =E (T +/ Slas|?ds | xf = m) ;
0 2
by Markov-jump Monte Carlo (MIMC) simulations (see [40]). As it is shown in

Figure 7, equation (47) does not capture the control value J(4¢) as € — 0; in order
to reproduce the control value correctly, one must instead use the corrected control

Uy = E(z?ua x:,u/e) s (48)

as given in (46).

3.3. Linear-quadratic regulator. The third example is a multiscale linear qua-
dratic regulator (LQR) problem that slightly falls out of the previous category.
Specifically, we seek to minimize the time-averaged quadratic cost

I 1
J(u) =limsup E —/ |26 ¥ 12+ |y + = [us)? ¢ ds (49)
T—o0 T 0 2

subject to the linear dynamics

1

dzd™ = (Aux;’" + = Ayt + \@Blug) ds + /28~ 1Bidw,
€

1 1 1 1 (50)

dys" = (6,4211:;’“ + ?Aﬂy;v“ + 6[25@;) ds + gﬂﬁfl/ZBgdws

where x € RFy € R""* 4 € R, and A;;, B; are real matrices of appropriate size.
Note that both slow and fast equations are driven by the same noise and control.

Further let
_ A 671A12 N B,
A= ( 6711421 672A22 ’ B= \/i 671B2 :

We make the following additional assumptions (we suppress the € in the matrix
definition in order to keep the notation compact):
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.
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—Ve(z):e=0.1
Vo(x) .
40 oV () :u=_¢c(z)
*Ve(x) :u=é(x) ||
ol
%S5 4 3 =2 4 0 1 2
X
(A) e=0.1
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(B) € =0.05

FIGURE 7. Optimal value function for different values of €. Solid
line: numerical solution of eq. (10). Dashed line: numerical solution
of eq. (18). *: MJMC sampling of (47). O: MIJMC sampling using
(48). Throughout the simulations we have set 5 = 2

. The initial values (x§,y5) = (%0, y0) are independent of € and satisfy
E[lzo|*] < oo, E[lyol*] <oc.

. For all € > 0, the spectrum of A lies entirely in the open left half complex
plane, i.e., all eigenvalues of A have strictly negative real part.

The spectrum of Ass lies entirely in the open left half complex plane.

. For all e > 0, the matrix pair (A, B) is controllable, i.e., the matrix

K= (B AB A’B ... A" 'B°)

has maximum rank n.
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For the control problem (49)—(50), the analog of (8) for the case of an infinite-time
horizon with time-averaged cost and unbounded domain reads [54, 55]

1
€ __ : € € 2 A2
7 = min {E (V2" + 2|c\ } (51)
where z = (z,y) and

L(u) = (26)"'BBY: V? + (Az + Bu) - V

The unknown parameter 7° € R in the Hamiton-Jacobi-Bellman equation (51)
needs to be determined along with the function V¢ = V¢(x,y), in fact (51) can be
regarded as a nonlinear eigenvalue equation for the pair (¢, V¢); for details we refer
to Appendix B.

LQR problems of this kind have quadratic value functions and admit an explicit
solution in terms of an algebraic Riccati equation

ATSe 4+ 5°A—25°BBTS 4+ I,xn =0, (52)

where I, «, denotes the n x n identity matrix. Specifically, plugging the ansatz

Ve(z) =215
into (51), it readily follows that S€ solves (52). Hence the optimal control for the
linear quadratic regulator (49)—(50) is given by the linear feedback law

a5 = —BTS%% .
Under the above assumptions, the Riccati equation has a unique symmetric positive
definite solution S for all values of € > 0. Moreover, it follows that

n°=BB": 5°,
which is the principal eigenvalue of the linear eigenvalue equation
(28)"'BBT: VY + (Az) - VY© — B2y = —Bny° (53)

for the log-transformed eigenfunction ¢ = exp(—SV¢). Notice that the eigefunction
¢ corresponding to the principal eigenvalue —fgn¢ < 0 is strictly positive as a
consequence of the Perron-Frobenius theorem, hence its log transformation is well
defined.

Reduced Riccati equation. Given the above assumptions on the matrices A
and B, the homogenized version of the linear eigenvalue equation (53) can be easily
computed, since the cell problem has an explicit solution. We find

(26)7'BBT: V0 + (A2) - Vi = B(|2f* + Qv = — B (54)
with the homogenized coefficients
A=Ay - A12A2_21A21 , B=V2 (Bl + A12A2_2132)
and

Q =26"1r (/OO eA”thBgeA”tdt) ,
denoting the sum of the eigenvalues (?f the asymptotic covariance matrix of the fast
degrees of freedom. The limiting eigenpair (n,) is given by
n=BBT:S+Q, ()= e=Pz" Sz
where S is the solution of the homogenized Riccati equation
ATS +SA—2SBBTS + Ixx =0, (55)
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in accordance with the solution of the algebraic Riccati equation of singularly-
perturbed LQR problems that has been discussed in the literature; see [22] and the
references therein. It can be shown by perturbation analysis of the Riccati equation
(52) using the Chow transformation (see, e.g., [34] and the references therein) that
S corresponds to the top left k x k block of the matrix S up to O(e?). Moreover,
for any open and bounded subset (2 C R™ with smooth boundary, we have

HVE - V”Hl(Q) S 0162 .
for V.= —7'log® and some constant 0 < C; < co. The latter implies that
|fL§ — ﬁs| S CQE

uniformly on [0, 7q] where 7q is the first exit time from Q@ C R™ and 0 < C < .
For large values of 8 the probability that the process exits from € is exponentially
small in 8, i.e., the exit from the domain is a rare event (see, e.g., [60]) and hence
we can employ the approximation 7q & oo for all practical purposes.

270-dimensional ISS model. We consider the 270-dimensional model of a com-
ponent of the International Space Station (ISS) that is taken from the SLICOT
benchmark library [13]. In this case, n = 270 and [ = 3 in equation (49); the di-
mension of the slow subspace is set to kK = 4, because the spectrum of dimensionless
Hankel singular values of the full system shows a significant spectral gap at k = 4
when the slow variables are chosen as the observed variables; see [26] for details.
The original system is Hamiltonian, but we pay no attention to the specific geo-
metric structure of the equations here; cf. [29] for related work. The corresponding
control task for the 4-dimensional reduced system thus is to minimize

_ 1 /T 1
J(u) = limsup E —/ {|xf|2 + uSQ} ds (56)
T— o0 T 0 2

subject to the dynamics
dzl = (Az¥ + Buy) ds + B2 Bdw, (57)

with A and B as in (55). Without loss of generality, we have ignored the additive
constant @ in the cost term that appears in the homogenized eigenvalue equation
(54). As before the optimal control is given by the linear feedback law

Gy = —BT Sz, .

where S denotes the solution of (52). To verify the convergence of the value function
numerically, we have computed eigenvalues of S and S¢, the matrix norms of S — 5%,
and the norm of the matrix S¢ with the S§; block set to zero, called S:. Here S{;
refers to the upper left k x k block of the matrix S¢, in accordance with the notation
in (50). Figure 8 shows this comparison for 8 = 0.01, which, given the parameters
of the ISS model, amounts to the small noise regime; the plots clearly show that
the convergence is of O(e?). We refrain from testing the convergence n¢ — 7 of the
corresponding nonlinear eigenvalue since the 1/e? singularity makes the evaluation
of the trace term BBT: S¢ numerically unstable for all interesting values of ¢.
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FIGURE 8. Hankel singular values and quadratic convergence of
the matrix S€ in terms of the k¥ dominant eigenvalues (upper left
panel), the 1-1 matrix block (upper right panel) and the residual
matrix S¢ (lower left panel); for smaller values of € the numerical
solution of the Riccati equation is dominated by round-off errors,
hence the results are not shown. The lower right panel shows the
first 40 Hankel singular values (out of 270) when the slow variables
are observed; the Hankel singular values are independent of €.

Appendix A. Weak convergence under logarithmic transformations. As
we have seen in Section 3.2 loss of backward stability of the model reduction ap-
proach is related to weak convergence of the multiscale controls. Weak convergence
is mainly an issue for homogenization problems with periodic coefficients that do
not involve any explicit time-dependence. For control problems on a finite time-
horizon, a well-known result (e.g., see [48, Sec. 3] or [51, Sec. 20]) that is based on
the maximum principle states that the convergence of the log-transformed parabolic
equation is uniform on bounded time intervals under fairly weak assumptions.

In the indefinite time-horizon case considered in this paper, however, the lowest
order approximation gives only weak convergence. In general, weak convergence is
not preserved under nonlinear transformation. That is, given a weakly convergent
sequence ¢ on R and a nonlinear continuous function F': R — R, we have

V= A F@) = FY).

In our case, however, weak convergence follows from the properties of the logarithm
and the fact that ¢ is bounded away from 0. Let ¢ be the solution of the elliptic
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boundary value problem (10) for 7' — oo and recall that

Y€ = strongly in L*(O)
and

¢ =1 weakly in H'(O).
Moreover, we have that

0<C<yY*<1l €>0
for some C € (0,1).
Lemma 6. We have
log )¢ — log®y  strongly in  L*(O)
Proof. Since C < 9¢ < 1 the monotony of the logarithm entails that
logC <logy* <0.

Since log €' > —o00 and O C R" is bounded it follows that log 1 € L?(0) and, by
the same argument, logy € L?(0). Convergence now follows from the fact that
log(z) is Lipschitz continuous with a Lipschitz constant L < oo if 2 < C > 0:

[log ¢ —log ¥[|2 () = /O“ngefloglﬂzdz
< [ ot - vz,
o

which vanishes in the limit e — 0 as ¢ — 9 in L?(O). O

This implies strong convergence of the value function. For the optimal control,
the above conditions give only weak convergence, which is implied by:

Lemma 7. We have
log¢ — log®y weakly in H'(O)

Proof. 1t suffices to show that Vlegy® — Vlogt in LZ(O); To this end recall
that V¢ — V4 in L?(O) since ¢ converges weakly in H'(O). Then, for all test
functions ¢ € L?(0), using again that ¢¢ > C' > 0 pointwise and uniformly in e,

/ (WW)qs — [ wvvr—uevw)

s (4

w
/(¢V¢E PVY) pdz

1
o
1 €
< g [ WV = vV e [ W90 — Vi) ods

I I>

We look at the two integrals separately. Using that 0 < ¢ <1 it follows that

—0

|I;] < ’/O(Vl/)e — V) pdz

since ¢ € L?(0) and V¢ — Vi weakly in L?(0). Now for the second integral:
since the weakly convergent sequence ¢ and its limit ¢ are bounded in H*(O) we
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conclude that Vi € LQ(Q), which together with the boundedness of |¢)¢ —1)| implies
that (¢ — )V € L%(O). So, by the Cauchy-Schwarz inequality,

T 2 < € _ v 2d ) ( 2d )
|2|<<(/g(¢ )V~ dz [;¢| 2
— 6120, /O (0F — )V dz

< Mol [ |0 =)Vl d:

for some constant 0 < M < oco. Reiterating the preceding argument it follows that
L|* < j\4||(15||21;2(6)||1/)E - ¢||2L2(())||V1/)||2L2((j) =0
as ¢ — 1 in L*(0) and V¢ € L?*(O). Hence
/_ (Vlegy® — Viogy) pdz
0

which, together with the last Lemma yields the assertion. O

—0

Appendix B. Ergodic control problem. We briefly discuss the ergodic control
problem of Section 3.3 that is known to be related to an elliptic eigenvalue problem
[30, 9, 19]. In principle, the equivalence of (53) and (51) directly follows from the
logarithmic transformation. Here, we give an alternative derivation of the associated
HJB equation, starting from the underlying Kolmogorov backward equation. To this

end let
1 T
n® = —limsup — log E | exp 75/ G(zg)dt | | . (58)
Tooo BT 0

for a continuous bounded function G: R™ — [0, 00) Further let ¢(z,t) be given by

(1) = B (exp (-/3 /0 e ds) = z) . (59)

By the Feynman-Kac formula ¢¢(z,t) is the solution of

8 € € _ €
<6t_£>“”_ e (60)
P(z,0)=1.

Here )
L= 56_10'(2;6)0'(2;6)2 V2 4 b(z;€) -V

denotes the infinitesimal generator of our generic uncontrolled diffusion process.

Setting V¢ = —3~1log ¢, we can rewrite Equation (58) in the form
Ve(z, t
7n® = lim 7(2’ ) .
t—o00 t

Assuming that the limit exists, this motivates the following asymptotic ansatz for
large t:

¢ (2, 1) ~ ¥ (2) exp(=nBt), > 0.
Plugging the separation ansatz into (60) it follows that ¢ solves the eigenvalue
equation

(G _ /8—1£€) ws — newe7
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or, equivalently,
(L= BG) Y = =Py,
As a consequence of the Perron-Frobenius theorem the eigenfunction ¢ correspond-
ing to the principal eigenvalue —/3n°¢ is strictly positive. The equivalent nonlinear
eigenvalue problem for the log-transformed eigenfunction V¢ = —3~ ! log ¢ reads
1
LV = S|V 4G =0t
which, as before, can be rewritten in the form
1
min {(LEVE + (o¢) - VV 4+ G+ |c|2} =n°.
ceR” 2

The last equation is recognized as the dynamic programming equation of the ergodic
optimal control problem, of which (49)—(50) is a special case: minimize

T
Je(u) — ]i;n_;supE (;/0 <G(Z§) + ;|us|2> dS)

dzg" = (b(z9%5€) + o(25"; €)us) ds + o (25 e)ﬂfl/QdVVs .

S

subject to

B.1. Homogenized ergodic control problem. Let z = (x,y) and consider the
expansion ¢ = g+ey1+--- and n° = no+en1+- - -, as in the previous subsections.
The leading term in the expansion g is independent of y and satisfies

(£ — BG)po = —PBnotbo ,
with £, G defined in (20). Now suppose V¢ =V + €V} + - - -, then again
Vo=—B"logto, Vi =—pLL.
Yo
This indicates that the leading nonlinear eigenpair (19, Vp) satisfies

no = limsup E <; /OT (G(fcs) + ;a(xs)TVVO(xs)P) d8> ;

T—o0
where x4 solves the optimally controlled SDE
drs = (f(xs) — alas)a(zs)TVVo(xs)) ds + a(zs) 8~ 2dws .

By ergodicity of the controlled process, the above expectation is independent of the
distribution of the initial values; see [55] and the references therein.

Appendix C. Entropy bounds for the cost function. In this section we study
the cost function of the optimal control problem from the point of view of change
of measure. Consider the SDE

dzs =b(zs) ds + B~V 20 (z,) dws

zZ0 =%

(61)

and the controlled SDE
dzs = (b(25) + 0 (2s)us) ds + ﬁil/QU(Zs) dws

20 =2,

(62)
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where u, is any bounded measurable control that is adapted to zs. Let p and
iy, denote the path measures generated by (61) and (62), respectively. Then by
Girsanov’s theorem [47], we have that

i, ( 1/2/T 6/T 2 )
=exp|—p ug dwg — — ugl“ds | . 63
- 0 3 [l (63)

Let a cost functional be given by

J(u) = B, </O (G(zs) + ;us|2> ds

where G satisfies Assumption 2 from Section 2.1. Here we use the notation E,, to
indicate that the expectation is understood with respect to the probability measure
1. Moreover the dependence of J on the initial value z is omitted.

Let 4 = argmin J(u), then from Theorem 1 we know 44 only depends on z;. Let ji
denote the measure p for simplicity. Our purpose here is to estimate |J(u) — J ()|
when ||u — 4||p~ is small. We will make use of the following definition.

=), (64)

Definition 8. For two probability measures fiy, it with p, < @, the Kullback-Leibler
divergence of ., relative to fi is defined as

Tl i) = o8 (d;;) . (65)

We also assume that Assumption 3 from Section 2.1 holds: there exists v > 0,
such that E,(e?") = C; < +00. As in Section 2.1, we have that

E, <exp ( - B/OT G(zs) ds)> > oy

Here and in the following, the conditioning on the initial value is omitted.
We also need two technical estimates in order to study the convergence of the
cost functional. We start with the following estimate.

Lemma 9. E;(e7") < C’lwﬁMl/v.

Proof. we have E;(e?7) = EM(G'VTZ—Z). Using the dual relation

—BtlogE, (exp ( - B/ G(zs) ds)) = inf J(u) = J(&)
0 u
and Jensen’s inequality, we know that
! dp " —BMi [y
- , b - > — a.s.
exp( 6/0 G(zé)ds> a0 E, (exp( ,6’/0 G(zs)ds>> > Cy , —a.s
(66)
where we have assumed the equivalence of p and fi. Since G is nonnegative,
E;(c77) = B, (fz“) < CPMITE,(07) = O
i
O

The following lemma provides us with an estimate on the relative entropy when
the control u is close to .
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Lemma 10. Suppose there is an € > 0, such that |us — ts| < €, for all s > 0, and
let € < (v/B)'/2. Then

I(pa | ) < BC3€®,  Ey, (1) <203,
with the constant C3 = v~ (1 + BM;/v)log C;.
Proof. From (63), we know

R d,U/“ ,6 T ~ 12 5 9
= = — — < — .
Iy | 1) /log< — )d,uu 5 E,. (/0 |us — | ds) eE,, (1)

On the other hand, by Jensen’s inequality,
log Ep(e"7) = yEy, (1) — I(ptu | ).

The conclusion follows from the last two inequalities. O

Now we are ready to prove Theorem 3, which is restated here more precisely.

Theorem 11. Let Assumption 1,2 and 3 from Section 2.1 hold. Further suppose
that € < (v/B)Y? and |us — Gs| < ¢, for all s > 0. Then it holds that

J(u) = J(@) + B (pu| ) < J(0) + Cse?. (67)

J(u) = Ep { [/OT (G(zs) + %|us|2> ds} d:/j }

It follows from (66) that we can write the above as

s en (e [Gura]

Proof.

Combining this with (63), we get
J(u) = J(@) + B~ (pul ) -

The conclusion now readily follows from Lemma 10. O

References

[1] O. ALVAREZ AND M. BARDI, Viscosity solutions methods for singular perturbations in deter-
ministic and stochastic control, STAM J. Control Optim., 40 (2002), pp. 1159-1188.

[2] O. ALVAREZ, M. BARDI, AND C. MARCHI, Multiscale problems and homogenization for second-
order hamilton—jacobi equations, J. Differential Equations, 243 (2007), pp. 349 — 387.

[3] O. ALVAREZ, M. BARDI, AND C. MARCHI, Multiscale singular perturbations and homogeniza-
tion of optimal control problems, in Geometric Control and Nonsmooth Analysis, vol. 76,
World Scientific, Singapore, 2008, pp. 1-27.

[4] A. ANTOULAS, Approzimation of Large-Scale Dynamical Systems, STAM, Philadelphia, 2005.

[5] Z. ARTSTEIN, On singularly perturbed ordinary differential equations with measure-valued
limits, Math. Bohem., 127 (2002), pp. 139-152.

[6] E. AspLUND AND T. KLUNER, Optimal control of open quantum systems applied to the pho-
tochemistry of surfaces, Phys. Rev. Lett., 106 (2011), p. 140404.

[7] A. BENSOUSSAN, Perturbation methods in optimal control, Gauthiers-Villars, Chichester,
1988.

[8] A. BENSOUSSAN AND G. BLANKENSHIP, Singular perturbations in stochastic control, in Singular
Perturbations and Asymptotic Analysis in Control Systems, P. V. Kokotovic, A. Bensoussan,
and G. L. Blankenship, eds., vol. 90 of Lecture Notes in Control and Information Sciences,
Springer Berlin Heidelberg, 1987, pp. 171-260.

[9] A. BENsoUssAN AND H. Nacal, An ergodic control problem arising from the principal eigen-
value of an elliptic operator, J. Math. Soc. Japan, 43 (1990), pp. 49-65.



(10]
(11]

(12]

(13]

[14]
[15]
[16]
[17]
18]
[19]
[20]
[21]
[22
[23]
[24]
[25]
[26]
[27]
28]
[29]

(30]

(31]

(32]

33]

(34]

(35]

OPTIMAL CONTROL OF MULTISCALE SYSTEMS 27

J.-M. BismuT, Martingales, the malliavin calculus and hypoellipticity under general horman-
ders conditions, Z. Wahrsch. Verw. Gebiete, 56 (1981), pp. 469-505.

R. BUCKDAHN AND Y. HU, Probabilistic approach to homogenizations of systems of quasilinear
parabolic PDEs with periodic structures, Nonlinear Analysis, 32 (1998), pp. 609 — 619.

R. BUCKDAHN, Y. Hu, AND S. PENG, Probabilistic approach to homogenization of viscosity
solutions of parabolic pdes, NoDEA Nonlinear Differential Equations Appl., 6 (1999), pp. 395—
411.

Y. CHAHLAOUI AND P. VAN DOOREN, Benchmark examples for model reduction of linear time
invariant dynamical systems, in Dimension Reduction of Large-Scale Systems, vol. 45 of Lect.
Notes Comput. Sci. Eng., 2005, pp. 379-392.

P. DAl PrA., L. MENEGHINI, AND W. RUNGGALDIER, Connections between stochastic control
and dynamic games, Mathematics of Control, Signals and Systems, 9 (1996), pp. 303-326.
M. H. Davis AND A. R. NORMAN, Portfolio selection with transaction costs, Math. Oper.
Res., 15 (1990), pp. 676-713.

P. Dupruis, K. SpiLioPOULOS, AND H. WANG, Importance sampling for multiscale diffusions,
Multiscale Model. Simul., 10 (2012), pp. 1-27.

P. Dupuis AND H. WANG, Importance sampling, large deviations, and differential games,
Stochastics and Stochastic Reports, 76 (2004), pp. 481-508.

L. C. EVANS, The perturbed test function method for viscosity solutions of nonlinear PDE,
P. Roy. Soc. Edinb. A, 111 (1989), pp. 359-375.

W. H. FLEMING AND W. M. MCENEANEY, Risk-sensitive control on an infinite time horizon,
SIAM J. Control Optim., 33 (1995), pp. 1881-1915.

W. H. FLEMING AND H. M. SONER, Controlled Markov Processes and Viscosity Solutions,
Springer, 2006.

V. GAITSGORY, Suboptimization of singularly perturbed control systems, SIAM J .Control
Optim., 30 (1992), pp. 1228-1249.

7. GAJIC AND M.-T. LiM, Optimal Control of Singularly Perturbed Linear Systems and Ap-
plications, CRC Press, New York, 2001.

K. GLOVER, All optimal Hankel-norm approzimations of linear multivariable systems and
their L°-error bounds, Int. J. Control, 39 (1984), pp. 1115-1193.

G. GRAMMEL, Awveraging of singularly perturbed systems, Nonlinear Analysis, 28 (1997),
pp. 1851-1865.

S. GUGERCIN AND A. ANTOULAS, A survey of model reduction by balanced truncation and
some new results, Int. J. Control, 77 (2004), pp. 748-766.

C. HARTMANN, Balanced model reduction of partially observed Langevin equations: an aver-
aging principle, Math. Comput. Model. Dyn. Syst., 17 (2011), pp. 463-490.

C. HARTMANN, B. SCHAFER-BUNG, AND A. ZUEVA, Balanced averaging of bilinear systems
with applications to stochastic control, J. Control Optim., 51 (2013), pp. 2356-2378.

C. HARTMANN AND C. ScHUTTE, Efficient rare event simulation by optimal nonequilibrium
forcing, J. Stat. Mech. Theor. Exp., 2012 (2012), p. P11004.

C. HARTMANN, V. VULCANOV, AND C. SCHUTTE, Balanced truncation of linear second-order
systems: A Hamiltonian approach, Multiscale Model. Simul., 8 (2010), pp. 1348-1367.

C. J. HOLLAND, A minimum principle for the principal eigenvalue for second-order linear
elliptic equations with natural boundary conditions, Comm. Pure Appl. Math., 31 (1978),
pp. 509-519.

N. ICHIHARA, A stochastic representation for fully monlinear PDEs and its application to
homogenization, J. Math. Sci. Univ. Tokyo, 12 (2005), pp. 467-492.

P. IMKELLER, N. S. NAMACHCHIVAYA, N. PERKOWSKI, AND H. C. YEONG, Dimensional re-
duction in nonlinear filtering: a homogenization approach, Ann. Appl. Probab., 23 (2013),
pp. 2290-2326.

Y. KABANOV AND S. PERGAMENSHCHIKOV, Two-scale stochastic systems : asymptotic analysis
and control, Springer, Berlin, Heidelberg, Paris, 2003.

P. Kokorovic, Singular perturbation techniques in control theory, in Singular Perturbations
and Asymptotic Analysis in Control Systems, P. V. Kokotovic, A. Bensoussan, and G. L.
Blankenship, eds., vol. 90 of Lecture Notes in Control and Information Sciences, Springer
Berlin Heidelberg, 1987, pp. 1-55.

P. V. Kokorovic, Applications of singular perturbation techniques to control problems, STAM
Review, 26 (1984), pp. 501-550.



28

(36]
37)
(38]
(39]

[40]

[41]

42]

[43]

[44]

[45]
[46]

(47]
(48]
(49]
(50]
(51]
[52]
(53]
[54]
[55]
[56]

[57]

(58]
[59]

[60]

W. ZHANG, J.C. LATORRE, G.A. PAVLIOTIS, AND C. HARTMANN

T. Kurtz AND R. H. STOCKBRIDGE, Stationary solutions and forward equations for controlled
and singular martingale problems, Electron. J. Probab, 6 (2001), p. 5.

H. J. KUSHNER, Direct averaging and perturbed test function methods for weak convergence,
Lect. Notes Contr. Inf., 81 (1986), pp. 412-426.

, Weak Convergence Methods and Singularly Perturbed Stochastic Control and Filtering
Problems, Birkhauser, Boston, 1990.

H. J. KusuNER AND P. G. Dupruis, Numerical Methods for Stochastic Control Problems in
Continuous Time, Springer, New York, 2001.

J. C. LATORRE, P. METZNER, C. HARTMANN, AND C. SCHUTTE, A structure-preserving nu-
merical discretization of reversible diffusions, Commun. Math. Sci., 9 (2011), pp. 1051 —
1072.

P.-L. LioNs, G. PAPANICOLAOU, AND S. R. S. VARADHAN, Homogenization of hamilton-jacobi
equations, Preprint, (1987).

P.-L. LioNs AND P. E. SouGAaNIDIS, Correctors for the homogenization of hamilton-jacobi
equations in the stationary ergodic setting, Commun. Pure Appl. Math., 56 (2003), pp. 1501—
1524.

P. MALLIAVIN, Stochastic calculus of variations and hypoelliptic operators, in Proceedings
of the International Conference on Stochastic Differential Equations 1976, Wiley, New York,
1978, pp. 195-263.

B. MOORE, Principal component analysis in linear system: controllability, observability and
model reduction, IEEE Trans. Automat. Control, AC-26 (1981), pp. 17-32.

E. NELSON, Dynamical Theories of Brownian Motion, Princeton University Press, 1967.

G. NGUETSENG, A general convergence result for a functional related to the theory of homog-
enization, STAM J. Math. Anal., 20 (1989), pp. 608-623.

B. K. OKSENDAL, Stochastic Differential Equations: An Introduction With Applications,
Springer, 2003.

G. PAPANICOLAOU, A. BENSOUSSAN, AND J. LIONS, Asymptotic Analysis for Periodic Struc-
tures, Elsevier, Burlington, MA, 1978.

A. PAPAVASILIOU, G. A. PAVLIOTIS, AND A. M. STUART, Mazimum likelihood drift estimation
for multiscale diffusions, Stochastic Process. Appl., 119 (2009), pp. 3173-3210.

J. H. PARK, R. B. SOWERS, AND N. S. NAMACHCHIVAYA, Dimensional reduction in nonlinear
filtering, Nonlinearity, 23 (2010), pp. 305-324.

G. PAVLIOTIS AND A. STUART, Multiscale Methods: Averaging and Homogenization, Springer,
2008.

G. A. PAVLIOTIS AND A. M. STUART, Parameter estimation for multiscale diffusions, J. Stat.
Phys., 127 (2007), pp. 741-781.

H. PHAM, Continuous-time stochastic control and optimization with financial applications,
Stochastic modelling and applied probability, Springer, Berlin, Heidelberg, 2009.

M. ROBIN, Long-term average cost control problems for continuous time Markov processes:
a survey, Acta Appl. Math., 1 (1983), pp. 281-299.

C. SCHUTTE, S. WINKELMANN, AND C. HARTMANN, Optimal control of molecular dynamics
using markov state models, Math. Program. Ser. B, 134 (2012), pp. 259-282.

H. STAPELFELDT, Laser aligned molecules: Applications in physics and chemistry, Physica
Scripta, 2004 (2004), pp. 132-136.

A. STEINBRECHER, Optimal control of robot guided laser material treatment, in Progress in
Industrial Mathematics at ECMI 2008, A. D. Fitt, J. Norbury, H. Ockendon, and E. Wilson,
eds., Springer Berlin Heidelberg, 2010, pp. 505-511.

A. VIGODNER, Limits of singularly perturbed control problems with statistical dynamics of
fast motions, STAM J. Control Optim., 35 (1997), pp. 1-28.

F. WATBLED, On singular perturbations for differential inclusions on the infinite interval, J.
Math. Anal. Appl., 310 (2005), pp. 362 — 378.

J. ZABCZYK, Ezit problem and control theory, Syst. Control Lett., 6 (1985), pp. 165 — 172.




	1. Introduction
	1.1. The MOR approach: first reduce, then optimize
	1.2. Mathematical justification of the MOR approach

	2. Multiscale control problem
	Cost functional
	2.1. Logarithmic transformation
	2.2. Homogenization problem
	Homogenized control system
	2.3. Control of the full dynamics using reduced models

	3. Three prototypical applications
	3.1. Overdamped Langevin equation
	Homogenized control system
	Langevin dynamics in a double-well potential
	3.2. Diffusion in a periodic potential
	Homogenized control system
	Reduced model is not backward stable
	Mean first passage time and value function.
	3.3. Linear-quadratic regulator
	Reduced Riccati equation
	270-dimensional ISS model

	Appendix A. Weak convergence under logarithmic transformations
	Appendix B. Ergodic control problem
	B.1. Homogenized ergodic control problem

	Appendix C. Entropy bounds for the cost function
	References

